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From Arithmetic 
to Algebra 


1. REPRESENTING NUMBERS BY LETTERS 


In this chapter, we are going to lead you from arithmetic to algebra. Readers wanting an arithmetic 
review should turn to Appendix A. Underlying algebra as well as arithmetic are the four fundamental opera- 


tions: 


1. Addition (sum) 

2. Subtraction (difference) 
3. Multiplication (product) 
4. Division (quotient) 


The answer for each operation is the word enclosed in parentheses. 
In algebra, letters may be used to represent numbers. By using letters and mathematical symbols, 
short algebraic statements replace lengthy verbal statements. Note how this is done in the following exam- 


ples: 
Verbal Statements Algebraic Statements 
1. Seven times a number reduced by the same number equals 1. 7n—-—n=6n 
6 times the number. 
2. The sum of twice a number and 3 times the same number equals 5 times 2. 2n + 3n = 5n 
that number. 
3. The perimenter of a square equals 4 times the length of one of its sides. 3. p=A4s 


In the first example, 77 is used instead of “seven times a number.” When you multiply a number by a letter, 
the multiplication sign may be omitted. Multiplication may also be indicated by using a multiplication sign, a 
raised dot, or parentheses. 

Thus, 7 times a number may be shown by 7 X n, 7+, 7(7), or 7n. 

Omitting the multiplication sign, as in 7n, is the preferred method of indicating multiplication. However, 
the multiplication sign may not be omitted when two numbers are multiplied. “Seven times four” may be 
written as 7 X 4, 7 - 4, or 7(4), but never as 74. 


1 
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2 FROM ARITHMETIC TO ALGEBRA [CHAP. 1 


1.1. STATING PRODUCTS WITHOUT MULTIPLICATION SIGNS 


ay7xy Ans. Ty e)bxexd Ans. bed 
b)3xX5Xa 15a SJTXUxaAaxk TThk 
ch) lXw lw g)sX8Xn 4n 
d)10XrXs 10rs h) 007 XpxXqXt 0.07pqt 


1,2, CHANGING VERBAL STATEMENTS TO ALGEBRAIC EQUATIONS 
Using letters and symbols, replace each verbal statement by an algebraic equation: 
a) If 6 times a number is reduced by the same number, the result must be 5 times the number. 
Ans. 6n —n=5n 


b) The sum of twice a number, 3 times the same number, and 4 times the same number is equivalent 
to 9 times the number. 


Ans. 2n + 3n + 4n = 9n 

c) Increasing a number by itself and 20 is the same as doubling the number and adding 20. 
Ans. n+n+20 = 2n + 20 

d) The area of a rectangle is equal to the product of its length and width. 
Ans. A=Iw 


2, INTERCHANGING NUMBERS IN ADDITION 


Addends are numbers being added. Their sum is the answer obtained. 
Thus, in 5 + 3 = 8, the addends are 5 and 3. Their sum is 8. 
Numerical addends are numbers used as addends. 
Thus, in3 + 4 + 6 = 13, 3, 4, and 6 are numerical addends. 
Literal addends are letters used to represent numbers being added. 
Thus, ina + 5 = 8, a and bare literal addends. 


RULE: Interchanging addends does not change their sum (the commutative law for addition). 


Thus,2 +3 =3+2and3+4+6=4+ 6+ 3, 
In generala +b=b+aandb+c+a=atbte, 


Interchanging addends may be used 


(1) To simplify addition 
Thus, 25 + 82 + 75 by interchanging becomes 25 + 75 + 82, 
The sum is 100 + 82 = 182. 

(2) To check addition 
Thus, numbers may be added downward and checked upward: 


Add down Check up 
148 148 
357 357 
762 762 
1267 1267 


(3) To rearrange addends in a preferred order 
Thus, b + c + a becomes a + b + c if the literal addends are to be arranged alphabetically. Also, 
3 + x becomes x + 3 if the literal addend is to precede the numerical addend. 


CHAP. 1] FROM ARITHMETIC TO ALGEBRA 3 


2.1. INTERCHANGING ADDENDS TO SIMPLIFY ADDITION 


Simplify each addition by interchanging addends: 


a) 20 + 73 + 280 Cet e +i, e) 1.95 + 2.65 + 0.05 + 0,35 
by 42 + 113 +38 dy 1p Oe be es f) 94+ 18,7 + 1.34 0.6 
Ans. a) 20 + 280 + 73 c) +14 +2} e) 1.95 + 0,05 + 2.65 + 0,35 
300 + 73 = 373 2+2i=44 PEs 5 
b) 42 +58 + 113 d) l¢+4¢+22+4 f) 94 +0.6 + 18.7 + 1,3 
100 + 113 = 213 242% = 42 10 + 20 = 30 


2.2. REARRANGING ADDENDS 


Rearrange the addends so that literal addends are arranged alphabetically and precede numerical 


addends: 
a)3+b c)d+ 10 +e e) 1S+x+ 10 g)wtytx 
b)ct+a d)c+12+b5b f) 20+s+r hA)b+8+et+a 
Ans. a) b +3 co) dt+et10 e) x +25 g)wtxty 
byate d)b+e+12 fy r+s+20 h)atb+ct+8 


3. INTERCHANGING NUMBERS IN MULTIPLICATION 


Factors are numbers being multiplied. Their product is the answer obtained. 
Thus, in 5 X 3 = 15, the factors are 5 and 3. Their product is 15. 


Numerical factors are numbers used as factors. 
Thus, in2 X 3 X 5 = 30, 2, 3, and 5 are numerical factors. 


Literal factors are letters used to represent numbers being multiplied. 
Thus, in ab = 20, a and b are literal factors, 


RULE: Interchanging factors does not change their product (the commutative law for multiplication). 
Thus,2 X¥5=5X2and2x*4xX5=2X5X4, 
In general, ab = ba and cha = abc. 

Interchanging factors may be used 


(1) To simplify multiplication 
Thus, 4 X 13 X 25 by interchanging becomes 4 X 25 X 13. 
The product is 100 X 13 = 1300. 
(2) To check multiplication 
Thus, since 24 X 75 = 75 X 24, 


24 Check: 75 
x75 x24 

120 300 
168 150 
1800 1800 


(3) To rearrange factors in a preferred order 
Thus, bca becomes abc if the literal factors are arranged alphabetically. Also x3 becomes 3x if the 


numerical factor is to precede the literal factor. 


4 FROM ARITHMETIC TO ALGEBRA (CHAP. 1 


3.1. SIMPLIFYING MULTIPLICATION 


Simplify each multiplication by interchanging factors: 


a) 2X17 X%5 ce) 77X7X4 e) 1.25X44xX4xX5 
b) 25X19X4xX2 d) 33; X 23 X 3 f) 0.33 X 225 X 3} X4 
Ans. a) 2X5X17 ©) Te X4X7 e) 125X4xX44x5 
10 X 17 = 170 30 X 7 = 210 5x 22 = 110 
b) 25X4X19Xx2 d) 334X323 f) 0.33 X 3=X 225 x4 
100 X 38 = 3800 100 X 23 = 2300 1,1 X 900 = 990 


3.2, REARRANGING FACTORS 
Rearrange the factors so that literal factors are arranged alphabetically and follow numerical factors: 
a) 63 b) ca c) d10e d) cl2b-— e) 15x10 ff) 20sr sg) wyx h) b35ca 
Ans. a) 3b b) ac c) 10de d) 12bc — e) 150x Sf) 20rs sg) wxy h) 35abe 


4, SYMBOLIZING THE OPERATIONS IN ALGEBRA 
The symbols for the fundamental operations are as follows: 


1, Addition: + 

2. Subtraction: — 

3. Multiplication: X, (), -, no sign 
4, Division: +, : , fraction bar 


Thus, 7 + 4 means “add n and 4.” 4 X n, 4(n), 4+ 2, and 4n mean “multiply n and 4.” n — 4 means “subtract 
4 from 7,” n + 4, n: 4, and i mean “7 divided by 4.” ‘ 
RULE: Division by zero is an impossible operation. Hence, 0 is meaningless. 

Thus, 4 + 0 or x + 0 is impossible. 

Hence 


Xx 
79 8 Gis meaningless. 


4 
Also, — is meaningless ifn = 0. See Sec. 6.2 for further explanation. 
n 


4.1. SYMBOLS IN MULTIPLICATION 


Symbolize each, using multiplication signs: 


a) 8 times 11 c) b times ¢ e) d divided by the 
product of 7 and e 
b) 8 times x d) 5 multiplied by a and the 
result divided by 5 
d 
Ans. a) 8X 11,8- 11, 8(11), or (8)C.1) c) b- cor be (avoid b X c) é) Fe 
5 
b) 8 - x or 8x (avoid 8 X x) d) = 
4.2, DIVISION BY ZERO 
When is each division impossible? 
10 at : 7 
0 b 3¢ o x= 5S a) xy 


Ans. a) ifb= b) ifc = c) ifx = d) ifx =Oory=0 


CHAP. 1] FROM ARITHMETIC TO ALGEBRA 


5. EXPRESSING ADDITION AND SUBTRACTION ALGEBRAICALLY 


In algebra, changing verbal statements into algebraic expressions is of major importance. The operations 
of addition and subtraction are denoted by words such as the following: 


Words Denoting Addition Words Denoting Subtraction 
Sum More than Difference | Less than 
Plus Greater than Minus Smaller than 
Gain Larger than Lose Fewer than 
Increase | Enlarge Decrease Shorten 
Rise Grow Drop Shrink 
Expand | Augment Lower Diminish 


In adding two numbers, the numbers (addends) may be interchanged. 


But in subtracting one number from another, the numbers may not be interchanged. 


5.1, 


5.2, 


5.3. 


Thus, “the sum of 7 and 20” may be represented by n + 20 or 20 + n. 


Thus, “a number less 20” may be represented by n — 20 but not by 20 — x. 
Also “20 minus a number” may be represented by 20 — n but not by n — 20. 


EXPRESSING ADDITION ALGEBRAICALLY 


If # represents a number, express algebraically: 


a) the sum of the number and 7 c) the number increased by9 —e) 20 enlarged by the 


number 
6) the number plus 8 d) 15 plus the number J) 25 augmented by the 
number 

Ans. a)n+T7or7 +n c)nt+9or9+n e) 20 + norn + 20 

b)n+8or8 +n d) 15 + norn + 15 Sf) 25 + norn + 25 
EXPRESSING SUBTRACTION ALGEBRAICALLY 
If 7 represents a number, express algebraically: 
a) the difference if the number is subtracted from 15 Ans. 15 —1n 
6) the number diminished by 20 n— 20 
c) 25 less than the number n — 25 
d) 25 less the number 25 —n 
e) the difference if 15 is subtracted from the number n— 15 
J) 50 subtracted from the number n — 50 
g) the number subtracted from 50 50-27 
h) the number reduced by 75 n— 75 
CHANGING VERBAL STATEMENTS INTO ALGEBRAIC EXPRESSIONS 
Express algebraically: 

Ans 

a) the number of kilograms (kg) of a weight that is 10 kg heavier than w kg a) w+ 10 
6) the number of kilometers (km) in a distance that is 40 km farther than d km b) d+ 40 
c) the number of degrees in a temperature 50° hotter than c) t+ 50 
d) the number of dollars in a price $60 cheaper than p dollars d) p— 60 


6 FROM ARITHMETIC TO ALGEBRA (CHAP. 1 


e) the number of miles per hour in a speed 30 miles per hour (mish) faster than mi/h_ e) r + 30 


J) the number of meters (m) in a length of /m expanded 6m f) 14+6 
g) the number of grams (g) in a weight that is 10 g lighter than w g g) w— 10 
h) the number of meters in a distance that is 120 cm shorter than dm h) d—1,2 


6, EXPRESSING MULTIPLICATION AND DIVISION ALGEBRAICALLY 


Words Denoting Multiplication Words Denoting Division 
Multiplied by | Double Divided by Ratio 
Times Triple or treble Quotient Half 
Product Quadruple 
Twice Quintuple 


In multiplying two numbers, the numbers (factors) may be interchanged. 

Thus, “the product of 7 and 10” may be represented by 710 or 10x. The latter is preferred. 
In dividing one number by another, the numbers may not be interchanged, unless they are the same 
number. 


n 20 
Thus, “a number divided by 20” may be represented by 30 but not by a 


20 
Also, “20 divided by a number” may be represented by a! but not by oa 


6.1, REPRESENTING MULTIPLICATION OR DIVISION 


What statement may be represented by each? 


b y Sw 
a) 5x ir ys 
Ans. a) 1. 5 multiplied by x b) 1. y divided by 5 c) 1. five-sevenths of w 
2, 5 times x 2. quotient of y and 5 2, Sw divided by 7 
3. product of 5 and x 3, ratio of y to 5 3. quotient of 5w and 7 
4. one-fifth of y 4, ratio of Sw to 7 


6.2, DIVISION AND ITS RELATIONSHIP TO MULTIPLICATION 


The relationship between the operations of multiplication and division is important to note: 
n n 
Ifxy = n, then x = — and y = — (with the understanding that x and y are not zero). Notice that if 
y x 


xy = n and either x or y is zero (or both), then 7 must be zero. 


b 5 
Notice also that ifa@ = . and c is zero, then a: 0 = 6, which means / = 0. Thus, if @ = 0 then 5 
must be 0, which is absurd. This is a fairly easy way to understand the impossibility of division by 


Zero, 


7. EXPRESSING TWO OR MORE OPERATIONS ALGEBRAICALLY 


Parentheses ( ) are used to treat an expression as a single number. 
Thus, to double the sum of 4 and x, write 2(4 + x). 


CHAP. 1] FROM ARITHMETIC TO ALGEBRA 


7.1, 


7.2, 


7.3. 


EXPRESSING TWO OPERATIONS ALGEBRAICALLY 
Express algebraically: 


a) a increased by twice b 

b) twice the sum of a and b 

c) 30 decreased by 3 times c 

d) 3 times the difference of 30 and ¢ 

e) 50 minus the product of 10 and p 

Ff) the product of 50 and the sum of p and 10 


g) 100 increased by the quotient of x and y 


h) the quotient of x and the sum of y and 100 


i) the average of s and 20 


More DIFFICULT EXPRESSIONS 
Express algebraically: 
a) half of a increased by the product of 25 and b 


b) 4 times c decreased by one-fifth of d 

c) half the sum of m and twice n 

d) the average of m, r, and 80 

e) 60 diminished by one-third the product of 7 and x 


J) twice the sum of e and 30 diminished by 40 


g) two-thirds the sum of # and three-sevenths of p 


h) the product of a and 6 decreased by twice the difference of c and d 


CHANGING VERBAL STATEMENTS INTO ALGEBRAIC EXPRESSIONS 


Express algebraically: 


Ans. 
a) a+ 2b 
b) 2(a + b) 
c) 30 — 3c 
d) 3(30 — c) 
e) 50 — 10p 
fF) 50(p + 10) 
) 100 += 
= y 
Aj 
) y+ 100 
. s +20 
i) 5) 

Ans 

a) > + 256 

b) 4 : 

) 4e~ 
m+ 2n 

c) 5) 
m+rt 80 

@) 3 
sie 

e) 3 


f) 2e + 30) — 40 


2 3 
g) AG + 4 


h) ab — 2(c — d) 


Ans. 


a) a speed in feet per second (ft/s) that is 30 ft/s faster than twice another ofr ft/s a) 2r + 30 


6) a weight in kilograms that is 20 kg less than 3 times another of w kg 


c) a temperature in degrees that is 15° colder than two-thirds another of f° 


d) aprice in cents that is 25¢ cheaper than another of D dollars 


g) a length in centimeters (cm) that is 8 cm longer than another of f/m 


b) 3w — 20 
2t 8 

c) 3 

d) 100D — 25 


e) 100f+ 8 
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8. ORDER IN WHICH FUNDAMENTAL OPERATIONS ARE PERFORMED 


In evaluating or finding the value of an expression containing numbers, the operations involved must be 


performed in a certain order. Note in the following how multiplication and division precede addition and 
subtraction. 


8.1, 


To Evaluate a Numerical Expression Not Containing Parentheses 


Procedure: 


1, Do multiplications and divisions (M & D) 


in order from left to right: 


Evaluate: a3+4x2 b) 5X4— 18+ 6 
Solutions: 
1.34+4x2 15xX4—-18+6 
3+8 20-3 
2. 11 Ans. 2. 17 Ans. 


2. Do remaining additions and subtractions (A & S) 


in order from left to right: 


To Evaluate an Algebraic Expression Not Containing Parentheses 


Procedure: 


Zz 
Evaluate x + 2y — 5 when x = 5, y = 3, z = 20. 


1. Substitute the value given for each letter: 


2. Do multiplications and divisions (M & D) 


in order from left to right: 


3. Do remaining additions and subtractions (A & S) 


in order from left to right: 


EVALUATING NUMERICAL EXPRESSIONS 


t 8 


t 8 


Evaluate: 
Procedure: a) 24+ 44 
1, DoM&D:; 6 4 
2, DOA S&S: 14 Ans. 


8.2. EVALUATING ALGEBRAIC EXPRESSIONS 


Evaluate if a = 8, b = 10, x =3: 


a 
Procedure: a) 4b — ri 
8 
1. Substitute: 4X 10 — i 
2, DOM & D: 40 =a) 
2, DOA S&S: 38 Ans. 


8.3. EVALUATING WHEN A LETTER REPRESENTS 0 


Evaluate if w = 4, x = 2, and y = 0: 


a) wx ty b) w+ xy 


Solutions: 
ps eae 2 
oe 'y 5 
5 + 233 = 
B)-4 
2.56 —4 
3, 7 Ans. 
b) 24+8+4 c) §X6—10+5+4 12 
24 + 2 48 = 2 + 12 
26 Ans. 58 Ans. 
b) 12x + ab Bid aa 
Agee as 3 
12X3+8xX 10 3 ygt ity -2x3 
4 5 3 
36 + 80 6 +8 — 2 
116 Ans. 12 Ans. 
wry xy x 
cy rd e) 


Xx 


wry 
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Solutions: 
4x2+0 b)4+2xX0 asi oat a 
a as ar 2440 
8 +0 440 = . s 
2 4 4 
8 Ans. 4 Ans. 2 Ans. Q Ans. + Ans. 
9, THE USES OF PARENTHESES: CHANGING THE ORDER OF OPERATIONS 
Parentheses may be used 
(1) To treat an expression as a single number 
Thus, 2(x + y) represents twice the sum of x and y. 
(2) To replace the multiplication sign 
Thus, 4(5) represents the product of 4 and 5. 
(3) To change the order of operations in evaluating 
Thus, to evaluate 2(4 + 3), add 4 and 3 in the parentheses before multiplying; 
that is, 2(4 + 3) = 2-7 = 14. Compare this 
with 2:-4+3=8+3=11. 
To Evaluate an Algebraic Expression Containing Parentheses 
b 
Evaluate: 2(a + b) + 3a — a fa = 7 and b = 2, 
Procedure: Solution: 
2 
1. Substitute the value given for each letter: 1. 2(7 +2) +3-°7- > 
2. Evaluate inside parentheses: 2,2°9 $337 — > 
3. Do multiplications and divisions (M & D) 3, 18+ 21-1 
in order from left to right: 
4, Do remaining additions and subtractions (A& S) 4. 38) Ans. 
in order from left to right: 
9.1, EVALUATING NUMERICAL EXPRESSIONS CONTAINING PARENTHESES 
Evaluate: 
Procedure: a) 3(4—2)+12 b) 7—-314—6) cc) 8+H44+2) d) 20—- 5(4-1) 
1, Do(): 3-2 +12 128 8 +45-6 20—5-3 
2, DoM& D: 6 + 12 7-4 8 +2 20 — 15 
3. DOA&S: 18 Ans. 3 Ans. 10. Ans. 5 Ans. 


9,2. EVALUATING ALGEBRAIC EXPRESSIONS CONTAINING PARENTHESES 


Evaluate if a = 10, b = 2, and x = 12: 


Procedure: a) 3(x + 2b) — 30 b) 8 + (5 + ‘ c) 3x —at b) 


10 
1. Substitute:  3(12 + 2-2) — 30 8 + {7 + 2) 3-12 —+(10 + 2) 
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2. Do( ): 3-16 — 30 8+2-17 36-45-12 
3. DOM &D: 48 — 30 8 + 34 36-6 
4, DoA&S: 18 Ans. 42 Ans. 30. Ans. 


9.3. EVALUATING WHEN A LETTER REPRESENTS ZERO 


Evaluate if w = 1, y = 4, and x = 0: 


1 x y 
+ + jyt+—|+ — w(y + 
da) x(2w + 3y) b) ywx + 5) c) AC ") 5 d) ace wy + x) 
0(2-14+3:°4 41-045 Sage +5 4 —1(4+0 
( ) ( ) > i iro if ) 
1 
0-14 4-5 g 4t? 4—4 
0 Ans. 20 Ans. 7 Ans. 0 Ans. 


10, MULTIPLYING FACTORS IN TERMS; NUMERICAL AND LITERAL COEFFICIENTS 


A term is a number or letter representing a number or the product of numbers or letters representing 
numbers, 

Thus, 5, 8y, cd, 3wx, and 4rst are terms, 

Also the expression 8y + 5 consists of two terms, 8y and 5. 
A factor of a term is each of the numbers multiplied to form the term. 

Thus, 8 and y are factors of the term 8y; 3, w, and x are factors of the term 3wx, 

Also, 5 and a + b are the factors of the term 5(a@ + 5). 
Any factor or group of factors of a term is a coefficient of the product of the remaining factors. 

Thus, in 3abc, 3 is the numerical coefficient of abc, while ahc is the literal coefficient of 3, Other 
examples are the following: 


Term Numerical Coefficient Literal Coefficient 
xy 1 xy 
ae Ed 
a 7 » 
3ab 3 ab 
5e¢ 5 c 


An expression contains one or more terms connected by plus or minus signs. 
Thus, 2x, 3ab + 2, and Sa — 2b — 7 are expressions. 


10.1. EXPRESSIONS CONTAINING TERMS 


State the number of terms and the terms in each expression. 


a) 8abe Ans. 1term: 8abe 

b) 8 + a+ be 3 terms: 8, a, and bc 
c) 8a + be 2 terms: 8a and bc 
d)3b+ct+d 3 terms: 34, c, and d 
e) 3 + bed 2 terms: 3 and bcd 


f) 36+o0+d 2 terms: 3(5 + c) and d 
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10.2. FAcTorS oF TERMS 


State the factors of the following, disregarding 1 and the product itself. 


a) 21 Ans. 3 and7 e) ym Ans. = and m 
b) 121 Ll and 11 f) : Land n 
c) rs rand s g) 2 sand n + 3 
d) 5cd 5, ¢, and d h) 3(x + 2) 3 andx + 2 


10.3. NUMERICAL AND LITERAL COEFFICIENTS 


State each numerical and literal coefficient: 


4x w 
ayy b) 7 c) 7 d) 0.7abe e) 8(a + b) 
: : 4 1 
Numerical coefficient: 1 5 7 0.7 8 
Literal coefficient; y x w abe a+b 


11. REPEATED MULTIPLYING OF A FACTOR: BASE, EXPONENT, AND POWER 


Base**Po"™" = Power 


In 2-2-2-2- 2, the factor 2 is being multiplied repeatedly. This may be written in a shorter form as 2°, 
where the repeated factor 2 is the base while the small 5 written above and to the right of 2 is the exponent. 
The answer 32 is called the fifth power of 2. 

An exponent is a number which indicates how many times another number, the base, is being used as a 
repeated factor. The power is the answer thus obtained. Thus, since 3 - 3 - 3 - 3 or 3* = 81, 3 is the base, 4 is 
the exponent, and 81 is the fourth power of 3. 


Table of Powers 
The table of powers in Fig. 1—1 contains the first five powers of the most frequently used numerical bases, 1, 
2, 3, 4, 5, and 10. It will be very useful to learn these, each of which may be verified using a calculator. 


Exponent 


Base 
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Literal Bases: Squares and Cubes 


The area of a square with a side of length s is found by multiplying s by s. This may be written as A = 
s* and read “area equals s squared.” Here A is the second power of s. See Fig 1-2. 

The volume of a cube with a side of length s is found by multiplying s three times; that is, 5 - s - s. This 
may be written as V = s* and read “volume equals s cubed,” Here V is the third power of s. See Fig. 1-3. 


> A 


Square 
RY 
s A 
Ss 
. Cube 
Fig. 1-2 Fig. 1-3 


Reading Powers 


b? is read as “hb squared,” “b to the second power,” “hb second,” or “hb to the second.” 
x? is read as “x cubed,” “x to the third power,” “x third,” or “x to the third.” 


11.1. WRITING AS BASES AND EXPONENTS 


Write each, using bases and exponents: 


a) 5:5°5 c) 2:8-8-8-8  e) bbecc g) Bby)GBy)GBy) i) Trr(s — 8) k) ee 

. 2ttt 

b) 3-3-7:7 d) bbbbb f) 12beced ih) 2(a + bat Bb) f) — D) aaa 
Ans. a) 53 oc) 2-84 e) BA 2) BY i) 75-8) b a 
b) PP d) BS f) 12b2d ih) Aa + bY? /) ‘ — 


11.2. WRITING WITHOUT EXPONENTS 


Write each without exponents: 


a 
a) 2° d) x g) (2x) DE 
b) 3-4 e) 10y422 h) 6(5y) _ aon ~ 
24 72 
c) 5° B-8 f) 8h i) 4a — by ») 5 : = 
aaaaa 
Ans. a) 2:°2-2-2-2-2 — d) xxxxx g) (2x)(2x)(2x) J) AB 
2(a + bXa + B) 
b) 3-4-4 e) 10yyyyzz h) 6(5y)Gy) oe 
aa + bb 


c) 5-7°7-7°8 f) S8rssttt i) 4(a — b)a — b) a ee 
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11.3, EVALUATING POWERS 


Evaluate (the table of powers or a calculator may be used to check values): 


a) 3° 


b) 54 


c) 10° 
a) 243 


b) 625 


c) 1000 


ce 
oe a ee 
A103 
d44+9=13 


e) 8+27=35 


f) 10,000 — 256 


= 9744 


ge el fj) 10+ 3-2? 

h) 3S? k) 8-107 — 33 
ae ee Uae gee ea 
g)1-1-1=1 jf) 10+3-4=22 
h) 8-25 = 200 k) 8-100 — 27 = 773 
)+-16-9=72 4-16 -4-9=5 


11.4, EVALUATING POWERS OF FRACTIONS AND DECIMALS 


Evaluate: 
a) 0.24 d) 1000(0.2%) g) 
py Oe e) 40.37) h) @P 
c) 0.017 f) 200(0.4*) i) GY 

Ans. a) 0.0016 d) 1000(0,008) = 8 ae ae am 
b) 0.25 e) +(0.09) = 0.03 h) 2-2=4 
c) 0.000001 f) 200(0.0256) = 5,12 ip 2-2-2.258 

11.5, EVALUATING POWERS OF LITERAL BASES 

Evaluate ifa@ = 5, b = 1, andc = 10: 

aa d) 2@ g) Ge? pere 
b 2 
b) bt e) (2ay* h) (3) k) (c + 3b? 
Aa? 

co) e f) (a+ 29 i) — 1) 5(a? — Bb?) 

Ans. a) 5-°5+5 =125 d) 2-25 =50 g) 5 =25 j) 25 +100 = 125 
by 1-1-1-1=1 e) 107 = 100 h) GP =F k) 13? = 169 
c) 10-10 = 100 f) P =49 i) = 10 1) 5-24 = 120 


12, COMBINING LIKE AND UNLIKE TERMS 


Like terms or similar terms are terms having the same literal factors, each with the same base and 


same exponent. 


m) 3 + 4°)(3° — 5?) 
4* 


ae a 
0) 102 


m) 19-2 = 38 
256 
1) a= 


27 +32 59 
° 100-100 


Jj) 1006)" 

k) 32GY 

1) 806) 

j) 100G) =4 

k) 32C4) = 108 
1) 8002) = 1250 


m) c(a + b) 


n) cla — b*) 


0) 3b(a3 — c*) 
m) 100-6 = 600 
n) 10-4 = 40 
0) 3°25 =75 
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Thus: Like Terms Unlike Terms 
7x and 5x 7x and 5y 
8a’ and a* 8a’ and a? 

5rs* and 2rs” 5rs° and 2r*s 


NOTE: Like terms must have a common literal coefficient. 


To Combine Like Terms Being Added or Subtracted 


Combine: a) 7x + 5x — 3x byte a 

Procedure: Solutions: 
1. Add or subtract numerical coefficients: 1 7t5-3=9 1.817 
2. Keep common literal coefficient: 2, 9x Ans. 2. 7a’ Ans. 

12.1. COMBINE LIKE TERMS 
Combine; 
a)8+5—3 Ans. 10 e) Tx —4x—x ans 2) 2 eH Te Ans, 6c? 
b) 7-4-1 2 f) 20r+ 30r—40r  10r J) 8ab + Tab 15ab 
e) 20+ 30 —45 5 gictae 3a° hk) 6rs — 21s 4r’s 
d) 8b + 5b — 3b 10b A) 13° — 2° 11) Ty 303% = 25x57 > a a 


12.2. SIMPLIFYING EXPRESSIONS BY COMBINING LIKE TERMS 


Simplify each expression by combining like terms: 


a) 18a + 12a — 10 Ans, 30a — 10 ff) 2x7 + 337% — Ans. 2x? + 2)? 
b) 18a + 12 — 10 18a + 2 g) 6b + 206 + 2c —c¢ 26b + 
c) 18a + 12 — 10a 8a + 12 h) 6b + 20e + 2b—c 8h + 19¢ 
a) 2 43x = o. ae a i) 6c + 206 + 2b— ec 22b + Se 
ge) 2 oy eae x ay 


12.3. COMBINING LIKE TERMS WITH FRACTIONAL AND DECIMAL COEFFICIENTS 


Combine like terms: 


a) 8x + 34x e) 2b? + $b? i) 4.8w + 6.5w — 6.3w 

b) Tx — 28x f) ed = He? J) Hy + Ry 2y 

c) 7b—5 g) 2.3ab + 11.6ab k) 3xy + 1.2xy — 0.6xy 

d) 3c — Sc h) 0.58cd* — 0,39ed? D) L.7x*y + 0.9x2y — 2.05x"y 
Ans. a) 114x e) 12h? i) Sw 

b) 43x fy xe J) 23y° 

oye g) 13.9ab k) 3.6xy 


d) 23 h) 0.19cd* 1) 0.55x*y 
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COMBINING LIKE TERMS REPRESENTING LINE SEGMENTS 


Represent the length of each entire line: 


a) a\a d) x | 15x | 2x g) alalalalalblole 
fT 
b)al bla @) EL sp) A ec AR Alea 
| | 

cha|ala|b|b f) le | 4e |e ae aaa ele 

a in ie i | 
Ans. a) 2a d) 4,.5x g) 5a +2b+e 

b) 2a +b e) 4y h) 6a + 4b 

c) 3a + 2b Sf) 34 i} a + 2b + 12 

Supplementary Problems 


The numbers in parentheses at the right indicate where to find the same type of example in this chapter. 


Refer to these examples for any help you may require. 


1.1. 


1.2. 


1.3, 


1.4, 


State each product without multiplication signs: (1.1) 
a) 8Xw c)bxXcXd e) 05 X%yXz g) BX gxXhxn 
b)2X8Xa d)10X1iXm ii ole 4: h) 0.15 X 100 Xq@Xr 
Ans. a) 8w b) 16a c) bed d) 10/m €) 0.5yz ff) 8t g) 2ghn h) 15qr 
Using letters and symbols, replace each verbal statement by an algebraic equation: (1.2) 


a) Three times a number added to 8 times the same number is equivalent to 11 times the number. 
Ans. 3n + 8n = I1n 


b) The difference between 10 times a number and one-half of the same number is exactly the same as 
9+ times the number, Ans. 10n — 5n = 94n 

c) The perimeter of an equilateral triangle is equal to 3 times the length of one of the sides. 
Ans. p = 3s 


d) The area of a square is found by multiplying the length of a side by itself. 
Ans. A= ss 


Simplify each addition by interchanging addends: (2.1) 
a) 64 + 138 + 36 c) 1¢ +24 65 e) 123% + 46% + 873% 
b) 15 +78 + 15 + 170 d) B+et+eEts Sf) 5.991 + 1.79 + 0,21 + 0.009 
Ans. a) 64 + 36 + 138 c) 14+ 62 +2 e) 125% + 873% + 46% 
100 + 138 = 238 8 + == 8% 100% + 46% = 146% 
b) 15 + 15 + 170 + 78 d) B+etEteE Sf) 5.991 + 0,009 + 1.79 + 0,21 
200 + 78 = 278 23+1=3; 6+2=8 
Rearrange the addends so that literal addends are arranged alphabetically and precede numerical 
addends: (2.2) 
a) 10+d ec) 154+ ¢4+f eydt+bt+eta g)5+mt+44+7+11 
b) y +x d) 7t+r+qt+13 fystl2+p+48 hyvt+wt16+1¢+50 
Ans. a) d+10 oc ftet+i5 eyatbt+dte gy) j +m + 20 
by x+y d) qt+r+30 fy pt+s+ 60 hytt+v+wt 66 
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1.5. 


1.6. 


1,7. 


1.8. 


1,9. 


1.10. 
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Simplify each multiplication by interchanging factors: (3.1) 
a) 5X 26 X 40 c) 103% 7X2 e) 3.75 X 0,15 X 20 X 4 
b) 17X12 X6 d) 303 X 8x 12 Sf) 662% X 50 X 27 
Ans. a) 5 X 40 X 26 c) 10k X 2X7 e) 3.75 X 4X 0,15 x 20 
200 X 26 = 5200 21xX7= 147 15 x3 =45 
b) 17X6X 12 d) 303 X 15 x8 f) 662% X 27 X 50 
102 x 12 = 1224 505 xX 8 = 4040 =X 27 X 50 = 18 X 50 = 900 


Rearrange the factors so that literal factors are arranged alphabetically and follow numerical 
factors: (3.2) 


a) r8 —-b) cabs ce) qp7-—s d) 4V3t-soe) xSy7w Of) def 13c g) 2h5K10) =f) rllsm4 1) cdl3ab 
Ans. a) 8r  b) abe cc) Tpq” sd) 12tV__e) 35wxy sf) 13cdef gg) 100hk ~—sh) 44mrs i) 13 abcd 


Express each, using symbols of operation: (4.1) 
a) 10 added to r e) the product of 8, m, and n i) f divided by 7 
b) 10 subtracted from r /) 5 times p times ¢ J) 25 divided by x 
c) r subtracted from 20 g) two-thirds of ¢ k) the product of « 
d) the sum of 7, x, and y h) one-half of 6 multiplied by / and v divided by 9 
uV 
Ans. ayr+10 c) 20—-r e) &mn g) =e i) i ky 9 
25 
byr-10  d)xt+y+7 f) 5pq h) xbh a 
When is each division impossible? (4.2) 
7 Ba b 50 . 45 
oO ©) Ax pe ey ow Yay 
, r F, 5 10 h 100 
dG a8 Naa a 
Ans. a) ifd=0 c) ifx =0 e) ife =7 g) ifw=y i) ifx = 2y 
b) iff =0 d) ifa=8 Sf) ifx =2 h) ifp =0org=0 
If 7 represents a number, express algebraically: (5.1, 5.2) 
a) 25 more than the number g) 30 less than the number 
b) 30 greater than the number h) 35 fewer than the number 
c) the sum of the number and 35 i) 40 less the number 
d) the number increased by 40 J) 45 decreased by the number 
e) 45 plus the number k) 50 minus the number 
Jf) 50 added to the number 1) 55 subtracted from the number 
Ans. ayn+25or25 +n d) n+ 40o0r40 +n g) n— 30 J) 45-1" 
by) n+ 300630 +n eyn+45o0r45 +n h) n— 35 k) 50—n 
ey) n+ 35o0r35 +n ff) n+ 500r50 +n i) 40 —n 1) n—55 
Express algebraically: (5.3) 
a) the number of kilograms of a weight that is 15 kg lighter than w kg Ans. w— 15 
b) the number of centimeters in a length that is 50 cm shorter than / cm 7—50 
c) the number of seconds (s) in a time interval that is 1 min less than ¢ seconds (s} t — 60 
d) the number of cents in a price that is $1 more than p cents p +100 
e) the number of feet per second (ft/s) in a speed that is 20 ft/s slower than r ft/s r— 20 


J) the number of meters in a distance that is 10 cm farther than dm d+01 
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1,11, 


1,12, 


1.13. 


1,14, 


1.15. 


g) the number of square feet in an area that is 30 ft? greater than 4 ft 

h) the number of degrees in a temperature that is 40° colder than f° 

i) the number of floors in a building that is eight floors higher than f floors 
J) the number of years in an age 5 yr younger than a yr 


Express algebraically: 


a) x times 3 
b) one-eighth of b 
Ans. a) 3x 


b 1 
b) go 3 c) 12y 


Express algebraically: 


a) b decreased by one-half ¢ 

b) one-third of g decreased by 5 
c) 4 times r divided by 9 

d) the average of m and 60 

e) twice d less 25 


Cc 


Ans. 
nS. 2 


4r 
a) b— ary 
m + 60 
2 


byes 


Express algebraically: 


a) a distance in meters that is 25 m shorter than three times another of dm 
b) a weight in ounces that is 5 oz more than twice another of w oz 
c) a temperature in degrees that is 8° warmer than 5 times another of T° 


d) a price in dollars that is $50 less than one-half another of p dollars 


e) a price in cents that is 50¢ cheaper than one-third another of p cents 


Jf) alength in feet that is 2 ft longer than y yd 


Evaluate: 
a) 40-25 c) 40+245 


bp 3X8=—2 5 d)3+8-2x5 


Ans. a) 30 Bb) 14 ce) 25 dy il 
Evaluate if a = 5, b = 6, andc = 10: 
apatb-e Ans. 1 ae 
b) a+ 2b 17 ee 
ya g) 5¢ OS 

p 8 h Nee 
c)a > Le x 
d <— 55 — 
ya 2 # A= 

ae é -o 

ee J) 
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c) product of 12 and y 
d) three-eighths of r 


17 
Ans. A + 30 
t— 40 
ft+8 
a—5 
(6.1) 
e) 10 divided by y 
J) quotient of y and 10 
hy roel wy 
} gl Ie e) . I) 10 
(7.1, 7.2) 
J) 8 more than the product of 5 and x 
g) 4 times the sum of r and 9 
h) the average of 60, m, p, and ¢ 
i) the ratio of b to 3 times c 
2d — 25 4r +9 pe 
°) g) 4 +9) je 
+pt+q+t+60 
f) Sr +8 a 
(7.3) 
Ans. 3d — 25 
2w + 5 
5T + 8 
P 
+ 
- 50 
cron 
3 50 
3y + 2 
(8.1) 


e) 16+2-—4-10 g) 40x2—40+2 


fy) 34+8X2X5 Hae x2—5 = 10 


e) 3 f) 83 g) 60 hy 184 
(8.2) 
Ans. 5 k) 5a+4b-—2c Ans. 29 
8 1!) 6c — 2ab 0 
19 = 7 
m) a > 
11 oe 12 
nhate 5 
ate-b 
3 0) 3 
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1.17. 


1.18. 


1.19, 


1.20. 


1,21, 


1,22, 


FROM ARITHMETIC TO ALGEBRA [CHAP. 1 
Evaluate if x = 3, y = 2, andz = 0: (8.3) 
ayxtytz Ans. 5 f) . Ans. 0 k) xz+ yz Ans. 0 
x ; Zz 
byx-y-zZz 1 g) es meaningless ) ay 0 
x 
cx ta) 6 h) xyz 0 m) me 14 
d) z+ y) 0 i) xy +z 6 n) xy 3 
F yz 2 
e) +2) 6 jxty 3 0) 2 
Evaluate: (9.1) 
a) 5(8 + 2) Ans. 50 e) 8-2(5 — 3) Ans. 32 i) 4(4-4—4) Ans. 48 
b) 5(8 — 2) 30 f) 3(6 +2°5) 48 fj) 44+44-4 28 
é 8 + 215 — 3) 12 2) 3°6+2)5 100 k) (4 +44 — 4) 0 
d) 8(2:5 —3) 56 h) 3(6 + 2)5 120 )4+44-4) 4 
Evaluate if a = 4, b = 3, andc =S: (9.2) 
ay a(b + c) Ans. 32 e) Hat+b)t+e Ans. 8} i) 3a +2(e—b) Ans. 16 
b) b(c — a) 3 Sf) 3(6 + 2c) 39 J) 3(a + 2c) —b 39 
c) cla — b) 5 g) 3(b + 2)e 75 k) 3(a + 2c — Bb) 33 
d) tatb+e) 6 h) Gb + 2)e 55 1) 3(a + 2)(e — b) 36 
Evaluate ifx = 6, y = 4, w = 2, andz = 0: (9.3) 
ay x(v + w) Ans. 36 d) wx(y + z) Ans. 48 gz+(xtwy Ans. 0 
b) zw + x) 0 e) x + yw + z) 14 h) wy + (@ + x} 4 
c) wx — y) 4 f) x +2 —w) 6 i) (w+ x)(v — 2) 32 
State the number of terms and the terms in each expression: (10.1) 
a) 5xvz Ans. 1 term: 5xyz d) 3a + be Ans. 2 terms: 3a and be 
b) 5 + xyz 2 terms: 5 and xyz e) 3ab+ec 2 terms: 3ab and c 
Cc Stxtytz 4 terms: 5, x, y, and z ft) 3a(b +c) 1 term: 3a(b + c) 
State the factors of the following, disregarding | and the product itself: (10.2) 
3 w y-2 
a) 77 b) 25 c) pg dy at 2) 10 Jt) 8 — 5) g) a 


Ans. a) Tand11 6b) Sand5 cc) pandq d)#andx e) fandw f) 8and(@@—5) g)Py-2 


State each numerical and literal coefficient: (10.3) 
by 2 ae d) 0.03ab a = aed 
a) w ep oF ) 0.034 Er oe g) {a ~b) 
Ans. (@) (5) (¢) @) (e) (f) (g) 
Numerical coefficient; 1 z + 0,03 = 2 2 
a 
Literal coefficient; w x n ab y D a—b 
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1.23. Write each, using bases and exponents: (11.1) 
743 b) 7 am + 5a +5 on 
a) \Imy MIM =— @*NATS NS 
A 7-3 b) Ixy ts d) (IxP +59 a 
ns. a) ) 1x On ) (Ix) e) (a +5) eee 
1.24. Write each without exponents: (11.2) 
4.7 b) ty = d) (aby +2 ia 
a) y ty ‘yes ) (aby e) @ +2) eee 
A A-7-7 By a Cena + Ye +2 a 
ns. a) } sayy c} ibe ) (ab)(ab)(ab) e) (x +2)@+2) f) ae 
1,25. Evaluate (the table of powers may be used to check values): (11.3) 
a) 3-2 c) 10° + 5* e) 17+27+ 37 g  P+14+h + i) 5-P-3-1 
es ae d) 10? +2 fps =s h) 2° — 4-2? ae ete aa 
Ans. a) 19 6) 800 ec) 1625s dy 50—sae) 14s ft) 25 og) 4A GCs 2 
1.26, Evaluate: (11.4) 
2 2. 2 2Az 13 253 > 10 
a) 0.1°-9 b) 03-4 c) 3°4 d) 40G)Y e) ® Sf) Be g) OL 
Ans. a) 0.81 b) 4.8 c) 144 d) § e) is ras g) 1000 
1,27, Evaluate if @ = 3 and b = 2: (11.5) 
a) ab Ans. 18 e) (a+ bY Ans. 25 )a—b Ans. 19 
b) ab? 12 fy @ +b 13 j) (a— by 1 
ce) (aby 36 g) ab 54 k) bh 72 
djath 7 h) (abys 216 lb? 108 
1.28. Evaluate if w = 1, x = 3, andy = 4: (11.5) 
a) 2w* Ans. 2 dy +x Ans. 25 2) & — xy Ans. 1 J yx Ans. 192 
b) (Qwy 4 e) (vy +xVP 49 h) (w+xt+ yy 64 kb) ye? 108 
c) (x +27 25 fyy—-x2 q )w+x2 452 26 1) Gx 1728 
1.29. Combine: (12.1) 


a) 20+ 10-18 


b) 10-6-1 

c) 6x + 5x +x 
Ans. a) 12 

b) 3 


c) 12x 


d) 6x? + 5x? + x? 
e) 13y7 — 37 + 10)? 
f) 27w — 22w* 

d) 12x* 

e) 22° 

f) Sw! 


g) 3pq + llpq — pa 
h) 2abc + abe — 3abe 
i) 36a°*b*c — 23a7b*c 
g) |3pq 

h) 0 

i) 13a*b*c 


J) &(a + b) — 2(a + BY 

k) 11@? + 9?) + 4@? + 9’) 
ty SQ +9)" — @ +? 

Jj) 6a + Bb) 

B) 1502 +P) 

I) A@ + yy 
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FROM ARITHMETIC TO ALGEBRA (CHAP. 1 


Simplify each expression by combining like terms: (12.2) 

a) 13b+ 7b —-6 Ans. 20b—6 f) 57 +3 + 10y — 2 Ans. 8y? + 10y — 2 

b) 13b+7-6 13b +1 g) 5° + 3y + 10y — 2p 5)? + lly 

c) 13b + 7b — 6b 14b hy Sy? + 3y + 10)? — 2y 15y? + y 

d) 13b? + 7b — 6b 206? — 6b i) Sy + 3y? + 10)? — 2y? lly? + Sy 

e) 13b7 + 7b — 6b* Tb? + 7b fj) 5+3y+ 10’ -2 10v? + 3v + 3 

Combine like terms: (12.3) 

d 
a) 3v + Tey d) Sd ~~ g) 7.lab + 3,9ab — 2,7ab 
x x? 
b) 20a — lla tea h) 2.12c? — 1,09¢* — 0,55e? 
c) te — te f) 7 4 _ i) 3397 + 4bxy? — 2xy? 
Ans. a) 10% y d) 44d g) 8.3ab 
x2 
b) 94a e) e h) 0.48c¢* 
2 sed 
6) 2c jay ) SExy? 

Represent the length of each entire line: (12.4) 
ayd|d\d dy u | ju g) 2a | 6a | 4a | 36 
bplalala e) x | 0.5x | 1.5x h) 3b | 5b | 7c | 46 

| 
cyr|t|r|t St) y | 2y | 3y ))atblate bt+e 

Ans. a) 3d d) liu g) 12a + 3b 

b) p + 3q e) 3x h) 12b + Te 


i) 2a + 2b + 2e 


Simple Equations 
and Their Solutions 


1. KINDS OF EQUALITIES: EQUATIONS AND IDENTITIES 


An equality is a mathematical statement that two expressions are equal, or have the same value. 

Thus, 2n = 6, 2n + 3n = 5n, and 16 = 16 are equalities. 

In an equality, the expression to the left of the equals sign is called the left member or left-hand side of 
the equality; the expression to the right is the right member or right-hand side of the equality. 

Thus, in 6n = 3n — 9, 6nis the left member or left-hand side. 

While 3n — 9 is the right member or right-hand side. 

An equation is an equality in which the unknown or unknowns may have only a particular value or 
values. An equation is a conditional equality. 

Thus, 2n = 12 is an equation since n may have only one value, 6. 

An identity is an equality in which a letter or letters may have any value. An identity is an unconditional 
equality. 

Thus, 2n + 3n = Snand x + y = y +x are identities since there is no restriction on the values that n, x, 
and y may have. 

A solution to an equation is any number which when substituted for the unknown, will make both sides 
of the equation equal. A solution is said to satisfy the equation. 

Thus, 6 is a solution of 2n = 12, while 5 or any other number is not. 

Checking an equation is the process of substituting a particular value for an unknown to see if the 
value will make both sides equal. 

Thus, check in 2x + 3 = 11 forx = 4 and x = 5 as follows: 


@at+3=11 2x+3=11 NOTE. 
2(44)+3 211 2(5) +3 2 11 (1) The symbol 2 is read “should equal.” 
8+3 211 100+3211 (2) The symbol is read “does not equal.” 
11 =11 13 411 


Hence, 4 is a solution to 2x + 3 = 11 since it satisfies the equation. 


NOTE. A solution to an equation is also called a root of the equation. 
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1.1. CHECKING AN EQUATION 


By checking, determine which value is a solution to each equation: 


a) Check 2n + 3n = 25 forn = 5 andn = 6 b) Check 8x — 14 = 6x for x = 6 and x =7 
Check: n=5 n=6 Check: x = 6 x=7 
a) 2n + 3n = 25 2n + 3n = 25 b) 8x—14 = 6x 8x — 14 = 6x 
2(5) + 3(5) 2 25 2(6) + 3(6) 2 25 8(6) — 14 2 6(6) 8(7) — 14 2 6(7) 
10 +15 2 25 12+ 18 2 25 48 — 14 2 36 56-14 2 42 
25 = 25 30 4 25 34 #4 36 42 = 42 
Ans. 5 isa solution to 2n + 3n = 25. Ans. 7 is a solution to 8x — 14 = 6x. 


1.2. CHECKING AN IDENTITY 

By checking the identity 4(x + 2) = 4x + 8, show that x may have any of the following values: 

a) x =10 b) x =6 oc) x=45 d) x =3.2 

Check: 

a) 4@ + 2) =4x + 8 b) 4@ +2) =4x+8 cc) 4x+2)=4x +8 d) 4(x + 2) =4x + 8 
410 + 2) 2 4(10) + 8 46+2)246)+8 4(45+2)244)+8 43.2 +2) 24(3.2)+8 
4112) 240 + 8 4(8) 224 + 8 4(6,) 218 +8 4(5.2) 212.8 + 8 

48 = 48 32 = 32 26 = 26 20.8 = 20.8 


2. TRANSLATING VERBAL STATEMENTS INTO EQUATIONS 


In algebra, a verbal problem is solved when the value of its unknown (or unknowns) is found. In the 
process it is necessary to “translate” verbal statements into equations. The first step is to choose a letter to 
represent the unknown. 

Thus, by letting n represent the unknown number, “twice what number equals 12” becomes 2n = 12. 


2.1. TRANSLATING STATEMENTS INTO EQUATIONS 


Translate into an equation, letting 1 represent the number. (You need not find the value of the 


unknown.) 

a) Four less than what number equals 8? Ans. a) n-4=8 

b) One-half of what number equals 10? b) 5 = 10 

c) Ten times what number equals 20? c) 10n = 20 

d) What number increased by 12 equals 17? d) n+ 12=17 
e) Twice what number added to 8 is 16? e) 2n+8 = 16 
f) Fifteen less than 3 times what number is 27? f) 3n—15 =27 
g) The sum of what number and twice the same number is 18? g) n+ 2n= 18 
h) What number plus 4 more equals 5 times the number? h) n+4=5n 


i) Twice the sum of a certain number and 5 is 24. What is the number? i) 2(n + 5) = 24 


CHAP. 2] SIMPLE EQUATIONS AND THEIR SOLUTIONS 


2.2. 


2.3. 


3. SOLVING SIMPLE EQUATIONS BY USING INVERSE OPERATIONS 


MATCHING STATEMENTS AND EQUATIONS 


Match the statements in column | with the equations in column 2: 


bm 


J. 
6. 


Column 1 


. The product of 8 and a number is 40. 
. Anumber increased by 8 is 40. 
. Eight less than a number equals 40. 


. Eight times a number less 8 is 40. 


Eight times the sum of a number and 8 is 40. 
One-eighth of a number is 40. 


Ans. Jandc, 2andf, 3anda, 4ande, Sandb, 6and d. 


REPRESENTING UNKNOWNS 


a) 
b) 


c) 
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Column 2 
n—8=40 
8(n + 8) = 40 
8n = 40 


* =40 
= 


Represent the unknown by a letter and obtain an equation for each problem. (You need not solve 
each equation.) 


A woman worked for 5 hours (h) and earned $130. = Ans. a) Let w = hourly wage in dollars. 
What was her hourly wage? Then, Sw = 130. 
How old is Henry now if 10 years ago he b) Let H = Henry’s age now. 
was 23 years old? Then, H — 10 = 23. 
After gaining 12 kg, Mary weighed 80 kg. c) Let M = Mary’s previous weight 
What was her previous weight? in kilograms. 
Then M + 12 = 80. 
A baseball team won 4 times as many games as d) Let n = number of games lost 


it lost. How many games did it lose if it played 
a total of 100 games? 


and 4n = number of games won. 
Then n + 4n = 100. 


For the present, we will study simple equations containing a single unknown having one value. To solve 
a simple equation is to find this value of the unknown. This value is the solution to the equation. 

Thus, the equation 2n = 12 is solved when n is found to equal 6. 

To solve an equation, think of it as asking a question such as in each of the following equations: 


Equation Question Asked by Equation Finding Root of Equation 
lont+4=12 What number plus 4 equals 12? n=12—-4=8 
2, n—-4=12 What number minus 4 equals 12? n=12+4=16 
3. 4n= 12 What number multiplied by 4 equals 12? n=127+4=3 
n 
4. rian 12 What number divided by 4 equals 12? n=12°4 =48 


Note the two operations involved in each of the above cases: 


1. The equation n + 4 = 12 involving addition is solved by subtracting 4 from 12. 
2. The equation n — 4 = 12 involving subtraction is solved by adding 4 to 12. 


3. The equation 4n = 12 involving multiplication is solved by dividing 4 into 12. 


4. The equation 


n 


4 


= 12 involving division is solved by multiplying 4 by 12. 


Inverse operations are two operations such that if one is involved with the unknown in the equation, 
then the other is used to solve the equation. 
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Rule 1. Addition and subtraction are inverse operations. 
Thus, inn + 6 = 10,n and 6 are added. To find n, subtract 6 from 10. 
Inn — 3 = 9, 3 is subtracted from n. To find n, add 3 to 9. 


Rule 2. Multiplication and division are inverse operations. 


Thus, in 7n = 35, n and 7 are multiplied. To find n, divide 7 into 35. 
n 


In W1. 4, n is divided by 11. To find n, multiply 11 by 4. 


NOTE. In 3.1, rule | is applied to such equations as x — 10 = 2 and w — 20 = 12. Later in the chapter, 
the solution of such equations as 10 — x = 2 and 20 — w = 12 will be considered. In 3.2, rule 2 


x 
is applied to such equations as 3 12 and - = 10. Later in the chapter, the solution of such 


3 
equations as — 12 and re = 10 will be considered. 


3.1. RULE 1: ADDITION AND SUBTRACTION ARE INVERSE OPERATIONS 


Solve each equation: 


Equations Involving Solutions Requiring Equations Involving Solutions Requiring 


Addition Subtraction Subtraction Addition 

of Unknown Ans. from Unknown Ans. 
a) x+3=8 a) x =8—3o0r5 e) x— 10 =2 e) x =2 + 100r 12 
b) 5+ y=13 b) y=13 —5or8 f) w—20 = 12 f) w=12 + 20 or 32 
c) 15=a+10 c) a=15~—100r5 g) 18 =a—13 g) a= 18+ 130r31 
d) 28 =20 +b d) b=28 — 200r8 h) 21=b-2 h) b=21 + 2 or 23 


3.2. RULE 2: MULTIPLICATION AND DIVISION ARE INVERSE OPERATIONS 


Solve each equation: 


Equations Involving Solutions Requiring Equations Involving Solutions Requiring 
Multiplication Division Division Multiplication 
of Unknown Ans. of Unknown Ans. 
12 x 
a) 3x = 12 a) x =7 0r4 e) 3 «12 e) x = 12-3 or 36 
y 
b) 12y =3 b) y=Hort p) D3 f) y =3>+ 12 0r36 
a 
c) 35 = Ta c) a=For5 g) 4= g) a=4:-7or28 
b 
d) 7 = 35b d) b=x0r¢ h) h) b=7:4 or 28 


3.3. SOLVING BY USING INVERSE OPERATIONS 
Solve each equation, showing operation used to solve: 
a) x +5 = 20 Ans. x = 20 —5 or 15 d) 7 = 20 Ans. x = 20(5) or 100 
b) x —~5 = 20 x = 20 + 5 or 25 e) 10+ y =30 y = 30 — 10 or 20 
c) 5x = 20 x= or4 f) 10y = 30 y= 0r3 
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g) io 29 Ans. y = 30(10) or 300 Ll b-8&8=2 Ans. b =2 + 8 or 10 
h) 14=a+7 a=14—Tor7 m) 8b =2 b= for; 

i) 14=a-—7 a=14+ 7or21 n) a=? b = 2(8) or 16 
J) 14=7a a=*or2 0) 24=-6+t¢ c = 24—6o0r18 
k) 14 = 2 a = 14(7) or 98 P) 6=24c c=tort 


4. RULES OF EQUALITY FOR SOLVING EQUATIONS 


1. The addition rule of equality: 
To maintain an equality, equal numbers may be added to both sides of an equation. 
2. The subtraction rule of equality: 
To maintain an equality, equal numbers may be subtracted from both sides of an equation. 
3. The multiplication rule of equality: 
To maintain an equality, both sides of an equation may be multiplied by equal numbers. 
4. The division rule of equality: 
To maintain an equality, both sides of an equation may be divided by equal numbers, except by 
zero. 


These four rules may be summarized in one rule: 


The Rule of Equality for All Operations 

To maintain an equality, the same operation, using equal numbers, may be performed on both sides of 
an equation, except division by zero. 

To understand these rules of equality, think of an equality as a scale in balance. 

If only one side of a balanced scale is changed, the scale becomes unbalanced. To balance the scale, 
exactly the same change must be made on the other side. Similarly, if only one side of an equality is 
changed, the two sides are no longer equal. To maintain an equality, exactly the same change must be made 
on both sides. 


Balanced Scales 


Thus, if 5 is subtracted from both sides of the 
balanced scale in Fig. 2-1, the scale is still in 


balance. 
Fig. 2-1 
Equalities 
x+5= 15 If 5 is subtracted from both sides of an equal- 
—5=—5 ity, an equality remains. 


x = 10 
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4.1. UsiInG RULES OF EQUALITY 


State the equality rule used to solve each equation: 


ayx+15= 21 b) 40=r-—-8 c) 25 = 5m d) riak e) 24x = 
—15=—15 +8 = +8 25 5m ‘ _ ; 24x 8 
5 = 6 48 =r 5 COS a 24 «(24 
5= = 24 = 

—m n — ee 


Ans. a) subtractionrule 5) additionrule c) divisionrule d) multiplication rule — e) division rule. 


5. USING DIVISION TO SOLVE AN EQUATION 
Division Rule of Equality 


To maintain an equality, both sides in an equation may be divided by equal numbers, except by zero. 


To Solve an Equation by Using the Division Rule of Equality 


Solve: a) 2n= 16 b) 16n =2 
Procedure: Solutions: 
ai . : 2n 16 16n 2 
1. Divide both sides of the equation by the D, c = > 16 6 16. 
coefficient or multiplier of the unknown: i 
Ans. n = 8 Ans. n = 8 
2. Check the original equation: Check: 2n = 16 l6n = 2 
2(8) 2 16 16G) 2 2 
16 = 16 2=2 
Note 1. Dis a convenient symbol for “divide both sides.” 
Dz means “divide both sides by 2.” 
1 
Note 2. Acommon factor may be eliminated in dn and = 


5.1 SOLVING EQUATIONS WITH INTEGRAL COEFFICIENTS 


Solve each equation: 


a) Tx = 35 b) 35y= 7 c) 33 = 11z d) 11 = 33w 
< e238 oe SUA p, Boley 330 
a = 35. C5 ~ A td 8 33033 
Ans. x= 5 Ans. y= $ Ans. Goi Ans. + =w 
Check: Check: Check: Check: 
7x = 35 35y =7 33 = 1lz 11 = 33w 
7(5) 2 35 35() 27 33 2 11@) 11 2 33) 


35:=35 La 33 = 33 11 = 11 
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5.2. DIVISION IN EQUATIONS WITH DECIMAL COEFFICIENTS 


Solve each equation: 


a) 0.3a = 9 b) 12b = 48 
0.3a “8 1.2b — 48 
2 ar 08 12 aD 
Ans. a = 30 Ans. b = 40 
Check: Check: 
0.3a =9 1.2b = 48 
0.3(30) 2 9 1.2(40) 2 48 
9=9 48 = 48 
5.3. SOLVING EQUATIONS WITH PERCENTS AS COEFFICIENTS 
Solve each equation. (Hint: First replace each percent by a decimal.) 
a) 22%s = 88 b) 715%t = 18 
Since 22% = 0.22, Since 75% = 0.75, 
" 0.225 88 - 0.75t  =—18 
Mee O98 we OTS 75 
Ans. s = 400 Ans. t = 24 
Check: Check: 
22%s = 88 715%t = 18 
(0.22)(400) 2 88 (0.75)(24) 2 18 
88 = 88 18 = 18 
5.4. SOLVING EQUATIONS WITH LIKE TERMS ON ONE SIDE 
Solve each equation. (Hint: First, collect like terms.) 
a) 60 = 7x —x b) 3x+5x = 48 
60 = 6x 8x = 48 
60 6x 8x 48 
D ee D Se 
6 6 : 8 8 
Ans. 10 =x Ans. x =6 
Check: Check: 
60 = 7x —x 3x + 5x = 48 
60 2 70 — 10 18 + 30 248 
60 = 60 48 =48 
5.5. DIVISION RULE IN A WAGE PROBLEM 


John worked 7 h and earned $210.21. What was his hourly wage? 


Solution: Let h = hourly wage in dollars. 
Then 7h = 210.21 
Th — 210.21 
an ae 
h = 30.03 
Ans. John’s hourly wage was $30.03. 
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15 =0.05c 


15 0.05¢ 
0.05 0.05 


300 = c 


c) 


Dos 


Ans. 
Check: 
15 = 0.05c 
15 2 0.05(300) 
15 = 15 


72 =2%n 


Since 2% = 0.02, 
72 0.02n 
Do.02 = 


0.02 0.02 
3600 =n 


c) 


Ans. 
Check: 
72 =2%n 


72 £ (0.02)(3600) 
72 = 72 


Check: 
Tx — 2x =55 
TT =22 259 
55 =55 


Check (the problem): 
In 7h, John should earn $210.21 


Hence, 7($30.03) 2 $210.21 


$210.21 = $210.21 
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5.6. DIVISION RULE IN A COMMISSION PROBLEM 


[CHAP. 2 


Ms. Wang’s commission rate was 6 percent. If she earned $66 in commission, how much did she sell? 


Solution: Let s = Wang’s sales in dollars. Check (the problem): 


Then, 6%s5 or 0.065 = 66 At 6 percent, Wang’s commission 
should be $66. Hence, 
0.06s 66 A 
Do.06 0.06 0.06 6% of $1100 4 $66 
(0.06)($1100) 4 $66 
s = 1100 $66 = $66 


Ans. Wang’s sales were $1100. 


6. USING MULTIPLICATION TO SOLVE AN EQUATION 
Multiplication Rule of Equality 
To maintain an equality, both sides in an equation may be multiplied by equal numbers. 


To Solve an Equation by Using the Multiplication Rule of Equality 


w 
Solve: a) 3 =5 b) 
Procedure: Solutions: 
w 
1. Multiply both sides of the equation M, 3: a 5:3 M, 
by the divisor of the unknown: 
Ans. w=15 Ans 
w 
2. Check the original equation: Check: a =5 Check: 
15 5 
3 
5=5 


Note 1. M is a convenient symbol for “multiply both sides.” 
M, means “multiply both sides by 3.” 


Ww x 
Note 2. A common factor may be eliminated in Hf : 3 and 7 : 4 


Dividing by a Fraction 


ae: 
10-7 

_ x 
Wet 
70 =x 
10 == 

7 

> 70 
10 ae 
10 = 10 


To divide by a fraction, invert the fraction and multiply. Thus, 8 + 7 =8 X += 12. Hence, multiplying 


by +is equivalent to dividing by +. 


To Solve an Equation Whose Unknown Has a Fractional Coefficient 


Solve: a) 3x =8 

Procedure: Solutions: 

1. Multiply both sides of the equation M32 35x =8-> Mays 
by the fractional coefficient inverted Ans. x= 12 Ans. 
(instead of dividing by the fractional coefficient): 

2. Check the original equation: Check: x =8 Check: 

7-122 
8 =8 


b) 3y =25 

2 ty= 25.2 
y= 15 
2 

+-15 225 
29.= 25 
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6.1. SOLVING EQUATIONS WITH INTEGRAL DIVISORS 
Solve each equation: 


) ae he. 18 ) ie d) (a. 
a 8 ae : ~ 10 “40 
M, 8: =4-8 My 3-ty=12-3 My 10:20=——-10 Muy 40(0.2) =”. 40 
a oa aoe gy? 10 ~ 10 “ “) "40 
Ans. x= 32 Ans. y = 36 Ans. 200'—z Ans. 8 =w 
Check: Check: Check: Check: 
= =4 ee 20 =~ 2=— 
—_ a 010 Oe 40 
“24 36) = 12 2 0225 
8 ges ~ 10 ~ 40 
4=4 2=12 20 = 20 0.2 =0.2 


6.2. SOLVING EQUATIONS WITH DECIMAL DIVISORS 
Solve each equation: 


4 = 4 b aes =4 15> mae 
#) 05 — ) Gos: Y a 0 

a b Cc 

0.5{ — | = 4(0.5 0.08{ —— | = 400(0.08 M 1.2(1.5) = | ——j1.2 
Mos te (0.5) Mgos fr, (0.08) = Myz_ 1.2015) a 
Ans. a-2 Ans. b =32 Ans. 1:38:—e 
(Check your answers.) 
6.3. SOLVING EQUATIONS WITH FRACTIONAL COEFFICIENTS 

Solve each equation. (Hint: Multiply by the fractional coefficient inverted.) 
a) 2x = 10 b) liw = 30 Cc) ce =24 
Solutions: 4w = 30 tc = 24 
Ms;2 ++ 3x = 106) M34 7 -3w = 30) My3 3+ 3c = 24) 
Ans. v= 25 Ans. w = 225 Ans. c = 32 


(Check your answers.) 


6.4. SOLVING EQUATIONS WITH PERCENTS AS COEFFICIENTS 
Solve each equation. (Hint: Replace a percent by a fraction if the percent equals an easy fraction.) 


a): 663%s = 22 b) — 875%t = 35 c) 120%w = 72 
Solutions: 

4s = 22 4 = 35 sw = 72 
Msp = 5 + 38 = 2219) Mg 5: 3t = 35G) Ms 5° 5w = 720) 
Ans. s=33 Ans. t = 40 Ans. w = 60 


(Check your answers.) 


6.5. MULTIPLICATION RULE IN DISTANCE PROBLEM 
After traveling 84 miles (mi), Henry found that he had gone three-fourths of the entire distance to 
home. What is the total distance to his home? 
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Solution: Check (the problem) 
Let d = the total distance in miles. Then jd = 84 The 84 mi traveled should be } 
of the entire distance. 
Hence, 
My3 +: jd = 84( 84 mi = 3112 mi) 
d= 112 84 mi = 84 mi 


Ans. The total distance is 112 mi. 


6.6. MULTIPLICATION RULE IN INVESTMENT PROBLEM 
Ms. Fontanez receives 5 percent on a stock investment. If her interest at the end of 1 year was 
$140, how large was her investment? 


Solution: Check (the problem): 
Let s = the sum invested in dollars. 5 percent of the investment should be $140. 
* Hence, 
Then, 5%s or 20 > 140 5%($2800) 2 $140 
5 $140 = $140 
Moo 20 - 20 140(20) 
s = 2800 


Ans. The investment was $2800. 


7. USING SUBTRACTION TO SOLVE AN EQUATION 
Subtraction Rule of Equality 
To maintain an equality, equal numbers may be subtracted from both sides in an equation. 


To Solve an Equation by Using the Subtraction Rule of Equality 


Solve: aywt12= 19 b) 28= Il1t+x 
Procedure: Solutions: wt12= 19 28= Il1l+x 
1. Subtract from both sides the Sp -12= +12 8S, =iMN==U 
number added to the unknown: = Ans. w = 7 ~~ Ans. 17= x 
2. Check the original equation: Check: w+12=19 28 =11+x 
7+ 12219 28 211 +17 
19 = 19 28 = 28 


> 


NOTE. S is aconvenient symbol for “subtract from both sides.” S;; means “subtract 11 from both sides.’ 


7.1. SUBTRACTION RULE IN EQUATIONS CONTAINING INTEGERS 


Solve each equation: 


a) rt+8&= 13 b) 15+t= 60 c) 110 =s + 20 
Ss —8 = —8 Sis —15 = —15 Soo —20 = _—20 
Ans. r= 5 Ans. t= 45 Ans. 90=s 
Check: Check: Check: 
r+8s=13 15 +t =60 110 =s + 20 
5+8 2 13 15 + 45 2 60 110 290 + 20 


13 = 13 60 = 60 110 = 110 
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7.2. SUBTRACTION RULE IN EQUATIONS CONTAINING FRACTIONS OR DECIMALS 


Solve each equation: 


a) b+4= 33 b) 24+e= & c) 20.8 = d+ 6.9 
S  —-=-1 S: -2% =-2 So —-69= -69 
Ans. b = 3; Ans. c= 55 Ans. 13.9=d 
Check: Check: Check: 
b+>=33 B+e=8 20.8 =d + 69 
3L 44232 224+ 52281 20.8 2 13.9 + 6.9 
32 = 32 gt = gt 20.8 = 20.8 


7.3. SUBTRACTION RULE IN PROBLEM SOLVING 
After an increase of 22¢, the price of grade A eggs rose to $1.12. What was the original price? 
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Solution: Check (the problem): 
Let p = original price in cents. After increasing 22¢, the new price should be 112¢. 
Then pt+22 = 112 Hence, 
Soo ee 90¢ + 22¢ 2 112¢ 
p aa 112¢ = 112¢ 


Ans. The original price was 90¢. 


7.4, SUBTRACTION RULE IN PROBLEM SOLVING 
Pam’s height is 5 ft 3 in. If she is 9 in taller than John, how tall is John? 


Solution: Check (the problem): 
Let J = John’s height in feet. 9 in more than John’s height should 
Then J+3= 55 (9 in = ft) equal 5 ft 3 in. 
Saya —i=—3 4+ ft + ft 2 5+ft 
J = 4; S7it = 5; it 


Ans. John is 45ft, or 4 ft 6 in, tall. 


8. USING ADDITION TO SOLVE AN EQUATION 
Addition Rule of Equality 


To maintain an equality, equal numbers may be added to both sides. 
To Solve an Equation by Using the Addition Rule of Equality 


Solve: a) n — 19 = 21 b) 17=m-8 
Procedure: Solutions: 
1. Add to both sides the number n—-19= 21 17 =m— 
subtracted from the unknown: Ais +19 = +19 Ag +8=_+ 
Ans. n = 40 Ans. 2=m 
2. Check the original equation: Check: n—19=21 Check: 17 =m-—8 
40-19 2 21 17225 —8 
21=21 17 =17 


NOTE: Ais aconvenient symbol for “add to both sides.” Ajo means “add 19 to both sides.” 
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8.1. ADDITION RULE IN EQUATIONS CONTAINING INTEGERS 


Solve each equation: 


a) w—10= 19 b) x—19 = 10 c) 7 =y-—82 d) 82 =z-7 
Ajo + 10 = +10 Ajo +19 = +19 Ag +82 = +82 A, +7 =_+7 
Ans. ow = 29 Ans. xX = 29 Ans. 89 =y Ans. 89 =z 
Check: Check: Check: Check: 
w— 10 =19 x—19 =10 7 =y— 82 82 =z-—7 
29-10 219 29-19 210 7 289 — 82 82 289-7 
19 =—19 10 =10 t=] 82 = 82 


8.2. ADDITION RULE IN EQUATIONS CONTAINING FRACTIONS OR DECIMALS 


Solve each equation: 


a) h-2=5} b) j—205= 15 c) 12.5 =m— 2.9 
Asis +i =2 A292 +205 = 205 Ang +29= +29 
Ans. h = 55 Ans. J = 215 Ans. 15.4=m 


(Check your answers.) 


8.3. ADDITION RULE IN PROBLEM SOLVING 


A drop of 8° brought the temperature to 64°. What was the original temperature? 


Solution: Check (the problem): 
Let ¢ = original temperature in degrees. The original temperature, dropped 8°, 
should become 64°. 
Then t¢—8= 64 Hence, 
Ag +8=4+8 72° — 8° 2 64° 
t = 72 64° = 64° 


Ans. The original temperature was 72°. 


8.4. ADDITION RULE IN PROBLEM SOLVING 


After giving 15 marbles to Sam, Mario has 43 left. How many did Mario have originally? 


Solution: Check (the problem): 
Let m = the original number of marbles. The original number of marbles, 
Then m—15= 43 less 15, should be 43. 
Aus +15 = +415 Hence, 
m = 58 58 marbles — 15 marbles 2 43 marbles 


43 marbles = 43 marbles 


Ans. Sam had 58 marbles at first. 


9. USING TWO OR MORE OPERATIONS TO SOLVE AN EQUATION 


In equations where two operations are performed upon the unknown, two inverse operations are needed 


to solve the equation. 
Thus, in 2x + 7 = 19, the two operations upon the unknown are multiplication and addition. To solve, 


use division and subtraction, performing subtraction first. 
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x 
Also, in 3 — 5 = 2, the two operations upon the unknown are division and subtraction. To solve, use 
multiplication and addition, performing addition first. 


To Solve Equations by Using Two Inverse Operations 


Solve: a) 2x +7 = 19 b) ie 2 
Procedure: Solutions: 
x +7= 19 oo 5= 2 
1. Perform addition to undo subtraction, §, =7=2=7 A; +5 = +5 
or subtraction to undo addition: x 
2x = 12 3 = 7 
Pa eee, 2x 12 x 
2. Perform multiplication to undo D, a M, 3. S367 
division, or division to undo 2 = 3 _ 
multiplication: Ans. x= Ans. x= 21 
3. Check in the original equation: Check: 2x +7 =19 Check: a = 59) 
21 
2(6) +7 2 19 3 (COU? 
19 = 19 2=2 
9.1. UsinG Two INVERSE OPERATIONS TO SOLVE AN EQUATION 
Solve each equation: 
a) 2&x+7= 11 b) 3x -5= 7 cc) ae 7 d) aN 
S, aT = =), As eo ae S; =a A3 he = S 
x x 
2. = 4 3 = 12 = 2 == =10 
7 * 3 5 
D a D, = MM, 3-2=3-2. Ms 5-2=5-10 
- 4 2 . 3 5. ? 5 
Ans. KH 2 Ans. x=4 Ans. x=6 Ans x = 50 
Check: Check: Check: Check: 
w+ 7=11 3x -—5=7 S +557 5735 
6 50 
22) +7211 3(4) -5 27 ie = pee 
44+7211 12-527 2+527 10-327 
l1l=11 T=7 Loa] 7T=7 
9.2. SOLVING EQUATIONS WITH LIKE TERMS ON THE SAME SIDE 
Solve each equation. (Hint: Combine like terms first.) 
a) 8n+4n—3 =9 b) 13n +4 +n =39 c) W=7 n= 5 
12n —3 =9 14n + 4 =39 10 =74+5 
A; #3 = 3 S; =. ae af Ser 
in =12 l4n = 35 3= . 
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9.3. 


9.4. 


9.5. 


SIMPLE EQUATIONS AND THEIR SOLUTIONS [CHAP. 2 
D Rn 2 D l4n 35 mM, 2:3=(2\ 
: ia 12 14 14 . 7 
Ans. n=1 Ans. n= 27 Ans. 6=n 


(Check your answers.) 


SOLVING EQUATIONS WITH LIKE TERMS ON BOTH SIDES 


Solve each equation. (Hint: First add or subtract to collect like terms on the same side.) 


a) 5n = 40 — 3n b) 4u + 5 =5u — 30 Cc) 3r + 10 = 2r + 20 

Asn +3n = +3n Azo + 30 = + 30 Sio —10 = —10 
8n = 40 4u + 35 =5u 3r =2r+ 10 
8n 40 —4u —4u —2r —2r 

Dg 3 a 8) Sau = S>, = 

Ans. n=5 Ans. 35 =u Ans. r=10 


(Check your answers.) 


SOLVING EQUATIONS IN WHICH THE UNKNOWN Is A DIVISOR 


Solve each equation. (Hint: First multiply both sides by the unknown.) 


8 3 7 1 1 3 
a) aa b) Bes, C) x 5 d) ae 
8 3 7 1 1 3 
M, 7] = 2x My, 12y= (>) My x = a 3 M, qe 
x x 
8 = 2x 12y =3 75 773 
8 2x 12y 3 x x 
D2 7 Diz 12 ~ 1 Ms 5-7 >= (5)s M, 7 7 37) 
Ans. 4=x Ans. y= Ans. 35 =x Ans. x =21 


(Check your answers.) 


SOLVING EQUATIONS IN WHICH THE UNKNOWN Is BEING SUBTRACTED 


Solve each equation. (Hint: First add the unknown to both sides.) 


a) 10-w =3 b) 10 = 50-n 
Aw +w=w An n = +n 
10 =wt 3 n+10 = 50 
S3 a) = Sio 10 = =10 
Ans. 7 =w Ans. n = 40 
c) 25 —3n = 13 d) 8 =50 —7n 
Aan + 3n = +3n Am +7n a + 7n 
25 = 3n + 13 TIn+8 = 50 
S3 —13 = = 13 Ss —8 = =8 


CHAP. 2] 
>, 2.3 
“a 3 
Ans. 4 =n 


9.6. 


9.7. 


9.8. 


(Check your answers.) 
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SOLVING EQUATIONS WHOSE UNKNOWN HAS A FRACTIONAL COEFFICIENT 


3 
a) Solve: gt =9 
Solution: 


Using One Operation 


a. 
da) gt =9 
Sin Pt sts 
— 2a" 3: 
Ans. x= 24 


(Check your answers.) 


Using Two Operations 


5 
b) Solve: 25 = rs 


Using One Operation 
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Using Two Operations 


3 =) 25 
gx 9 b) 25 = 4x 25 = 4x 
3 4 4 5 5 
My 8.x = 8-9 Mays Pe er M, 4(25) = 4-7 
3x = 72 Ans 20 =x 100 = 5x 
> p, 100 _ 5 
. 5° 3 5 5 
Ans. x = 24 Ans 20 =x 
SOLVING EQUATIONS WHOSE UNKNOWN HAS A FRACTIONAL COEFFICIENT 
a) ty-5= 7 b) 8+2b= 20 c) 48 —4w = 23 
= 
As +5 _ +5 Ss —8 _ —8 A + iw = + Gw 
a aw 
y 12 7b 12 A8 = W238 
=23 —23 
S03 55 cid 
My3 3-37 =7- 12 Ma72 7°qb =75-12 M35 3°25 =5-yw 
Ans. y = 16 Ans. b= 42 Ans 15 =w 


(Cheack your answers.) 


UsiInG Two OPERATIONS IN PROBLEM SOLVING 


a) How many boys are there in a class of 36 
pupils if the number of girls is 6 more? 


Let b = number of boys 


Solution: 
a) 
Then b + 6 = number of girls 

b+b+6 =36 
Se 2b + 6 = 36 
D2 2b = 30 

b= 15 

Ans. There are 15 boys. 


(Check your answers.) 


b) How many boys are there in a class of 36 pupils 
if the number of girls is 3 times as many? 


b) Let b = number of boys 
Then 3b = number of girls 
b + 3b = 36 
Da 4b = 36 
b=9 
Ans. There are 9 boys. 
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9.9. UsING Two OPERATIONS IN PROBLEM SOLVING 


Paul had $260.00 in his bank. By adding equal deposits each week for 20 weeks, he hopes to have 
$780.00. How much should each weekly deposit be? 


Let d = number of dollars in each deposit. Check (the problem): 


Then 20d + 260 = 780 20 deposits and $260.00 should 
Ss _ _ equal the total of $780.00 
ae 260 260 iene 
20 20d = 520 20 ($26) + $260 2 $780.00 
q = $520 + $260 2 $780.00 
Ans. He must deposit $26.00 a week. $780 = $780.00 


9.10. UsING Two OPERATIONS IN PROBLEM SOLVING 


Ms. Richards sold her house for $90,000. Her loss amounted to two-fifths of her cost. What did 
the house cost? 


Solution: Check (the problem): 
Let c = the cost in dollars. If $150,000 is the cost, the loss is 
Then 90,000 = c — zc ++ $150,000 or $60,000. The selling 
90,000 = =c price of $90,000 should be the 
Ms/3 >- 90,000 = +: 3c cost minus the loss. Hence, 
150,000 =c $90,000 2 $150,000 — $60,000 


$90,000 = $90,000 
Ans. The cost was $150,000. 


Supplementary Problems 


2.1. By checking, determine which value is a solution to the equation: (1.1) 
a) 3x + 4x = 42 for x = 4, 6, and 8 Ans. x =6 
b) 3n + 14 =47 for n = 9, 10, and 11 n=11 
c) 6y — 48 = 2y for y = 8, 10, and 12 y=12 
2.2. By checking, show that x may have any of the following values in the identity 204 — 3) = 2x — 6: 
a) x=10 b) x =6 c) x =4 d) x =31 (1.2) 
2.3. Translate into an equation, letting n represent the number. ( You need not find the value of the 
unknown.) (2.1) 
a) What number diminished by 8 equals 13? Ans. n—8 = 13 
b) Two-thirds of what number equals 10? an = 10 
c) Three times the sum of a number and 6 is 33. What is the number? 3(n + 6) = 33 
d) What number increased by 20 equals 3 times the same number? n + 20 = 3n 
e) What number increased by 5 equals twice the same number n+5=2n—4 


decreased by 4? 
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2.4. 


2.5. 


2.6. 


2.7. 


2.8. 


SIMPLE EQUATIONS AND THEIR SOLUTIONS 


Match the statement in column | with the equations in column 2: 


Column 1 


N DA WAR WN ® 


Ans. I ande, 


. The sum of 8 and twice a number is 18. 


. Twice a number less 8 is 18. 

Twice the sum of a number and 8 is 18. 
. Eight times the difference of a number and 2 is 18. 
. One-half the difference of 8 and a number is 18. 


. Two more than one-eighth of a number is 18. 


. Eight less than half a number is 18. 
2and g, 3andd, 4andb, Sandc, 


6 and a, 


7 and f. 
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(2.2) 


Column 2 


n 
a) g2 8 
b) 8n —2) =18 
cas n) = 18 
d) 2(n + 8) =18 
e) 2nt+8=18 
n 
A 7 8 =18 
g) 2n—-8=18 


Letting n represent the number of games lost, obtain an equation for each problem. (You need not 


solve each equation.) 


a) A team won 3 times as many games as it lost. 


It played a total of 52 games. 

b) A team won 20 games more than it lost. 
It played a total of 84 games. 

c) Ateam won 15 games less than twice the number lost. 
It played a total of 78 games. 


Solve each equation: 


a) a+5=9 

b) 7+ b=15 

c) 200=c+ 12 

d) 75=55+d 

e) x+11=21+8 
f) 27+ 13=18 +y 


Solve each equation: 


a) 4p = 48 
b) 10r = 160 
¢) 258° 35 


Ans. a) p=12 

b) r=16 

c) s=torlt 

Solve each equation: 
a) n+ 8=24 
b) n~8=24 


c) 8n = 24 
n 


—=24 
4 3 


a) n= 16 
b) n = 32 


Ans. 


c)n 


dn 


Ans. a=4 
b=8 
c=8 
d = 20 
x= 18 
y = 22 


d) 4n=2 
e) 12Qw=4 


fp 24x =21 


d) n=? 


e) w= 


i= 


we 


e)3 +y=15 
fp W=y-3 
g) 15 =3y 

y 
h) 15 == 
) 3 


=3 e)y=12 
=192 fpyy=18 


g)y=s 
h) y=45 


(2.3) 


Ans. a) n + 3n = 52 


b) nt+n+20=84 


c) n+2n—15 =78 


g) h-6=14 

h) k-14=6 

) 45=m—13 

fp 22=n-50 

k) x—42 =80-75 
) 100 -31=y—84 


Lar 
8) 5 
h) —=1 
) 6 
7 =4 
og 
g) t=30 
h) u=65 
i) x —=60 
i) 16=y—20 
=, ©. 
j) "20 
k = =1 
) 20 ° 
1) 16+ y=20 
1) y=36 ~~ =k) y = 320 


Dy =320 Dy=4 


(3.1) 
Ans. h = 20 
k =20 
m =58 
n =72 
x =47 
y = 153 
(3.2) 
J? 
D 42> 2 
» 22 
) 10-5 
) bss 
dD yt 
kh a=4 
lL) b=#or23 
(3.3) 
m) x+45=9 
n) x—7=9 
0) x=9 
; ee 
m6. 
m) x =8F 0) x= 27 
n)x=9F py) x= 3 
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2.9. 


2.11. 


2.12. 


2.13. 


2.14. 


SIMPLE EQUATIONS AND THEIR SOLUTIONS [CHAP. 2 
Solve each equation: (3.3) 
1 
ayx+11=14 pf h-3=7; k) 1Ir = 55 P) 6, = 
b) 11+ y =24 g) 35 =m — 20; l) 44s = 44 jigs, 
h 
c) 22=13 +a h) W7-=n—25 m) 10t = 5 r) 100 = 97 
L 
d) 45 =b + 33 ) xb 12— 57 n) & =3 Ss) ee 
x 
z-9=3 10.8 = y — 3.2 3y = 0 t) 0.009 = —— 
) d y o) 3y ) 1000 
Ans. a)x=3 dad) b=12) g)m=553 fppy=14— mt=3 p) 1=13 s)t=12 
b)y=13 e)z=12 h) n = 20 kh r=5 n)x=t q)n=5.1 thx =9 
c) a=9 f) h= 105 i) x =45 Ds =t1 0) y =0 r) h =70 
2.10. State the equality rule used in each: (4.1) 
r 
a) 6r=30 c) 30 = 3 e) 100x = 5 
cee 6(30) =6-> uae 
6 6 ee 100 100 
5 180 = a 
r= =r x= 59 
= _ _»y 
b) 30=r—6 d) 30 =-6+r oD) 100 = 5 
+6=_+ -6=_-6 : 
36 =F 2W=r s(100) ~ 5(5) 
500 = y 
Ans. Addition rule in (@), subtraction rule in @), multiplication rule in (c) and (f), division rule in (a) and (e). 
Solve each equation: (5.1) 
a) 12x = 60 c) 24=2z e) 6r=9 g) 10 =4t 
b) 60y = 12 d) 2 = 24w f) 9s =6 h) 4 = 10u 
Ans. a) x =5 b) y=t oc) 12=z2 dy=w e-) r=F fp s= > g $=t ht=u 
Solve each equation: (5.2) 
a) 0.7a =21 c) 24 = 0.06c e) 0.1h = 100 g) 25.2 =0.12k 
b) 1.1b =55 d) 18 = 0.009d f) 0.67 = 0.96 h) 7.5 = 0.015m 
Ans. a) a=30 c) 400 =c e) h =1000 g) 210=k 
b) b=50 d) 2000 =d f) j=16 h) 500 =m 
Solve each equation: (5.3) 
a) 10%s =7 c) 18 = 3%n e) 5%m = 13 g) 0.23 = 1%y 
b) 25%t = 3 d) 14 = 70%w f) 17%x = 6.8 h) 3.69 = 90%z 
Ans. a) s = 70 c) 600 =n e) m = 260 g) 23=y 
b) t=12 d) 200=w fp) x =40 h) 41=z 
Solve each equation: (5.4) 
x 
a) 14=3%-x c) 8 —3z=45 e) 24 = 4x — g) Txz — 7z = 28 


b) Ty + 3y =50 


d) 132 =10w+ 3w—-w 


fi 4y + by = 57 


h) 15w — 3w — 2w = 85 


CHAP. 2] SIMPLE EQUATIONS AND THEIR SOLUTIONS 39 


2.15. 


2.16. 


2.17. 


2.18. 


2.19. 


2.20. 


2.21. 


2.22. 


2.23. 


2.24. 


2.25. 


Ans. a) 7=x c) z=9 e) 6=x g) 7 =56 
b) y=5 d) ll=w p y=3 h) w=85 
Harry earned $19.26. What was his hourly wage if he worked a)3h, b)2h, cc) +h? (5.5) 
Ans. a) $6.42 b) $9.63 c) $38.52 
Ms. Hartung’s commission rate is 5 percent. How much did she sell if her commissions were a) $85, 
b) $750, —c) $6.20? (5.6) 
Ans. a) $1700 b) $15,000 c) $124 
Solve each equation: (6.1) 
739 pYst dis=t m3=4 -=3 fib=20 g06=— 
a) 3 ) ay c) 5 ) 30 W e) 2 Sd) 0 g) 0. 10 
Ans. a) x =6 b)y = 84 c) 80 =z d) 150 =w e) a=6 f) b = 600 g)6=c 
Solve each equation: (6.2) 
20 ip 2b SSeS Oe es 
on > 0.02 O54 Oo 8 04 7? oo 
Ans. a) a=7 b) b=12 ce) 72—c d) 0.55 =d e) m=88  f) n=0.03 
Solve each equation: (6.3) 
3x 
a) 3x =21 b) ty = 32 c) > = 9 d) 45=% ee) 2z=55 fp) 2+ =10 
Ans. a) x = 28 b) y =24 é) x= 6 d) y=81 e) z=25 fpc=4 
Solve each equation: (6.4) 
a) 37;%s =15 — b) 60%t = 60 c) 16;%n = 14 d) 150%r = 15 e) 83;%w = 35 
Hint: 373% =* 60% == 16-% =< 150% = 15 or+ 835% = > 
Ans. a) s = 40 b) t= 100 c) n= 84 d) r =10 e) w=42 
On a trip, John covered a distance of 35 mi. What was the total distance of the trip if the distance 
traveled was a) five-sixths of the total distance, ) 70 percent of the total distance? (6.5) 
Ans. a) 42mi b) 50mi 
Mrs. Reynolds receives 7 percent per year on a stock investment. How large is her investment if, at 
the end of 1 yr, her interest is a) $28, b) $350, c) $4.27? (6.6) 
Ans. a) $400 b) $5000 c) $61 
Solve each equation: (7.1) 
a) r + 25 =70 c) 18 =s +3 e) x + 130 = 754 g) 259 =s5 + 237 
b) 31 + t = 140 d) 842 = 720+ u f) 116 + y = 807 h) 901 = 857 +w 
Ans. a) r= 45 c) 15 =s e) x = 624 g) 22=s 
b) t = 109 dad) 122 =u f) y =691 h) 44=w 
Solve each equation: (7.2) 
ayb+>=7; c) 35.4 =d +t 23.2 e) ft? =3; g) 7.28 =m + 0.79 
b) 1; +¢=8; d) 87.4 = 80.6 + e f) 8 + ¢=10? h) 15.87=641 +n 
Ans. a) b=7 c) 12.2 =d e) f= a g) 649 =m 
b) c=7; d) 6.8 =e f) @ =22 h) 946=n 


The price of eggs rose 29¢. What was the original price if the new price is a) $1.10, b) $1.30? 
Ans. a) 81¢ b) $1.01 (7.3) 
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2.26. 


2.27. 


2.28. 


2.29. 


2.30. 


2.31. 


2.32. 


Will is 8 in taller than George. How tall is George if Will’s height is 


Ans. a) 4ft6in 


Solve each equation: 


a)w—8 = 22 

b)x —22=8 
Ans. a) w = 30 

b) x =30 


Solve each equation: 
ayh— : = 8+ 
b) j — 347 = 65 


Ans. a) h = 95 
b) j = 99; 


b) 3ft7in 
c) 40=y—3 
d)3=z— 40 
c) B=y 
d) 43 =z 


c) 28.4 =m — 13.9 
d) 0.37 =n — 8.96 
c) 42.3 =m 
d) 9.33 =n 


SIMPLE EQUATIONS AND THEIR SOLUTIONS 


e) m — 140 = 25 


fp n~200=41 


e) m= 165 
fp) n =241 


ap-l, ie 
fi rae =3, 
e) p=3 
f) r=20 


What was the original temperature if a drop of 12° brought the temperature to 


a) 75° 
Ans. a) 87° 


Solve each equation: 


a) 2x +5 =9 


b) 4x + 11 = 21 
c) 20 =3x+8 
d13=6+% 


Ans. a) x =2 
b) «=F 
c) x =4 
dx=1 


Solve each equation: 


a) 10n + 5n-6 =9 
b) 7m + 10 — 2m = 45 


b) 144° 
b) 265° 


e) 2x —5=9 

f) 4e— 11 = 21 
g) 60 = 10x — 20 
h) 11 = 6x — 16 


e)x=7 
f x=8 
g) x=8 
h) x =4> 


d) 35 = 6p + 8 + 3p 
e) 19n — 10 +n =80 


c) 6 

c) 18;° 

jy ea" 

fe 22= 10 
. 

rae 
_& 

) =7 72 

i) x=16 

J) x =40 

kh x=4 

l) x = 230 


a) 5ft 2 in, 


[CHAP. 2 


b) 4 ft 3 in? 
(7.4) 
(8.1) 

g) 158 =p —317 

h) 256 =r — 781 


g) 475 =p 
h) 1037 =r 


(8.2) 


g) 0.03 = s — 2.07 
h) 5.84 =t — 3.06 


g) 2.10 =s 
h) 8.90 =t 
(8.3) 
(9.1) 
x 
m) a 37 
Xx 
n) 5 —2=10 
x 1 
0) 3 Dp Ty 
st= = 4 
P) 2 = 8 
m) x =40 
n) x = 60 
o) x = 123 
p) x =76 
(9.2) 


g) 40 = 25t + 22 — 13t 
h) 145 = 10 + 7.6s — 3.1s 


c) 25 = 19 + 20n — 18n 
Ans. a)n=1 

b)m=7 

cn=3 


Solve each equation: 
a) 5r =2r + 27 


b) 2r =90 —7r 
c) 10r— 11 = 8r 


f\ 3irtr+2=20 


d) p=3 
eyn=4, 
fpr=4 
d) 18—S5a=a 


e) 13b = 15 + 3b 
f) 100 + 34¢ = 2348 


gy =7or 1p 
h) s = 30 


(9.3) 


g) 9u = lou — 105 
h) 5x +3 —2x =x + 8 
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2.33. 


2.34. 


2.35. 


2.36. 


2.37. 


Ans. a)r=9 
b) r= 10 


cd r=55 


Solve each equation: 


40 
a) oe 
5 
b) oe 
Ans. a) x =8 by) x= 


Solve each equation: 


a) 12-w=2 
b) 24=27—-n 
Ans. a) w=10 b)n 


Solve each equation: 
a) (x = 21 
b) jx = 39 


c) fy = 15 


Ans. a) x =24 
b) x =52 
c) y=12 


Solve each equation: 


a) 20 = 3x — 10 
x 

b) 20=3 ~~ 10 
c: 15 =~ 

d) 17=24-2z 
oe) 
e) — 
155 
D x 4 


g) Sc =2c + 45 
h) 0.30 — g =0.13 
i) an + 1 =20! 
4 2 2 
J) 6w + 5w — 8 = 8w 


How many girls are there in a class of 30 pupils if 


SIMPLE EQUATIONS AND THEIR SOLUTIONS 
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d) a=3 g)u=15 
e) b=1y h) x = 25 
f) 
(9.4) 
c) Me je eee 
y n Ww 
28 =~ pu=2 hs =— 
y n w 
s c)y=2 d)y=z7 e)n=4 fn=lr gw=3t fh) w=6 
(9.5) 
c) 84 — r=70 e) 8} —t=5+ g) 8.7 —u=78 
d) 90 = 105 —s fp t=i-s h) 3.25 =537—v 
=3 dgr=14 @dDs=15 eh t=3 Ps=t+ gu=09 Adv =212 
(9.6, 9.7) 
d) liw = 15 g)in+6=22 jf) 10=2r +8 
e) 2tb = 35 h) 10 + $m =52 b) 6= 16> 
fp 2c + Ye =54 ) 30 —2p =24 1) 3st -7=5 
d) w= 10 g) n= 20 pr=9 
e) b=15 h) m= 35 k) t=6 
fp c=12 i) p=4 1) s = 3.6 
(9.1 to 9.7) 
Ans. a) x = 10 k) 5 +27 =30 Ans. k) x =6 
b) x = 90 1) 8& +3 =43 Il) x=5 
c) y =20 m) 21 =tw m)w = 15 
d) z=7 n) 60 = 66 — 12w n)w=yF 
e) x = 13 o) 10b — 3b = 49 0) b=T7 
fx=12 p) 12 —-5=028+5 p) b=0.48 
g)c=15 q) 6d ~ 0.8 =2d gq) d=02 
h) g =0.17 r) 40—-0.5h=5 r) h =70 
i) n= 12s) s) 40 -—2m =37 s) m=5 
iy wow t) 12t-—2t+10 =9t + 12 hb £=2 


of boys is 4 times as many? 


Ans. a) 20 girls b) 


6 girls 


a) the number of boys is 10 less, 


b) the number 
(9.5) 
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2.38. 


2.39. 


SIMPLE EQUATIONS AND THEIR SOLUTIONS [CHAP. 2 


Charles has $370.00 in his bank and hopes to increase this to $1000 by making equal deposits each 


week. How much should he deposit if he deposits money for 5 weeks? (9.9) 
Ans. $126.00 

Mrs. Barr sold her house for $120,000. How much did the house cost her if her loss was 

a) one-third of the cost, b) 20 percent of the cost? (9.10) 


Ans. a) $180,000 b) $150,000 


Signed Numbers 


1. UNDERSTANDING SIGNED NUMBERS: POSITIVE AND NEGATIVE NUMBERS 


The temperatures listed in Fig. 3-1 are the Fahrenheit temperatures for five cities on a winter’s day. Note 
how these temperatures have been shown on a number scale. On this scale, plus and minus signs are used to 
distinguish between temperatures above zero and those below zero. Such numbers are called signed 
numbers. 


--- Miami: 65° above zero 
+40 _~~ New York: 40° above zero 


—-- Seattle: 15° above zero 


(i) --— Chicago: zero 


-20-4;}+- —-- Montreal: 20° below zero 


Fig. 3-1 


Signed numbers are positive or negative numbers used to represent quantities that are opposites of each 
other. 

Thus, if +25 represents 25° above zero, —25 represents 25° below zero. 

While a minus sign (—) is used to indicate a negative number, a positive number may be shown by a 
plus sign (+) or by no sign at all. 


43 
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Thus, 35° above zero may be indicated by +35 or 35. 
The table in Fig. 3-2 illustrates pairs of opposites which may be represented by +25 and —25. 


+25 —25 
$25 deposited $25 withdrawn 
25 mi/h faster 25 mi/h slower 
25 1b gained 25 1b lost 
25 mi to the north 25 mi to the south 
Fig. 3-2 


The absolute value of a signed number is the number which remains when the sign is removed. 
Thus, 25 is the absolute value of +25 or —25. 


1.1. Worpbs OPPOSITE IN MEANING 


State the words that are opposite in meaning to the following: 


a) Gain e) North i) Deposit m) A.D. 
b) Rise jf) East J) Asset n) Expand 
c) Above g) Right k) Earnings o) Accelerate 
d) Up h) Forward 1) Receipt p) Clockwise 
Ans. a) Loss e) South i) Withdrawal m) B.C. 
b) Fall J) West J) Liability n) Contract 
c) Below g) Left k) Spendings o) Decelerate 
d) Down h) Backward 2) Payment Pp) Counterclockwise 


1.2. EXPRESSING QUANTITIES AS SIGNED NUMBERS 


State the quantity represented by each signed number: 


a) by —10, if +10 means 10 yd gained e) by —100, if + 100 means 100 m east 
b) by —5, if +5 means $5 earned Ff) by —3, if +3 means 3 steps right 
c) by +15, if —15 means 15 mi south g) by 20, if —20 means 20 g underweight 
d) by +8, if —8 means 8h earlier h) by 5, if —5 means 5 flights down 

Ans. a) 10yd lost c) 15 mi north e) 100m west g) 20g overweight 
b) $5 spent d) 8h later f) 3 steps left h) 5 flights up 


1.3. ABSOLUTE VALUE OF SIGNED NUMBERS 
State (1) the absolute values of each pair of numbers and (2) the difference of these absolute 


values: a) +25 and —20 b) —3.5 and +2.4 c) 183, —16+ 
Ans. a) (1) 25, 20 b) (A) 3.5, 2.4 c) (1) 185, 163 
(2)5 (2) 1.1 (2) 2 


2. USING NUMBER SCALES FOR SIGNED NUMBERS 


Examine both horizontal and vertical number scales in Figs. 3-3 and 3-4. Notice how positive and nega- 
tive numbers are placed on opposite sides of zero. Since zero is the starting point, it is called the origin. 
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+10 = 10° rise { 


10° above zero = +10 


+10 = 10° rise { 


Vertical Number Scale 


Fig. 3-3 


Constructing Number Scales 


ttt 


-4 -3 -2 -!I oO +! +2 #43 +4 #45 46 
Horizontal Number Scale 


Fig. 3-4 


In marking off signed numbers, equal lengths on a scale must have equal values. On the horizontal scale 
shown, each interval has a value of 1, while the intervals on the vertical scale have a value of 10. In a prob- 
lem, other values may be chosen for each interval, depending on the numbers in the problem. 


Number scales may be used for the following purposes: 


(1) To understand the meanings of signed numbers 

(2) To show which of two signed numbers is greater 

(3) To solve problems with signed numbers 

(4) To understand operations on signed numbers 

(5) To understand graphs in which horizontal and vertical number scales are combined (Such graphs are 
studied in Chap. 7.) 


(1) Using scales to understand the meanings of signed numbers: 

A signed number may refer to (1) a position or (2) a change in position. 

Thus, +10 may refer to the 10° above zero position on a temperature scale. 

However, +10 may also show a 10° rise in temperature. 

Note on the vertical scale the use of +10 as a rise of 10°. The rise of 10° from any temperature is 
shown by arrows having the same size and direction. Note the two such arrows from +30 to +40 and 
from —30 to —20. These arrows, in mathematics, are called vectors. Since signed numbers involve 
direction, they are also known as directed numbers. 

(2) Using number scales to show which of two signed numbers is the greater (see Figs. 3-5 and 

3-6): 

On a horizontal scale, signed numbers increase to the right; on a vertical scale, the increase is 
upward. From this, we obtain the following rules for comparing signed numbers: 
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+5 


+4 


+3 


+2 


°o 


Increase 
-1 Going Up 


-2 


Vertical Number Scale 


Fig. 3-5 
Horizontal Number Scale 


-3 -2 -l te) +1 +2 +3 +4 +5 


Increase To Right 
—_—_—_—_—_————}>> 


Fig. 3-6 


Rule 1. Any positive number is greater than zero. 
Rule 2. Any negative number is less than zero. 
Rule 3. Any positive number is greater than any negative number. Thus, +1 is greater than —1000. 
Rule 4. The greater of two positive numbers has the greater absolute value. Thus, +20 is greater than +10. 
Rule 5. The greater of two negative numbers has the smaller absolute value. Thus, since —10 is greater than —20, it 
has the smaller absolute value. It is better to owe $10 than to owe $20. 
(3) Using number scales to solve problems: 
Such solutions are shown in examples 2.3 to 2.6. 
(4) Using number scales to understand operations on signed numbers: 
This is done throughout the remainder of this chapter. 
(5) Using number scales to understand graphs: 
In a later chapter, the horizontal number scale and vertical number scale are combined into the 
graph invented by Descartes in 1637. This graph is very important in mathematics and science. 


2.1. Two MEANINGS OF SIGNED NUMBERS 
On a temperature scale, state two meanings of a) +25, b) —25, c) 0. 


Ans. a) +25 means (/) 25° above zero or (2) a rise of 25° from any temperature. 
b) —25 means (J) 25° below zero or (2) a drop of 25° from any temperature. 
c) 0 means (/) zero degrees or (2) no change in temperature. 


NOTE. As a number in arithmetic, zero means “nothing.” Do not confuse this meaning of zero with the 
two in 2.1 c) above. 
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2.2. COMPARING SIGNED NUMBERS 


Which is greater? 
a) +;or0 b) +50 or +30 c) —30 or 0 d) —30 or —10 e) +10 or —100 
(Refer to the rules for comparing signed numbers.) 


Ans. a) +4 b) +50 c) 0 d) —10 e) +10 
(Rule 1) (Rule 4) (Rule 2) (Rule 5) (Rule 3) 


2.3 to 2.6. Usk A NUMBER SCALE TO SOLVE PROBLEMS 


2.3. Beginning with the main floor, an elevator went up 4 floors, then up 2 more, and then down 8. Find its 
location after making these changes. 
Solution: Each interval is one floor. The origin, 0, indicates the main floor. The three changes are shown 
by arrows. 
(J) 4 floors up (2) 2 floors up (3) 8 floors down 
The final location is —2. 
Ans. 2 floors below the main floor. See Fig. 3-7. 


Main Floor 0 


SAF PUNY SARC FAY HS APA) WTAE LOTT BN TPP EE A 


~2 


Fig. 3-7 


2.4. Beginning with 3° below zero, the temperature changed by rising 9°, then dropped 12°, and finally rose 
6°. Find the final temperature. 
Solution: Each interval is 3°. The temperature began at 3° below zero, —3 on the scale. Arrows show the 
temperature changes: 
(1) 9° rise (2) 12°drop (3) 6° rise 
The final temperature reading is 0. 
Ans. Zero degrees. See Fig. 3-8. 


+9 
+6 


+3 
(1) 


(2) 
- of 


-6 


°o 


Fig. 3-8 
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2.5. A football player gained 50 yd and reached his opponent’s 10-yd line. Where did he begin his gain? 


Solution: Each interval is 10 yd. The 50-yd gain is shown by an arrow. The origin, 0, indicates the center 
of the field. Since the arrow ends at +10 and has 50-yd length, it began at —40. 
Ans. He began his gain from the 40-yd line. See Fig. 3-9. 


Center 
Own Side of Field Opponent’s Side 
-40 1) -20 -10 0 +10 +20 +30 +40 


50-yd gain (+50) 


Fig. 3-9 


2.6. A plane started from a point 150 km west of its base and flew directly east, reaching a point 150 km 
east of the base. How far did it travel? 


Solution: Each interval is 50 km. The origin indicates the base. The arrow begins at —150 and ends at 
+150. It has a length of 300 and points eastward. 
Ans. 300 km eastward. See Fig. 3-10. 


Base 
West ee Ee ee ee Ce ee East 
-200 -150 - 100 -50 0 +50 +100 +150 +200 
(+300) 


ES 


Fig. 3-10 


3. ADDING SIGNED NUMBERS 


Add in algebra means “‘combine.” 

In algebra, adding signed numbers means combining them to obtain a single number which represents 
the total or combined effect. 

Thus, if Mary first gains 10 pounds (Ib) and then loses 15 1b, the total effect of the two changes is a loss 
of 5 lb. This is shown by adding signed numbers: +10 + (—15) = —5. 


Uses of the symbol +: The symbol +, when used in adding two signed numbers, has two meanings: 


(J) + may mean “add” or 
(2) + may mean “positive number.” 


Thus, —8 + (+15) means add positive 15 to negative 8. 
Rules for Adding Signed Numbers 


Rule 1. To add two signed numbers with like signs, add their absolute values. To this result, prefix the common sign. 
Thus, to add +7 and +3 or to add —7 and —3, add the absolute values 7 and 3. To the result 
10, prefix the common sign. 
Hence, +7 + (+3) = +10 and —7 + (—3) = —10. 


Rule 2. To add two signed numbers with unlike signs, subtract the smaller absolute value from the other. To this result, 


prefix the sign of the number having the larger absolute value. 
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Thus, to add +7 and —3 or —7 and +3, subtract the absolute value 3 from the absolute value 7. 
To the result 4, prefix the sign of the number having the larger absolute value. Hence, +7 + (—3) = 
+4 and —7 + (+3) = —4. 


Rule 3. Zero is the sum of two signed numbers with unlike signs and the same absolute value. Such signed numbers are 


3.1. 


3.2. 


opposites of each other. 
Thus, +27 + (—27) = 0. The numbers +27 and —27 are opposites of each other. 


COMBINING BY MEANS OF SIGNED NUMBERS 
Using signed numbers, find each sum: 


a) 10m gained plus 5 m lost c) $5 earned plus $5 spent 
b) 8 steps right plus 10 steps left d) 80km south plus 100 km south 
Solutions: 
a) 10m gained plus 5 m lost c) $5 earned plus $5 spent 
+10 + (—5) +5 + (—5) 
Ans. +5 or 5m gained Ans. 0 or no change 
b) 8 steps right plus 10 steps left d) 80km south plus 100 km south 
+8 + (—~10) —80 + (— 100) 
Ans. ~—2 or 2 steps left Ans. —180 or 180 km south 


RULE 1. ADDING SIGNED NUMBERS WITH LIKE SIGNS 


Add: a) +8, +2 b) —8,-2 c) —30, -144 
Procedure: Solutions: 
1. Add absolute values: a) +8 + (+2) b) —8 + (-2) c) —30 + (145) 
8+2=10 8+2=10 30 + 14> = 44> 
2. Prefix common sign: Ans. +10 Ans. —10 Ans. —44; 


3.3. RULE 2. ADDING SIGNED NUMBERS WITH UNLIKE SIGNS 


Add: a) +7, —5 b) —17, +10 
Procedure: Solutions: 
1. Subtract absolute values: a) +7 +(—5) b) —17+ (+10) 
7—-5=2 17-10 =7 
2. Prefix sign of number having Sign of +7 is plus Sign of —17 is minus 
larger absolute value: Ans. +2 Ans. —7 


3.4. RULE3. ADDING SIGNED NUMBERS WHICH ARE OPPOSITES OF EACH OTHER 


Add: a) —18, +18 b) +304, —30+ ¢) 175, 41.75 
Procedure: Solutions: 
Sum is always zero: a) —18 +(+18)  b) +303 + (-305 c) —1.75 + (41.75) 


Ans. 0 Ans. 0 Ans. 0 
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3.5. RULES 1, 2, AND 3. ADDING SIGNED NUMBERS 
Add +25 to a) +30, b) —30, c) —25. To —20add d) —30, e) +10, f) +20. 
Ans. a) +30 + (+25) = +55 (Rule 1) Ans. d) —20 + (~30) = —50 (Rule 1) 
b) —-30 (25) = —5 (Rule 2) e) —20 + (+10) = —10 (Rule 2) 
c) —25 + (+25) =0 (Rule 3) f) —20 + (+20) =0 (Rule 3) 
4. SIMPLIFYING THE ADDITION OF SIGNED NUMBERS 
To simplify the writing used in adding signed numbers: 
(1) Parentheses may be omitted. 
(2) The symbol + may be omitted when it means “add.” 
(3) If the first signed number is positive, its plus sign may be omitted. 
Thus, 8 + 9 — 10 may be written instead of (+8) + (+9) + (—10). 
To simplify adding signed numbers Add: (+23), (—12), (~8), (+10) 
Procedure: Solutions: 
1. Add all the positive numbers: 1. Add pluses: 23 
(Their sum is positive.) 10 
33 
2. Add all the negative numbers: 2. Add minuses: —12 
(Their sum is negative.) — 8 
—20 
3. Add the resulting sums: 3. Add sums: 33 — 20 
Ans. 13 
4.1. SIMPLIFYING THE ADDITION OF SIGNED NUMBERS 
Express in simplified form, horizontally and vertically; then add: 
a) (+27) + (—15) + (43) b) —8 + (+13) + (—20) c) +11.2 + (+13.5) + (—6.7) 
+ (—S) + (+9) + (+20.9) 
Simplified horizontal forms: 
a) 27—-15+3-—5 b) -8 + 13 — 20+ 9 c) 11.2 + 13.5 — 6.7 + 20.9 
Simplified vertical forms: 
a) 27 b) —8 Cc) 11.2 
—15 13 13.5 
3 —20 —6.7 
5 _9 20.9 
Ans. 10 Ans. —6 Ans. 38.9 


4.2. ADDING POSITIVES AND NEGATIVES SEPARATELY 


Add: a) +27, —15, +3, —5 b) —8, +13, —20, +9 c) +11.2, +13.5, —6.7, +20.9, —3.1 


Solutions: 


a) Simplify: b) Simplify: c) Simplify: 


27—15+3—5 —8 + 13 — 20+ 9 +11.2 + 13.5 — 6.7 + 20.9 — 3.1 
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Add Add Add Add Add Add 
pluses minuses pluses minuses pluses minuses 
27 au ls) 13 — 8 11.2 —6.7 
a 5 9 =20 13.5 3a 
30 —20 22 —28 20.9 —9.8 

45.6 


Add results: 30 — 20 
Ans. 10 


Add results: 22 — 28 


Add results: 45.6 — 9.8 


—6 Ans. 


4.3. UsING SIGNED NUMBERS AND NUMBER SCALES TO SOLVE PROBLEMS 


In May, Jovita added deposits of $30 and $20. Later, she withdrew $40 and $30. Find the change 
in her balance due to these changes, using a) signed numbers and_ b) number scale (see Fig. 3-11): 


a) Signed-Number Solution 


Add Add 
Add pluses minuses 
+30 30 —40 
+20 20 —30 
—40 50 —70 
—30 
50 — 70 = —20 


Ans. $20 less 


5. SUBTRACTING SIGNED NUMBERS 


b) Number Scale Solution 


The last of the four 
arrows ends at —20. This 
means $20 less than the 
original balance. 


The symbol —, used in subtracting signed numbers, has two meanings: 
(1) — may mean “subtract” or 


(2) — may mean “negative number.” 


Thus, +8 — (—15) means subtract negative 15 from positive 8. 


35.8 


Using Subtraction to Find the Change from One Position to Another 

Subtraction may be used to find the change from one position to another. (See 5.6 to 5.8.) 
Thus, to find a temperature change from 10° below zero to 20° above zero, subtract —10 from +20. The 
result is +30, meaning a rise of 30°. 


Rule for Subtracting Signed Numbers 


Rule 1. To subtract a positive number, add its opposite negative. 


Thus, to subtract +10, add —10. For example, 


+18 — (+10) 
= (+18) + (~10) 


Rule 2. To subtract a negative number, add its opposite positive. 


Thus, to subtract —10, add +10. For example, 


+30 — (~10) 
= +30 + (+10) 


Fig. 3-11 


+8 


+40 


51 


52 


SIGNED NUMBERS 


5.1 RULE 1. SUBTRACTING A POSITIVE NUMBER 


Subtract: 


Procedure: 


To subtract a positive, 


add its opposite negative: 


a) +8 from +29 


a) +29 — (+8) 
+29 +(—8) 


Ans. 21 


5.2 RULE 2. SUBTRACTING A NEGATIVE NUMBER 


5.3. 


5.4. 


5.5. 


Subtract 


a) —7 from +20 


b) +80 from +80 


b) +80 — (+80) 
+80 + (—80) 


Ans. 0 


b) —67 from —67 
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c) +18 from —40 


c) —40 — (+18) 
—40 + (—18) 


Ans. —58 


c) —27 from —87 


Procedure: Solutions: 
To subtract a negative, a) +20 — (—7) b) —67 — (67) c) —87 — (~27) 
add its opposite positive: +20 + (+7) —67 + (+67) —87 + (+27) 
Ans. 27 Ans. 0 Ans. —60 
SUBTRACTING VERTICALLY 
Subtract the lower number from the upper: 
a) +40 b) +40 c) —40 
+10 +55 =715 
Solutions: (To subtract a signed number, add its opposite.) 
a) +40 +40 b) +40 +40 c) —40 —40 
—(+10)> ++ (10) —(+55)> + (—55) —(~75)> ~=+(+75) 
Ans. +30 Ans. —15 Ans. +35 
RULES 1 AND 2. SUBTRACTING SIGNED NUMBERS 
Subtract +3 from a) +11, b) —15. From —8, subtract c) —15, d) —5. 
Solutions: 
a) +11 —(43) b) —15.—>(43) c) 8 = C15) d) —8 —(—S) 
+11 + (-3) —15 + (-3) —8 + (+15) =6 “GE D) 
li= 3 —l15—- 3 —8+ 15 —8+ 5 
Ans. 8 Ans. —18 Ans. +7 Ans. —3 


COMBINING ADDITION AND SUBTRACTION OF SIGNED NUMBERS 


Combine: 


a) +10+(+6) —(~—2) 
+10 + (+6) + (42) 
10 + 6+ 2 

Ans. 18 


iy SoCs) «) 
+8 + (+12) + (-5) + (-3) 


8 a te 
Ans. 12 


12, 


aH) C7) 


5: 3 


1 oy 
—11 


= 3—> 7 


Ans. —23 
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5.6. FINDING THE CHANGE BETWEEN Two SIGNED NUMBERS 


5.7. 


5.8. 


Find the change from +20 to —60, using a) number scale and /) signed numbers: 


a) Number Scale Solution b) Signed Number Solution 
From 20 —_—— 
10 
0 Subtract 20 from —60, 

—10 Arrow pointing downward —60 — (+20) 

—20 shows a decrease of 80. —60 + (—20) 

—30 —80 

—40 

=50 
To —60 — Ans. a decrease of 80. 


FINDING THE DISTANCE BETWEEN TWO LEVELS 
Using (/) a number scale and (2) signed numbers, find the distance from 300 ft below sea level to 
a) 800 ft below sea level, b) sea level, c) 100 ft above sea level. See Fig. 3-12. 


Signed-Number Solution Number Scale Solution 
a) ~—800 — (—300) b) 0 — (—300) c) 100 — (—300) rr Riese or ane 
—800 + (+300) 0 + (+300) 100 + (+300) a 
—500 +300 +400 - 100 by (°) 
-200 (5) 
Ans. 500 ft down Ans. 300 ft up Ans. 400 ft up -300 7 
-400 
(Show how each arrow indicates an answer.) -500 (a) 
-600 
~700 
—800 — 
Fig. 3-12 


FINDING A TEMPERATURE CHANGE 
On Monday, the temperature changed from —10° to 20°. On Tuesday, the change was from 20° to 
—20°. Find each change, using a) anumber scale and b) signed numbers. (See Fig. 3-13.) 


Signed Number Solution Number Scale Solution 
Monday Change Tuesday Change 2 
20 — (—10) —20 — (+20) 10° 
20 + (+10) —20 + (~20) 
+30 —40 °° 
Ans. Rise of 30° Ans. Drop of 40° 10° 


(Show how each arrow indicates an answer.) 


Fig. 3-13 


6. MULTIPLYING SIGNED NUMBERS 


Rules for Multiplying Two Signed Numbers 


Rule 1. To multiply two signed numbers with like signs, multiply their absolute values and make the product positive. 


Thus, (+5)(+4) = +20 and (—5)(—4) = +20. 
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Rules for Multiplying More Than Two Signed Numbers 


SIGNED NUMBERS 


are an odd number of negatives. 


Rule 2. 
negative. 

Thus, (—7)( +2) = —14 and (+7)(—2) = —14. 
Rule 3. Zero times any signed number equals zero. 

Thus, 0( —85) = 0 and (44.7)(0) =0. 
Rule 4. 

Thus, (+10)( +4)(—3)(—5) = +600. 
Rule 5. Make the product negative if there 

Thus, (+10)(+4)(—3)(—5) = +600. 
Rule 6. Make the product zero if any number is zero. 

Thus, (—5)(+82)(0)(3163) = 0. 
6.1 RULE 1. 


Procedure: 


1. Multiply absolute values: 


Multiply: a) (+5)(+9) b) (~5)(~11) 
a) (+5)(+9) b) (—5)(-1) 

5(9) = 45 5(11) = 55 

Ans. +45 Ans. +55 


2. Make product positive: 


MULTIPLYING SIGNED NUMBERS WITH LIKE SIGNS 


6.2. RULE 2. MULTIPLYING SIGNED NUMBERS WITH UNLIKE SIGNS 


6.3. 


6.4. 


Multiply: 


Procedure: 


1. Multiply absolute values: 
2. Make product negative: 


a) (+8)(—9) b) (—20)(+5) 

a) (+8)(—9) b) (~20)(+5) 
8(9) = 72 20(5) = 100 

Ans. —72 Ans. —100 


RULES 1 TO 3. MULTIPLYING SIGNED NUMBERS 


Multiply +10 by a) 
a) (+10)(+18) = +180 
b) (+10)(0) =0 

c) (+10)(—13) = —130 


Ans. 


+18, 5b) 0, 


(Rule 1) 
(Rule 3) 
(Rule 2) 


c) —13 Multiply —20 by d) +25, 
d) (—20)(+2.5) = — 50 


e) (—20)0 =0 
) (20-23) = +45 


RULES 4 To 6. MULTIPLYING MorE THAN Two SIGNED NUMBERS 


Multiply: 


a) (+2)(+3)(+4) 
b) (+2)(+3)(-4) 
c) (+2)(—3)(-4) 
d) (—2)(—3)(-4) 
e€) (+2)(+3)(—4)0) 


Ans. 


+24 (Rule 4) 
—24 (Rule 5) 
+24 (Rule 4) 
—24 (Rule 5) 
0 (Rule 6) 


f) (“DC 2)(-5)(— 10) 
8) (~1)(—2)(+5)C+ 10) 
h) (“D4 2)(+5)C+ 10) 
t) (~1)(—2)(—S)C+ 10) 
J) (“DC 2)(F5)( + 10)0) 
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To multiply two signed numbers with unlike signs, multiply their absolute values and make the product 


Make the product positive if all the signed numbers are positive or if there are an even number of negatives. 


c) (~3)(~2.4) 


c) (~3)(-2.4) 
3(2.4) = 7.2 


Ans. +72 


c) (+3;)(— 10) 


c) 


Ans. 


Ans. 


(+33)(—10) 
33(10) = 35 
“139 


0, fp —2; 
(Rule 2) 


(Rule 3) 
(Rule 1) 


+100 (Rule 4) 
+100 (Rule 4) 
—100 (Rule 5) 
—100 (Rule 5) 
0 (Rule 6) 
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6.5. UsinG SIGNED NUMBERS TO SOLVE PROBLEMS 
Complete each statement using signed numbers to obtain the answer: 
a) If Tracy deposits $5 each week, then after 3 weeks her bank balance will be (___). 


Let +5 = $5 weekly deposit Then (+5)(+3) = +15 
and +3 = 3 weeks later Ans. $15 more 


b) If Henry has been spending $5 a day, then 4 days ago he had (__+). 


Let —5 = $5 daily spending Then (—5)(—4) = +20 
and —4 = 4 days earlier Ans. $20 more 

c) If the temperature falls 6° each day, then after 3 days it will be(___). 
Let —6 = 6° daily fall Then, (—6)(+3) = —18 
and +3 = 3 days later Ans. 18° lower 


d) If a team has been gaining 10 yd on each play, then 3 plays ago it was(_+). 


Let +10 = 10-yd gain per play Then, (+ 10)(—3) = —30 

and —3 = 3 plays earlier Ans. 30 yd farther back 
e) If acar has been traveling west at 30 mi/h, then 3h ago it was(__+). 

Let —30 = 30 mi/h rate westward Then (—30)(—3) = +90 

and —3 = 3h earlier Ans. 90 mi farther east 


7. FINDING POWERS OF SIGNED NUMBERS 


Rules for Finding Powers of Signed Numbers 
(Keep in mind that the power is the answer obtained.) 


Rule 1. For positive base, power is always positive. 
Thus, (+2) or 23? = +8 since (+2)? = (+2)(+2)(+2). 
Rule 2. For negative base having even exponent, power is positive. 
Thus, (—2)* = +16 since (—2)* = (—2)(—2)(—2)(—2). 
NOTE. —2* means “the negative of 2*” Hence, —2* = —16. 
Rule 3. For negative base having odd exponent, power is negative. 


Thus, (—2)° = —32 since (—2)? = (—2)(—2)(—2)(—2)(2). 


7.1. RULE1. FINDING POWERS WHEN BASE Is POSITIVE 


Find each power: 


a) 3° Ans. 9 a) (5 Ans. 125 g) ©? Ans. + 
b) a 16 e) (+7) 49 h) 53 = 
c) 10° 1000 f) (+0) 1 i) G)* Ton 


7.2. RULES 2 AND 3. FINDING POWERS WHEN BASE Is NEGATIVE 
Find each power: 


a) (-3 ~— Ans. 9 d) (—1)'% Ans. —1 g) (-2 Ans. t 
b) (3) 207 e) (—0.5) 0.25 h) (9 —1 
oti 1 pPCuy —0.008 ia ars 
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7.3. RULES 1 TO3. FINDING POWERS OF SIGNED NUMBERS 


Find each power: 


a) 37 Ans. 9 d) Gy Ans. : g) (-1)! = Ans. 1 
b) 32 ~9 e) (4 = h) —1!00 ai 
e)-3)- 2 i) -GF a a ee 8 =1 


7.4. FINDING BASES, EXPONENTS, OR POWERS 


Complete each: 


a) (~3)’=81 Ans. 4 c) (N° =—-32 Ans. —2- e) (-3#9 =? Ans. —2 
b) 2’ = 128 7 ad (ni =-1 —-1 fp -02*=? —0.0016 


8. DIVIDING SIGNED NUMBERS 


Rule 1. 


Rule 2. 


Rule 3. 


Rule 4. 


Rules for Dividing Signed Numbers 


To divide two signed numbers with like signs, divide the absolute value of the first by that of the second and 
make the quotient positive. 


5 = 44 and — > = +4 
42 = an _) = 


Thus, 


To divide two signed numbers with unlike signs, divide the absolute value of the first by that of the second and 
make the quotient negative. 
+12 —12 


Thus, a 3 and 7 3% 


Zero divided by any signed number is zero. 


Thi 20nd 26 
We) er eae 


Dividing a signed number by zero is an impossible operation. 
Thus, (+18) + 0 or (~18) + 0 are impossible. 


Combining Multiplying and Dividing of Signed Numbers 


To multiply and divide signed numbers at the same time: 


(1) 
(2) 


Rule 5. 


Rule 6. 


Rule 7. 


Isolate their absolute values to obtain the absolute value of the answer. 
Find the sign of the answer, as follows: 


Make the sign of the answer positive if all the numbers are positive or if there is an even number of nega- 
tives. 


(41245) (412)(+5) — (-12X—-5) 
(4342)? (—3)(—2) ° 89° (—3)(—2) 


Thus, equal +10. 


Make the sign of the answer negative if there is an odd number of negatives. 


(F12(45) (F12)(75) Pome Gee) 


hs ajay ae ea 


equal —10. 


Make the answer zero if one of the numbers in the dividend is 0. 


(+53)(0) 


Thus, (17-84) = 
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Rule 8. A zero divisor makes the operation impossible. 
at (+53)(— 17) , al 
us, (+84)(0) 1s Meaningless. 
8.1. RULE 1. DiIvipiInc SIGNED NUMBERS WITH LIKE SIGNS 
Divide: a) +12 by +6 b) —12by —4 cc) —24.6 by —3 
Procedure: Solutions: 
a) +12 b) —12 c) ~—24.6 
+6 —4 =3 
12 12 24.6 
1. Divide absolute values: 6 = 2 4 =9 3 = 8.2 
2. Make quotient positive: Ans. +2 Ans. +3 Ans. +8.2 
8.2. RULE 2. DIVIDING SIGNED NUMBERS WITH UNLIKE SIGNS 
Divide a) +20 by —5 b) —24by +8 c) +8 by —16 
Procedure: Solutions: 
a) +20 b) —24 C) +8 
—5 +8 —16 
2 24 1 
1. Divide absolute values: cal = —= = =— 
5 8 16 2 
2. Make quotient negative: Ans. —4 Ans. —3 Ans. —? 
8.3. RULES 1 To 4. DrtvipING SIGNED NUMBERS 
Divide +9 by a) +3 b) 0 c) —10_ Divide each by —12: d) +36 e)0 f) —3 
+9 +36 
Ans. a) 43 = +3 (Rule 1) a) yg 8 (Rule 2) 
QD : 0 
b) 7 is meaningless (Rule 4) e) — D =0 (Rule 3) 
ae Rule 2 = + Rule 1 
c) 40 40 (Rule 2) f) 9 4 (Rule 1) 
8.4. RULES 5 AND 6: COMBINING, MULTIPLYING, AND DIVIDING SIGNED NUMBERS 
+12\(+8 —4)(—2)(—-3 
Solve: (+12) +8) b) (4) (—2)(-3) 
(~3)(—4) (~5)(~ 10) 
Procedure: Solutions: 
1. Isolate absolute values: (12)(8) _ (A2Q)GB) _ 12 
(3)(4) (5)40) = 25 
2. Find the sign of the answer: HC) oes CU YC) a 
ae (i (I 
12 
Ans. +8 Ans. ——— 


25 
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8.5. RULES 7 AND 8. ZERO IN DIVIDEND OR DIVISOR 


Solve: a) aaah Ans. O (Rule 7) b) Sore Ans. meaningless (Rule 8) 


9. EVALUATING EXPRESSIONS HAVING SIGNED NUMBERS 
To evaluate an expression having signed numbers: 


(1) Substitute the values given for the letters, enclosing them in parentheses. 
(2) Perform the operations in the correct order, doing the power operations first. 


9.1. EVALUATING EXPRESSIONS HAVING ONE LETTER 
Evaluate if y = —2: 


a) By + 5 b) 20 = 3y c) 4y? d) 2y e)20-y 
2(-2) + 5 20 — 3(—-3) 4(-2y a=oy ——oyP 
—4+5 20 + 6 4(4) 2(=8) 20 — (32) 

Ans. 1 Ans. 26 Ans. 16 Ans. —16 Ans. 52 


9.2. EVALUATING EXPRESSIONS HAVING Two LETTERS 
Evaluate ifx = —3 andy = +2: 


a) 2x — 5y b) 20 — 2xy c) 3xy Hwa =F 
2(-3) — 5(+2) 20 — 2(-3)(+2) 3( aC 2y sy =, 
—6— 10 20 + 12 3(—3)(4) 2(+9) — (+4) 
Ans. ~—16 Ans. 32 Ans. ~—36 Ans. 14 


9.3. EVALUATING EXPRESSIONS HAVING THREE LETTERS 


Evaluate ifx = +1, y = —2, z= —3: 
3x —5 2y? 
a) Axy? + z b) Poy He ee d) —— 
2z tae 
3(+1) — 5(-2 27 
2(—3) +] —(—3) 
4(1)(4) — 3 i. oe: =e ee 
—6 1+3 
Ans. 13 Ans. —4 Ans. —2% Ans. 2 


Summary of Rules for Computations Involving Signed Numbers: 


1. To add two signed numbers, add their absolute values if the numbers have the same signs; if the 
numbers have unlike signs, subtract the smaller absolute value from the larger, and to this result, 
prefix the sign of the number with the larger absolute value. 

2. To subtract a signed number from a positive number, add its opposite negative; to subtract a signed 
number from a negative number, add its opposite positive. 

3. To multiply two signed numbers, multiply their absolute values and prefix the result with a positive 
sign if the numbers are both positive or both negative; prefix the result with a negative sign if one of 
the numbers is positive and the other is negative. 
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3.1. 


3.2. 


3.3. 


3.4. 


3.5. 


3.6. 


3.7. 


3.8. 


3.9. 


4. To find powers of signed numbers, the power is positive if the exponent is even; the power is nega- 
tive if the exponent is odd. 

5. To divide one signed number by another, divide their absolute values and obey the rule of signs for 
multiplication to two signed numbers. 


Supplementary Problems 


State the quantity represented by each signed number: (1.2) 
a) by +12, if —12 means 12 yd lost d) by —32, if +32 means $32 earned 
b) by —7, if +7 means 7 flights up e) by +15, if —15 means $15 withdrawn 
c) by +25, if —25 means 25 mi westward f) by —13, if +13 means 13 steps forward 
Ans. a) 12yd gained c) 25 mi eastward e) $15 deposited 

b) 7 flights down d) $32 spent f) 13 steps backward 
State (/) the absolute value of each pair of numbers and (2) the differences of these absolute values: 
a) +40 and —32 b) —3.7 and +1.5 c) —40; and — 10; (1.3) 
Ans. a) (1) 40, 32; (2) 8 b) (1) 3.7, 1.5; (2) 2.2 c) (1) 407. 103; (2) 30 
On a temperature scale, state the meanings of: a) —17 b) +15 (2.1) 


Ans. a) —17 means (J) 17° below zero or (2) a drop of 17° from any temperature. 
b) +15 means (/) 15° above zero or (2) a rise of 15° from any temperature. 


Which is greater? a) —ror0 ~ b) —3 or —30 c) +5 or —25 d) —1100r—-120 (2.2) 
Ans. a) 0 By = ee os d) —110 


Beginning with 5° above zero, the temperature rose 2°, then dropped 8”, and finally rose 4°. Find the 
change in temperature and the final temperature after the changes. (2.4) 


Ans. Change in temperature was a drop of 2° from the initial temperature of +5°. Final temperature after the 
changes was 3° above zero. 


A plane starting from a point 200 km east of its base flew directly west to a point 300 km west of the 
base. How far did it travel? (2.6) 


Ans. 500 km westward 


Using signed numbers, find each sum: (3.1) 
a) 20 kg gained plus 7 kg lost d) $5 gained plus $15 spent 
b) 17\b lost plus 3 lb gained e) 8° rise plus 20° rise 
c) $5 spent plus $15 spent f) 8° drop plus 8° rise 

Ans. a) +20 +(—7) = +13 or 13 kg gained d) +5 + (—15) = —10 or $10 spent 
b) —17 + (+3) = —14 or 14 |b lost e) +8 + (+20) = +28 or 28° rise 
c) —5 +(—15) = —20 or $20 spent f) —8 + (48) =0 or no change 

Add: (3.2) 
a) +105, +7; b) —1.4, -2.5 c) +5, +3, +12 d) —1, —2, -3 

Ans. a) +18 b) —3.9 c) +20 d) ~6 

Add: (3.3) 
a) +62, —37 b) —0.23, +0.18 ey 123, — 13,7 12 gy 23, $8,217 


Ans. a) +23 b) —0.05 c) +22 d) +14 
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3.10. 


3.11. 


3.12. 


3.13. 


3.14. 


3.15. 


3.16. 


3.17. 


3.18. 
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Add: (3.4) 
@) 25.7; —23.7 b) +120, —120, +19 c) +28, —16, —28, +16 
Ans. a) 0 b) +19 co) 0 
Add —32 to: To +11, add (3.5) 
a) —25. Ans. —57 c) +32 Ans. O e) —29 Ans. —18  g) +117) Ans. +128 
b) +25 —7 d) +100 +68 fp - O h) —108 —97 
Express in simplified vertical form and add: (4.1) 
a) +11 + (+3) + (—9) + (—8) b) —42 + (+42) + (—85) c) +13.7 + (42.4) — 8.9 
Ans. a) 11 b) —42 c) 13.7 
3 +42 2.4 
—9 85 —8.9 
78 Sum = —85 Sum = 7.2 
Sum = —3 
Express in simplified horizontal form and add: (4.1, 4.2) 
ay 14, —7, 422, —35 b) +34, +85, —407 6) = 1278,,—3.22, F16 
Ans. a) ~14—7 +22 —35 b) 3; + 83 — 403 c) — 1.78 — 3.22 + 16 
Sum = —34 Sum = —29 Sum = 11 


In a football game, a team gained 8 yd on the first play, gained | yd on the second play, lost 12 yd on 
the third play, and lost 6 yd on the fourth play. Find the change in position due to these changes, using 


a) signed numbers and b) a number scale: (4.3) 
a) HE + (FD + C-2y + (6) B) so <6 4e oy =p Stat o 4. 6 2 bw 
Se i = De G6 
9 ee 
| ———— 
——————- 
Fig. 3-14 
Ans. Total change is 9-yd loss. See Fig. 3-14. 
Subtract: (5.1) 
a) +11 from +16 c) +3.5 from +7.2 e) +33 from +11} 
b) +47 from —47 d) +7.2 from —3.5 f) +17} from —8 
Ans. a) +5 b) —94 c) +3.7 d) -10.7 e) +84 f) ~252 
Subtract: (5.2) 
a) —11 from +16 c) —0.81 from +0.92 e) —75 from +2 
b) —47 from +47 d) —0.23 from —0.27 f) —3¢ from —4 
Ans. a) +27 b) +94 c) +1.73 d) —0.04 e) +10 fy -t 
Subtract the lower number from the upper: (5.3) 
a) +22 b) +17 c) —30.7 d) —0.123 e) —13} f) —275 
IT meee +30.7 +0.265 — 105 +37 
Ans. a) +5 b) —5 c —614 d) —0.388 e) —3 f) ~3lr 
Subtract +4 from: a) +85 b) +4 c) +2.3 and d) —25 (5.4) 
From —10 subtract e) —23 f) -8 g) —3.9 and h) +205 


Ans. a) +4% b) 0 c) -1.7 d) —29 e) +13 f) 2g) -6.1 ~=—-h) —30F 
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3.19. 


3.20. 


3.21. 


3.22. 


3.23. 


3.24. 


3.25. 


3.26. 


Combine: (5.5) 
a) +11 + (+7) — (424) d) +25 — (—6) — (—22) + (+40) 
b). =11 = 6-5) — (14) e) —3.7 + (—2.4) — (+7.8) + (-11.4) 
c) +0.13 — (+0.07) — (+0.32) f) +25 -—(-1) — (+5 — (-7) 
Ans. a) —6 b) +8 c) —0.26 d) +93 e) —25.3 f) +5 
Find the distance from 500 m above sea level to: a) 1200 m above sea level, b) sea level, 
c) 2000 m below sea level. (5.7) 
Ans. a) 700m up b) 500 m down c) 2500 m down 
On a Monday, the hourly temperatures from | P.M. to 6 P.M. were: (5.8) 
1 PM. 2PM. 3 PM. 4PM. 5 PM. 6 P.M. 
—8° =" 0° 4° —4° —20° 


Find each hourly temperature change. 


Ans. a) 3° rise from | to 2 PM. b) 5° rise from 2 to 3 P.M. c) 4° rise from 3 to 4 P.M. 
d) 8° drop from 4 to 5 pM. e) 16° drop from 5 to 6 P.M. 

Multiply: (6.1) 
a) (+3)(+ 22) c) (~S)(-4) e) (+8)(42:) 8) (23-1) 
b) (+0.3)(+2.2) d) (~0.05)(—0.04) f) (~35)(—25) h) (F(t) 


Ans. a) +66  b) +066 cc) +20 d) +0.002 e) +20 f) +77 g) +32 h) +92 


Multiply: (6.2) 
a) (~20)(+6) c) (~0.8)(4 0.11) e) (+6)(-73) 8) (9+) 
b) (+13)(-8) d) (+3.4)(-21) fy (23421) h) (+25)(—33) 


Ans. a) —120 b) —-104 c) -0.088 d)—714 e) -46 fp 45. g) —2 h) —72 


Multiply +8 by a) +7 b) 0 c) —4. Multiply -12by d) +0.9 e) -1> f) —8.21. (6.3) 
Ans. a) +56 b) Oc) —32 Ans. d) —10.8 e) +18  f) +98.52 
Multiply: (6.4) 

a) (+3)(+4)(+12) d) (“IW DCI) 1) g) (+2)(+2)(4+2)(-2) 

b) (+0.3)(+0.4)(+1.2) e) (—2)(—2(-2)(-2) h) (—DC+8)(—-C+ 16) 

©) (+0.3)(-4)(-0.12) P (—2N+5)(—S)+4) i) (IDC 2N(+39) 


1 
Ans. a) +144 b) +0.144 cc) 40.144 d) 1 e) +16) +200) “4g ht) 416 i) 135 
Complete each statement. In each case, indicate how signed numbers may be used to obtain the 
answer. (6.5) 


a) If George withdraws $10 each week, then after 5 weeks his bank balance will be ( ). 

b) If Lisa has been earning $50 a day, then in 3 days she will have ( ). 

c) If the temperature has risen 8° each day, then 5 days ago it was ( ). 

d) If acar has been traveling east at 40 mi/h, then 3 h ago it was ( ). 

e) If a school decreases in the register 20 pupils per day, then 12 days ago the register was ( ). 


Ans. a) $150 less b) $150 more c) 40° less d) 120 mi farther west 
(—10)(+5) = —50 (+50)(+3) = +150 (+8)(—5) = —40 (+40)(—3) = —120 
e) 240 pupils more 
(—20)(—12) = +240 
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3.27 


3.28. 


3.29. 


3.30. 


3.31. 


3.32. 


3.33. 


3.34. 
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. Find each power: a) 2° b) (+4)? c) 10* d) 0.37 e) (40.2 fp) (D? g) GP A) (7.1) 
1 1 4 
Ans. a) 8 b) 16 c) 10,000 d) 0.09 e) 0.008 \ 16 g) 1000 h) 25 
Find each power: (7.1) 
Qjrliy 26 oPeCy way 2Ciey 2Cry 2G" 
Ans. a) —1 b) +1 c) —0.027. d) +0.0001 e) +0.0144 f)—S  g) +H 
Complete each: (7.4) 
a) (—5)’ = —125 c) (~?)* = +0.0001 e) (+34 =? g) (M7 = -1 
b) (+10)’ = 10,000 d) (—2P = —0.343 ney = yr = 41 
1 1 
Ans. a)3 b)4 cc) -01 ~~ =d) -07 e) ~ ae g) -1 h) + or ~1 
Divide: (8.1) 
a) +24 by +3 c) —49 by —7 e) +4.8 by +0.2 g) —18 by —4 
b) +88 by +8 d) —78 by —6 fp —95 by —0.5 h) +8 by +12 
Ans. a) +8 b) +11 +7 ad +13 e) +24 ~—sf)_ +190 g) +45 h) +4 
Divide: (8.2) 
a) +30 by —5 c) +13 by —2 e) +0.2 by —0.04 g) —100 by +500 
b) —30 by +5 d) —36 by +8 fp) ~30 by +0.1 h) +100 by —3 
1 
Ans. a) —6 b) —6 c) —6F d) —45 é) 5 f) —300 g) _ h) —33+ 
Divide +12 by: a) +24 b) +12 oc) +4 ad -l e -3 fp —48 (8.2) 
Divide each by —20:  g) +60 hh) +20 i) +5 j) —225 &k) —10 1) —100 
Ans. a) + bb +1 go +3 d -12 e) -4 fp g3 h-1 * pur F ms ) +5 
2 4 4 2 
Divide: (8.3) 
25 25) 2 —0.25 —25 0.025, 
eee +5 205 4) 05 2 255 +0.5 
Ans. a) +5 b) —5 cy) aS d) —>y e) +50 f) —0.05 
Multiply and divide as indicated: (8.4, 8.5) 
’ (+20)(+12) 5 (+3)(+6)(+10) 0 (+1)(+2)(+3) 
 (43)(+5)  (+12)(-3) (1D (-24) 8) (4-6) 
5 (+20)(—12) (—3)(—6)(+ 18) (—120)(+31) i) (+0.1)(+0.2)(—30) 
(=3)(-)) (+12)(+3) (—5)(—8)(—9) (—0.4)(—0.1) 
1 
Ans. a) +16 b) -16 o 5 d) +9 e) 0 po ar h) —15 


CHAP. 3] SIGNED NUMBERS 


3.35. Evaluate if y = —3: 
a) 3y t+ 1 c) 2 é (YP 


b) 20 — 4y d) 3y° p27 
Ans. a) —8 b) 32 c) 18 d) —81 e) 9 f) 29 
3.36. Evaluate if x = —1 and y = +3: 


ayxty Or hy e) 4xy — 
b) y — 2x d) 3xy f) xy +10 
Ans. a) 2 b) 5 c) 10 d) —9 e) —13 fp 13 


3.37. Evaluate ifx = —2,y = —1, andz = +3: 
ajxtytz 7 ae Mae e) 2xyz 


boar yy We ag ye f) xy + yz 


Ans. a)0 b)—-12 coc) 14 d) -6 a1 f=! 


Ty 
me 


h) yo? — 2) 
g) ~7 A) —21, 


g) 3x" 
h) x + 10y 


g) —27 h) 29 


gay tz 
hy v= Siz 


g) ll h) 31 
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(9.1) 


3y + 15 


i) 


y 


J) 2y* — Sy +27 


—2 J) 60 
(9.2) 


Introduction to 
Monomials and 
Polynomials 


1. UNDERSTANDING MONOMIALS AND POLYNOMIALS 


A term is a number or the product of numbers. Each of the numbers being multiplied is a factor of the 


term. 


1.1. 


Thus, the term —5.xy consists of three factors: —5, x, and y. 
In —5xy, xy is the literal coefficient and —5 the numerical coefficient. 
An expression consists of one or more terms. Expressions may be monomials or polynomials. 


1. A monomial is an expression of one term. 

2. A polynomial is an expression of two or more terms. 
a) A binomial is a polynomial of two terms. 
b) A trinomial is a polynomial of three terms. 


Thus, 3x7 is a monomial. 
The polynomial 3x? + 5x is a binomial. 
The polynomial 3x? + 5x — 2 is a trinomial. 
Like terms are terms having the same literal factors. Like terms have the same literal coefficient. 
Thus, 5x-y and 3x7y are like terms with the same literal coefficient, xy. 
Unlike terms are terms that do not have the same literal coefficient. 
Thus, 5x-y and —3xy’ are unlike terms. 


SELECTING LIKE TERMS 


In each polynomial select like terms, if any: 


a) 10 —5x + 2 Ans. a) 10 and +2 

b)x +3y-—zt+y b) 3yand + y 

c) 2ab —3ac + 4bc — bc c) +4bc and —bc 
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d) 2abc + 3acd + 5bcd + Tacd d) 3acd and 7acd 

ay =2F eae = Sy e) yand -5y* 

Dae te Bx Try f) —3x*y and 7x*y 

g) 2ab?? — 5a*b’c + 8a*be* g) no like terms 

h) 3@ + y) ~SQxF y) + 2 —y) h) 3 + y)and —5( + y) 


2. ADDING MONOMIALS 
To add like terms: 


1. Add their numerical coefficients. 
2. Keep the common literal coefficient. 
Thus, 3a — 5a? + 4a* =(3 — 5 + 4)a? or 2a’. 


To simplify monomials being added: 


(1) Parentheses may be omitted. 
(2) + meaning “add” may be omitted. 
(3) If the first monomial is positive, its plus sign may be omitted. 
Thus, to simplify (+ 8x) + (+ 9x) + (— 10x), write 8x + 9x — 10x. 


2.1. ADDING LIKE TERMS 


Add: a) 5a? and 3a? b) 13@ + y) and —7(@ + y) 
Procedure: 
1. Add the numerical coefficients: a)5+3=8 b) 13-7 =6 
2. Keep common literal coefficient: Ans. 8a? Ans. 6(x + y) 


2.2. ADDING LIKE TERMS HORIZONTALLY 
Simplify and add: 
a) +5a +(+2a) +(—4a) bd) —8 + (-12e4 0) —3wy + (+1lwy) a) + 16r’s + (—13r’9) 
Solutions: (First simplify.) 


a) +5a + (+2a) + (4a) BSB (12) c) —3wy + (+1 1wy) 
Sa + 2a — 4a =8? — 12° —3wy + llwy 
Ans. 3a Ans. ~20x° Ans. 8wy 
d) +16r?s + (—137’s) 
16r°s — 1377s 
Ans. 3r’s 


2.3. ADDING LIKE TERMS VERTICALLY 


Add: a) 8xy b) —2abe c) 12cd? d) 15(¢—y) e —3(¢ +b? 
—3xy 5abc —10c7%d? —18(x — y) —(a’ + b?) 
12xy —8abc —c7d? 14(x — y) —8(a* + b*) 


Ans. 17xy —Sabc Ce 11(x — y) —12(a + b?) 
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2.4. ADDING LIKE AND UNLIKE TERMS 
Simplify and add: (Combine only like terms.) 


a) +10x + (+ 5x) +(-7) b) +3a? + (—4a?) + (—3b?) ©) ~~ 8a?e + (—6ac?) + (—3ac?) 
10x + 5x —7 3a? — 4a? — 3b? —8a’c — 6ac? — 3ac? 
Ans. 15x —7 Ans. —ad — 3b Ans. —8a’c — 9ac 


3. ARRANGING AND ADDING POLYNOMIALS 


Arranging the Terms of a Polynomial in Descending or Ascending Order 
A polynomial may be arranged as follows: 


1. In descending order, by having the exponents of the same letter decrease in successive terms. 
2. In ascending order, by having the exponents of the same letter increase in successive terms. 


Thus, 2x2 + 3x3 — 5x + 8 becomes 
3x3 + 2x? — 5x + 8 in descending order 
or 8 — 5x + 2x7 + 3x3 in ascending order. 


To Add Polynomials 


Add: 5x — 2y andy + 3x 


Procedure: Solution: 

1. Arrange polynomials in order, 1. 5x — 2y 
placing like terms in same column: 3x ty 

2. Add like terms: 2. 8x — y Ans. 


To check addition of polynomials, substitute any convenient value, except | or 0, for each of the 
letters. 


NOTE: If | is substituted for a letter, an incorrect exponent will not be detected. 


Ifx = 1, then x? = 1, » =1, x4 = 1, ete. 


In examples 3.4 and 3.5, checking is shown. 


3.1. ARRANGING POLYNOMIALS AND COMBINING LIKE TERMS 


Rearrange in descending order and combine: 


a) 3a + 2a? — 10a — 5a b) 5x +8 — 6x + 10x? c) —Sy? + 8x? + 5y? + x 
a) No rearrangement needed b) 10x? + 5x — 6x + 8 Cc) 8x7 + x — 5y? + 5y? 
Ans. 5a’ — 15a Ans. 10x? —x +8 Ans. 8° +x 


3.2. ADDING ARRANGED POLYNOMIALS 


Add: a) 3x- 10 b) 5x + 5x c) Sx +7? - 4 
et A x7 x —6x° — 10 
Ans. a) 5x — 6 Ans. b) 4x + 4x Ans. c)—x +7x — 14 
d) 10x + 3y 
7x —6y +1 


Ans. d) 17x —3y +1 
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3.3. ADDING POLYNOMIALS 


Add: a) 3a + 5b, 6b — 2a, and 10b — 25 b) x? + x3 — 3x, 4 — 5x? + 3x3, and 10 — 8x? — 5x 


Procedure: Solutions: 
1. Rearrange polynomials a) 3a+5b b) ea oF 3x 
with like terms in the —2a + 6b 3x7 — 5x? +4 
same column: 10b — 25 — 8x?-—5x + 10 
2. Add like terms: Ans. a+ 21b— 25 Ans. 4x° — 12x° —8x+ 14 


3.4 and 3.5. CHECKING THE ADDITION OF POLYNOMIALS 


3.4. Check by letting x = 2 and y = 3: 25x — 10y + (5x — 2y) = 30x — 12y 


Check: Let x = 2 and y =3. 25x — 10y + 50 — 30 = 20 
5x — 2y710—-— 6= 4 
30x — 12y > 60 — 36 = 24 


By adding vertically and horizontally, the sum is 24. 


3.5. Check by lettinga = 2,b =4,andc=3: @ + b? —c? + Ba? — b? + 4c?) = 4a? + 3c? 


Check: Leta = 2,b =4, andc =3. @wt+b—-—c? +» 4416-9 =11 
3a — b* + 42 3 12 — 16 + 36 = 32 
4? 32 16 + 27 = 4B 


By adding vertically and horizontally, the sum is 43. 


4. SUBTRACTING MONOMIALS 


To subtract a term, add its opposite. (Opposite terms differ only in sign.) 


Thus, to subtract —3x, add +3x; or to subtract +527, add —52. 


4.1. SUBTRACTING LIKE TERMS 


Subtract: a) +2a — (—S5a) b) —3x? — (+5x?) c) —15cd — (—10cd) 
Solutions: 
a) +2a —(—Sa) b) —3x? — (+5x?) c) —15cd — (—10cd) 
(+2a) + (+5a) (—3x?) + (—5x?) (—15cd) + (+10cd) 
2a + 5a —3x? — 5x? —15cd + 10cd 
Ans. Ta Ans. —8x? Ans. —5cd 


d) +3a’b — (+8a’b) 

d) +3a*b —(+8a?b) 

(+3ab) + (—8a?b) 
3a*b — 8a*b 


Ans. —5a*b 


68 INTRODUCTION TO MONOMIALS AND POLYNOMIALS (CHAP. 4 


4.2. DIFFERENT SUBTRACTION FORMS 


a) Subtract —5a from + 2a. c) Reduce +7mn by —2mn. 
b) From —3x? take +5x?. d) How much does —8cd exceed +3cd? 
Solutions: 
a) +2a—(-Sa)  b) —3x7-—(+5%°) cc) +7mn—(-2mn) ~~ da) —8cd — (+ 3cd) 
+24+(+5a) a beg eee +7mn + (+2mn) —8cd + (—3cd) 
2a + Sa —3x%° — 57 Tmn + 2mn —8cd — 3cd 
Ans. 7a Ans. —8x? Ans. 9mn Ans. —llcd 


4.3. COMBINING ADDING AND SUBTRACTING OF LIKE TERMS 
Combine: 


a) +6x + (+8x) — (-3x) b) —3a” — (— a*) — (+10a”) c) +13ab — (—ab) — (—2ab) + (—3ab) 


Solutions: 
a) +6x + (+8x) — (~3x) b) —3a — (~a*) — (+ 10a?) 
+6x + (+8x) + (43x) —3a? + (+a?) + (~10a?) 
6x + 8x + 3x —3a + a® — 10a? 
Ans. 17x Ans. ~12a’ 


c) +13ab — (—ab) — (—2ab) + (—3ab) 
+13ab + (+ab) + (+2ab) + (—3ab) 
13ab + ab + 2ab — 3ab 


Ans. 13ab 


5. SUBTRACTING POLYNOMIALS 


To Subtract Polynomials 


Subtract 5x — 2y from 8x — 4y. 


Procedure: Solution: 
(8x — 4y) — (5x — 2y) 
1. Arrange polynomials in order, placing 1. 8x — 4y Minuend 
like terms in same column: (S) 5x — 2y Subtrahend 
2. Subtract like terms: 2. 3x — 2y Difference (Ans.) 


NOTES: 1) Use (S) to indicate subtraction. 
2) To subtract a polynomial, change each of its signs mentally, then add. 


To check subtraction, add the difference obtained to the subtrahend. 
The sum should be the minuend. 


5.1. SUBTRACTING ARRANGED POLYNOMIALS 


Subtract: 
@ Sb-?7 b) y — 3y Cc) 8x — 2x + 5x d) 3x y + 4xy? 
(S) 3b-2 (S) —=2y?— 4y (S) 6x.+  +9x (S) xy tx ty 


Ans. 2b + 9 ay + y 2 Be ay Oey Ser oy 
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5.2. ARRANGING POLYNOMIALS AND SUBTRACTING 


Arrange and subtract: 


a) 2x —y + 8 from 13x + 4y + 9 c) x» — 10 from 25x? + 3x3 

b) 10 + 3a — 5b from 7b + 2a — 8 d) m? — 18m from 12 + 3m? 

Solutions: 

a) 13x+4y+9 b) 2a+7b- 8 coc) 3x +25x7 d) 3m 13 
(S) 2-y+t8 (S)3a—5b+10 (S)_x¥ —10 (S) m —18m 
Ans. 11x + 5y +1 =a +t 12b — 18 2x* + 25x* + 10 2m + 18m + 12 


5.3. DIFFERENT SUBTRACTION FORMS 


a) From 9 + x? take —3x? — 5x + 12. c) Find 8x? — 15x less 20x — 7. 

b) Reduce 17ab by —8ab + 15. d) Subtract 10 — 4x + x? from 0. 

Solutions: 

ax +9 b) 17ab c) 8x’ — 15x d) 0 

(S) —3x7 — 5x +12 (S) —8ab + 15 (S) 20x — 7 (S) 10 — 4x + x 
Ans. 4x° +5x— 3 25ab — 15 8x — 35x +7 —10 + 4x — x? 


5.4. CHECKING THE SUBTRACTION OF POLYNOMIALS 


Check each subtraction, using addition: 


a) 8c-3 b) 5x + 20 oc) By +5y 
(S) 5c—8 (S) x +15 (S) y? —8y+5 
3c + 5(2) Ax? + 5(2) 2y? + 13y + 5(2) 
Checking: (difference + subtrahend = minuend) 
a) 3c+5 b) 4° + 5 c) 2y? +13y + 5 
(A) 5c—8 (A) x7 +15 (A) y — 8y+ 5 
8c — 3 5x + 20 3y? + 5y +10 
(Correct) (Correct) (Incorrect) 


Correct difference = 2y* + 13y — 5 


6. USING PARENTHESES AND OTHER GROUPING SYMBOLS TO ADD OR SUBTRACT 
POLYNOMIALS 


Symbols of grouping include: 


1. Parentheses, (_), as in (8 — 4x) or 5 — (10x — 4). 
2. Brackets, [ ], to include parentheses as in 8 — [5 + (x — 2)]. 
3. Braces, {  }, to include brackets as inx — {3 + [x —(v + 4)]}. 
8 — 4x 
2 
Symbols of grouping may be used to show the addition or subtraction of polynomials. Thus: 


1. To add 3a + 4b and 5a — b, write (3a + 4b) + (5a — b). 

2. To subtact 2x — 5 from x7 + 10x, write (x7 + 10x) — (2x — 5). 

3. To subtract the sum of 8x” + 9 and 6 — x from 3x — 12, write (3x7 — 12) — [(8x2 + 9) + 
6-2). 


4. Bar, , aS in the fraction 
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Rules for Removing Parentheses and Grouping Symbols 


Rule 1. When removing parentheses preceded by a plus sign, do not change the signs of the enclosed terms. 


Thus, 3a + (+5a — 10) 3x? + (—x? — 5x + 8) 
3a + 5a — 10 3x —x° — 5x + 8 
8a—10 Ans. 2x? —5x+8 Ans. 


Rule 2. When removing parentheses preceded by a minus sign, change the sign of each enclosed term. 


Thus, 3a — (+5a — 10) 3x? — (—x? — 5x + 8) 
3a — 5a + 10 3x7 +37 + 5x —8 
—2a +10 Ans. 4x7 + 5x —8 Ans. 


Rule 3. When more than one set of grouping symbols is used, remove one set at a time, beginning with the innermost 


one. 

Thus, 2+([r—-@B3—nr] 6s — {5 — [3 + (7s — 8)} 
2+ [r—-3 +r] 6s — {5 — [3 + 7s — 8]} 
2+r—-3+r 6s — {5 —3—Ts + 8} 
2r—1 Ans. 65-5 +3 +7s—8 

13s — 10 Ans. 


6.1. RULE 1. REMOVING PARENTHESES PRECEDED BY A PLUS SIGN 


Simplify: (Do not change the sign of the enclosed terms.) 


a) 13x + (5x — 2) b) (15a? — 3a) + (—7 — 2a) c) 3+ (6— 5x) — 2x? 
13x + 5x —2 15a? —3a—7- 2a 3+6-5x- 2x 
Ans. a) 18x — 2 Ans. b) 15a* —Sa~—7 Ans. c) 9 —5x~— 2x7 


6.2. RULE 2. REMOVING PARENTHESES PRECEDED BY A MINUS SIGN 


Simplify: (Change the sign of each enclosed term.) 


a) 13x — (5x — 2) b) (15a — 3a) — (—7 — 2a) c) 3 —(5— 5x) — 2x? 
13% 5x22 — 15a? + 3a +7 + 2a 3:5 +5%— 2 
Ans. a) 8x +2 Ans. b) — 15a7+5a+7 Ans. c) —2 + 5x — 2x 


6.3. RULE 3. BRACKETS CONTAINING PARENTHESES 


Simplify: 

Procedure: Solution: a) 2-[(r-@3-)N] b) 5 —[(8 + 4x) — (x — 2)] 
1. Remove (_): 2-H 3 Fr] 5 — [8 + 4x — 3x + 2] 
2. Remove [ J: 2-7 43-=2r 5—8-—4+ 3x—2 
3. Combine: Ans. a) ~2rt+5 Ans. b) —x—5 


6.4. and 6.5. UsING GROUPING SYMBOLS TO ADD OR SUBTRACT POLYNOMIALS 


6.4. Subtract 2x — 5 from the sum of 15x + 10 and 3x — 5. 
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Solution Using Parentheses Solution without Parentheses 
[15x + 10) + (3x —5)] — (2x —5) 15x + 10 18x + 5 

15x + 10 + 3x —5 —2x +5 (A) 345 (S) 2x — 5 
Ans. 16x + 10 18x + 5 Ans. 16x + 10 


6.5. From the sum of 3a — 5b and 8a + 10 subtract the sum of 2b — 8 and 7a + 9. 


Solution Using ( )and[ J Solution without ( )and[ ] 
[3a — 5b) + (8a + 10)] — [(2b — 8) + (Ta + 9)] 3a — 5b 2b —8 
[3a — 5b + 8a + 10] — [2b -8 + 7a + 9] (A) 8a +10 (A) 7a +9 
lla — 5b + 10 Ta+2b+1 
[lla —5b + 10] —[7a + 2b + 1] la —5b +10 
lla —5b+10—-—7a—2b—-1 (S) Ja + 2b+ 1 
Ans. 4a —7b +9 Ans. 4a —7b+ 9 


6.6. REMOVING SYMBOLS OF GROUPING 


Simplify: (Remove innermost symbols first.) 


Procedure: 

1. Remove ( ): 5x — {8x — [7 — (4x — 8 + 2x)]} —5 
2. Remove [ |: 5x — {8x —[7 — 4x —8 + 2x]} —5 
3. Remove { }: 5x — {8x —7 + 4x —8 + 2x} —5 
4. Combine: Sx — 8x +7 —4x +8 —2x —5 


Ans. —9x +10 


7. MULTIPLYING MONOMIALS AND POWERS OF THE SAME BASE 


Rule 1. To multiply the powers of the same base, keep the base and add the exponents. 
Thus, xt. x3 = x7 @-a-b-b? = ab? 


glo. 3? = 312 2*.2°-107- 10* = 2”- 10° 


Rule 2. To find the power of a power of a base, keep the base and multiply the exponents. 
Thus, (x*? = x!? since (x4)? = 42") 
(5°)* = 5° since (5*)* = (S°(P (57) 
RULE: |(x“)? =x” 


Rule 3. Changing the order of factors does not change their product. 
(This fundamental law is known as the commutative law of multiplication.) 
Thus, 2°3-5=2-5-3 =5-2-3 = 30 
3x49? =3-4- xx? = 12x3 


To Multiply Monomials 
Multiply 2x by —3x. 
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7.1. 


7.2. 


7.3. 


RULE 1. MULTIPLYING POWERS OF THE SAME BASE 


Multiply: (Keep base and add exponents.) 


a) b-b? Ans. b? d) x*--y Ans. x*y 
b) x7-x3 +x x e) d-c-@-d cd® 
c) xxe Kee f) x y?x4y x7 


RULE 2. FINDING THE POWER OF A POWER OF A BASE 


Raise to a power: (Keep base and multiply exponents.) 


a) (a+? Ans. a d) (3>)4 Ans. 37° 
b) (b3)> bis e) (104) 19 104° 
Cc) (xe xe f (5™)" 5mn 


MULTIPLYING MONOMIALS 


Multiply: 

a) 2(—3b) Ans. —6b f) (0r*) (—irs) 
b) (—2b)(5b) —10b2 g) (3a) (2b)(—10c) 
c) (4x)(—Ty) —28xy h) (2x7) (3x°)(4x4) 
d) (Ax*)(Sx°) 20x° ) {= 3) (PSs) 
e) (~3y*)(—ly*) Sy* 


8. MULTIPLYING A POLYNOMIAL BY A MONOMIAL 


INTRODUCTION TO MONOMIALS AND POLYNOMIALS [CHAP. 4 
Procedure: Solution: 
(2x)(—3x’) 
1. Multiply numerical coefficients: 1. (2)(—3) = —6 
2. Multiply literal coefficients: 2 (X07) =X 
3. Multiply results: 3. —6x° Ans. 


g) 4-4? Ans. 47 
ih So5 24.5 
DP ys 359 


8) O7)O°P Ans. x®y® 
h) (47)303)4 46 12 
i) Oy y4 ye 


Ans. —4rs 
—60abc 
24x 
—3rts5 


RULE: To multiply a polynomial by a monomial, multiply each term of the polynomial by the monomial. 


8.1. 


(This fundamental law is known as the distributive law.) 
Thus, 4(a + b —c) = 4a + 4b — 4c 


MULTIPLYING A POLYNOMIAL BY A MONOMIAL HORIZONTALLY 


Multiply: 

a) 10(a + b) Ans. 10a + 10b fp 19k — 30m) 

b) x(y — 7) xy — 7x g) 3(x2 — 2x +8) 
c) ~c(d — 5e) ~—ed + 5ce h) aa® + a+ 5) 

d) M(r +h) Tr? + Trh i) —x7(3 — 2x + x?) 


e) —ab(a + b) —a’b — ab* 


Ans. 6k — 20m 
3x7 — 6x + 24 
at+a+5a 


—3x7 + 23 — x4 
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8.2. MULTIPLYING A POLYNOMIAL BY A MONOMIAL VERTICALLY 
Multiply: 


a) y + 8y —7 b) d? — 2d? — 20 Cc) 5a + 2b—3c+8 
3y —d? —2abc 


Ans. 3y3 + 24y?—2ly Ans. — d° + 2d4 + 20d? Ans. —10a*bc —4ab*c + 6abc? — 16abc 


8.3. REMOVING PARENTHESES 


Simplify: 

a) 3x +2( — 3) b) 3x7 — x5 — x) c) a(4a —5)— 8(a* — 10) 
3x + 2x — 6 3x? — 5x + x? 4a? — 5a — 8a? + 80 

Ans. 5x — 6 Ans. 4x? —5x Ans. —4a —5a +80 


8.4. REMOVING BRACKETS CONTAINING PARENTHESES 


Simplify: (Remove parentheses first.) 


a) 3[5x —2(x — 4)] b) 3+ 5[2 —4( —-6)] c) alab—alb—-c)] 
3[5x — 2x + 8] 3 + 5[2 — 4a + 24] alab — ab + ac] 
3[3x + 8] 3 + 5[26 — 4a] alac]| 

Ans. 9x + 24 Ans. 133 — 20a Ans. @c 


8.5 REMOVING SYMBOLS OF GROUPING 
Simplify: (Remove innermost symbols first.) 


120y — 2{y + 8[ — Ty — 5(y — 3y — 4)]} + 320 


1. Remove ( ): 120y — 2{y + 8[ — 7y —5y + 15y + 20]} + 320 
2. Combine: 120y — 2{y + 8[3y + 20]} + 320 

3. Remove [ |: 120y — 2{y + 24y + 160} + 320 

4. Remove { }: 120y — 2y — 48y — 320 + 320 

5. Combine: 7Oy Ans. 


9. MULTIPLYING POLYNOMIALS 
To Multiply Polynomials 
Multiply 3x + 4 by 1 + 2x. 


Procedure: Solution: 
1. Arrange each polynomial in order: 3x + 4 
2x | 
2. Multiply each term of one polynomial 6x + 8x 
by each term of the other: + 3x +4 
3. Add like terms: Ans. 62 + 11x +4 


To check multiplication of polynomials, interchange the polynomials and multiply again, or substitute 
any convenient values for the letters, except 1 or 0. 
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9.1. 


9.2. 


9.3. 
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MULTIPLYING POLYNOMIALS 
Multiply: 
a) 3x +4 b) oe 
2x — 1 3.—2c 
6x2 + 8x 24 + 3c 
=—39 4 = 166 = 2 
Ans. 6? +5x-4 Ans. 24 - 13c — 2c’ 
d) a —3a+5 
___ Sa 72 
5a — 15a’ + 25a 
— 2a + 6a —10 
Ans. 5a — 17a? +3la —10 
CHECKING MULTIPLICATION 
Multiply and check: (5r — 8)@r — 2) 
Solution: Check by multiplication: 
5r—8 3r-— 2 
3r —2 5r— 8 
157° — 24r 157° — 10r 
— 10r + 16 — 24r + 16 


Let r = 10 
5r—- 8-42 
3r —2—>28 


Ans. 157 —34r+16 = 157? — 34r + 16 


EXTENDED MULTIPLICATION 


Multiply 5p + 2, 2p — 1, andp + 1 and check. 


Solution: Check by substitution: 

Sp + 2 Wp =p —2 Let p = 10. 

y= 1 pt] 5p +2350+2=52 

10p° + 4p lon = pg 2p 2p -1720-1=19 
=~ 2 + iy = pod pt1i7>10+1=11 

10p?-p-—2 10p°+9p?—3p-2 


Ans. 


Cc) 


Check by substitution: 


[CHAP. 4 
4r + 7s 
4r — 7s 
16r2 + 28rs 
— 28rs — 4952 
16r? —49s° 


15r* — 34r + 16 4 1500 —340 + 16 = 1176 
Correct since 1176 = 42 X28 


10p° + 9p? — 3p — 2 > 10,000+900—30—2 = 10,868 
Correct since 10,868 =52 X 19 X11 


10. DIVIDING POWERS AND MONOMIALS 


When you are dividing powers having the same base, arrange them into a fraction and apply the 
following rules: 


If the exponent of the numerator is larger than the exponent of the denominator, keep the base and subtract the 


Rule 1. 
smaller exponent from the larger. 
x7 
Thus, = =x? 
x 
x7 
RULE: | If a is larger than b, == x07? 
x 
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Rule 2. If the exponents are equal, then we have a number divided by itself; the quotient is 1. 


Th 7 = 1 
US, 4 — 


Rule 3. If the exponent of the denominator is larger, make the numerator of the quotient 1, and to obtain its denomina- 
tor, keep the base and subtract the smaller exponent from the larger. 


To Divide Monomials 


Divide 21ab? by — 7a7b. 


Procedure: Solutions: 
ioe Se iecanse ae ; 2lab? dividend 
. Arrange in fractional form: ee ae ee 
21 
2. Divide numerical coefficients: 2. = 
ee ab’ ib 
3. Divide literal coefficients: 3: “5 = 
ab a 
4. Multiply the results: Ans. 4. — 7 quotient 


To Check Division of Monomials 


Multiply the quotient by the divisor. The result should be the dividend. 


1Sab 
Thus, to check 3a 5b, multiply 3a by 5b to obtain 15ab. 


10.1. RULES 1 To 3. DiviDING POWERS OF THE SAME BASE 


Divide: 
(Rule 1) (Rule 2) (Rule 3) 
x : 2 xe 1 
a) cS Ans. x r) Ans. 1 1) eo Ans. 46 
87 4 8? 8° 1 
b) 83 8 D) 83 —1 D) 87 gt 
op " ab ab 1 
o OF sad 8) ae? % ) oe ao 
x x Xe 1 
d) a x* nh) a 1 l) 3a r 
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10.2. DrvipING MONOMIALS 


Divide: 
24b° A of 28xry 5 5 —14abc A ee 
a) 3b ns. ) 28x2y? ns. y Fabed ns. d 
24b 3 28x7y? —Ta*be 
b) —_—, = e) a —] h) a ae a 
8b~ b =—28x°y7 14ab~c be 
240° , —25u°w ut coe is 
o pap? —25uw? wi ) Pole b 
10.3. CHECKING DIVISION 
Check each division, using multiplication: 
; 24b7 i nis 28x74 2» a abe 252.3 
a) Does 3p = 8b! ) Does 28x2y? =? c) Does —gee Cees 
Check: (Quotient X Divisor = Dividend) 
a) Multiply: b) Multiply: c) Multiply: 
(8b)(3b) = 24b7 y (28x y°) = 28xy* (-a@b'e)(— a’) =a be 
Correct. Correct. Incorrect. The quotient should be 
2,2 4 
—abe. 


11. DIVIDING A POLYNOMIAL BY A MONOMIAL 


To divide a polynomial by a monomial, divide each term of the polynomial by the monomial. 


10x+15 10x 15 ax + bx ax — bx 
Thus, = a =2x +3. Also, = ao =atb. 
5 5 5 x x x 
To check the division, multiply the quotient by the divisor. The result should be the dividend. 
10x + 15 
Thus, to check a. = 2x + 3, multiply 2x + 3 by 5 to obtain 10x + 15. 
11.1. DivipING A POLYNOMIAL By A MONOMIAL 
Divide: 
3a + 6b 5 £55 9x-y — 36xy? A a 
a) 3. ns. a Oxy ns. Xx y 
r—rt Tx — 14y + 56 
By lor 8) — x —2y +8 
r 7 
aa eae eS 
o) P4 pr —q-r \(— 2? + 2x +5 
—p x 
Dur + 2aR — We oe aes a cae 
— a r a e ee ae 
ab — abc 
ee 1 — 
e) a Cc 
11.2. CHECKING DIVISION 
Check each, using multiplication: 
<9 Spee a 
a) Does = 1-1? b) Does 3 ad =x-—y? 
r xy 
2x —4y + 10 
c) Does 7 a et Dy 5) 
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11.3. 


Check: (Quotient * Divisor = Dividend) 


a) Multiply: b) Multiply: c) Multiply: 
ri -—t) =r—rt xy(x — y) =x’y — xy” —2(—x + 2y —5) =2x — 4y + 10 
Correct. Incorrect. The quotient Correct. 


should be x — 2y. 


MULTIPLYING AND DIVIDING POLYNOMIALS BY A MONOMIAL 


Simplify: 
3x —12 x — 5x a —a*be 
a) 5(x — 2) + 3. b) 7 — x(3 — x) c) F Xb — ac) 
Sx —-10+x—-4 x-5-3x +x a’ — abc — b* + abc 
Ans. 6x — 14 Ans. x° — 2x —5 Ans. c-p 


12. DIVIDING A POLYNOMIAL BY A POLYNOMIAL 


To Divide Polynomial 

Procedure: Solution: (By steps) Full Solution: 

1. Set up as a form of long division in which the —-1. x — 2x* — 5x + 6 Ser 
polynomials are arranged in descending order, x — 2h — 5x + 6 
leaving space for missing terms: x 2x 

2. Divide the first term of the divisor into the first 2. x — 22 a Beg ~ 3x +6 
term of the dividend to obtain the first term of — 3x +6 
the quotient: x = 

3. Multiply the first term of the quotient by each 3. x — 2k? —5x +6 ae BS 
term of the divisor: x? — 2% 

4. Subtract like terms and bring down one or more 4, —3x+6 


terms as needed: = 

5. Repeat Steps 2 to 4 using the remainder as the 5, y. — ye 
new dividend: that is, divide, multiply, subtract ae 
and bring down: ———_ 

6. Continue repeating Steps 2 to 4 as long as itis —_ 6, No further steps needed 
possible. 


To Check the Division 


. If no final remainder exists, then multiply the quotient by the divisor. The result should equal the 


dividend. 


18 
Thus, to check 37 6, multiply 3 by 6 to obtain 18. 


. If there is a final remainder, add this to the product of the quotient and divisor. The result should 


equal the dividend. 


19 
Thus, to check a0 6;, multiply 3 by 6 and then add 1 to obtain 19. 


DIVIDING A POLYNOMIAL BY A POLYNOMIAL (NO REMAINDER) 


Divide: a) x —9x+14byx—7 b) x 6x" + 11x — 6 by x — 3 and check. 
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Solutions: 
a) x2 Check: 
x— 7)? — 9x + 14 x-2 
x? — 7x P ace | 
— 2x + 14 a = 2x 
— 2x + 14 —hk+ 14 
Ans. x-—2 (dividend) 
x? —3x +2 Check: 
b) x3) —62 + llx—6 f= Set 2 
x? — 3x? x=3 
Oy a 1x yor 2x 
=aye a Ox = fy" tt 07 =6 
x —6 x? — 6x7 + 1lx —6 
Ans. x —3x+2 2x-—6 (dividend) 


12.2. ARRANGING POLYNOMIALS AND DIVIDING 


Divide 20a* — 3b? + Jab by —b + 4a and check: 


Solution: Arrange both dividend and divisor Check: 5a + 3b 
in descending powers of a: 4g h 
5a + 3b 20a? + 12ab 
4a — b )20a? + Tab — 3b? — Sab — 3b* 
20a2 — Sab 20a” + Tab — 3b” (dividend) 
12ab — 3b* 


Ans. 5a+ 3b 12ab — 3 


12.3. TERMS MISSING IN DIVIDEND 
Divide x° — 64 by x — 4 and check: 
Solution: Leave spaces for missing x° and x terms: Check: 2° + 4x + 16 


2 +4x + 16 ae 
x-4)2 — 64 x + 43° + 16x 
x3 — 4 — 4x? — 16x — 64 
4° x — 64 (dividend) 
4x° — 16x 
lox — 64 


Ans. x +4x +16 16x — 64 
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12.4. DivipING POLYNOMIALS (WITH REMAINDER) 


4.1. 


4.2. 


4.3 


4.4. 


Divide &x* — 10x + 8 by 2x — 4 and check: 


Solution: 4x +3 4 as Check: 
——— 2x —4 
2x—4 kx? — 10x + 8 
8x? — 16x 
+ 6xt 8 
+ 6x — 12 
Remainder: 20 Add remainder: 
Complete quotient by adding roe 
Ans. 4x +3 4+ = 
2-4 


Supplementary Problems 
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4x + 3 
2x — 4 
8x2 + 6x 

— 16x — 12 
8x? — 10x — 12 


+ 20 
8x? — 10x + 8 (dividend) 


In each polynomial, select like terms, if any: (1.1) 
ay 16 —4y-+ ay — 7 e) a’b + ab? — 2ab + 3ab* 
b) 16” — 4y + 20y* + 8 f) 4a + y) —S@t+y) +207 + y) 
ey) SY —Bert Fy 2 g) 3xy + xz — 3x — 5z 
d) Ta — 3b + 12ab + 10 h) 3x?y° + 207 + y°) — 4@? + y?) 
Ans. a) —4y and +3y e) tab? and +3ab? 
b) 16y and 20y” f) 4x + y) and —S(x + y) 
c) No like terms g) No like terms 
d) No like terms h) 20° + y*) and —4(x° + y’) 
Add: (2.1 to 2.3) 
a) +5b + (+ 16d) ay Bey f) +3.2h g) —3(a + b) 
b) —10y> + (—7Ty’) +11x7y? —2.2h +5(a + b) 
c) +7rs + (—10rs) +30x7y? +7.5h + 2(@ + Bb) 
d) —20abc + (~abc) 
Ans. a) 21b b) -1Ty° c) —3rs d) —2labe e) 49x°y7 f) 8.5h g) 4a +b) 
Simplify and add: (2.2) 
a) +13a + (—2a) + (—a) d) + xy? + (t2y”) + (-2y”) 
by = 28 (8) 6 ($15) e) +2.3ab + (+7.1ab) + (—3.7ab) 
ey da (13a) Ta) jrave ere ars 
Ans. a) 13a —~2a —a=10a d) xy + x¥ ~ xy =x" 
b) —2x? — 8° — 15x? = — 25x" e) 2.3ab + 7.1ab — 3.Jab = 5.7 ab 
ce) a +3a — 7a = —3a° a) ts — drs + lis = + irs 
Simplify and add: (2.4) 
a) +12a + (—3a) + (+10) e) —10x + (3x): + (—5x) 
by 12 (3a) Ca) pore ear Oa) 
@) F126 (3). 41108) ge) tars tors) + Gre) 
a 10 3a) Ca byron Cam) elas) 
Ans. a) 12a ~3a+10 =9a + 10 e) —10x? — 3x —5x° = —15x7 — 3x 
b) 12 -3a + 10a =12+7a f) 5r°s — 2s +4rs* = 3rs + rs? 
c) 12b —3 + 10b = 22b — 3 g) S5rs* — 2r’s + rs* = Ors? — 2s 
d) —10x" —3x° — 5x = —13x° — 5x h) 5rs? — 2rs* + rs* = 4rs* 
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4.5. Rearrange in descending order and combine: (3.1) 
a) —6y + 2y? + y? + 3y° b) 2x3 + 3x4 — 38 — 10 + 52° 
y + 2y + 3? — 6y 3x4 + 233 — 98 + 5x? — 10 
Ans. y' +5y — 6y Ans. 3x6 +2 +5¥% — 10 
Cc) b6by —x + 10xy + Se 
(order in terms of x) 
Bx” — x7 + 10ry + by" 
Ans. 7x + 10xy + 6y? 
4.6. Add: (3.2) 
a) 5y + 12 b) 6x -—2y c) 8x + 5x° — 10x d) = Se 25 
=3y = 10 3x + 10y x — 6 + 11x — 3x — 10x —30 
Ans. 2y+2 9x + 8y Pea a xy 2 — 13x — 5 
4.7. Add: (3.3) 
a) 6x° — 7x and — 2x” — x c) x° —x + land7x— 4° +9 
b) 5a + 2,3a — 7, and —6a t+ 4 d) 5y —3x + 6and -8 — 4x t+ y 
Ans. a) 6x° —7x b) 5a +2 c *- xt 1 d) —3x +5y +6 
2" - x 3a =7 4° +7x+ 9 —4x + y —8 
—6a + 
4x° — 8x << —3 + 6x +10 —Ix +6y —2 
2a—1 
4.8. Check, letting x = 2, y = 3, andz = 4: (3.4, 3.5) 
a) 5x—3yt gz 
2x — 2y — 10z 
Tx —5y — 9z 
Check: a) 5x—3y+t z710—-9+4= 55 
2x — 2y — 10z 34-6 — 40 = —42 
Ix —5y — 9z > 14-15 — 36 = —37 
By adding vertically and horizontally, the sum is —37. 
by x $2 =2 
eS eee 
ty + z 
Co xrtw- 254418 -16=6 
gay F202 S4-— OF 37 = 27 
7+ y+ 2384+9+ 16=33 
By adding vertically and horizontally, the sum is 33. 
4.9. Subtract: (4.1) 


a) +5c — (—3c) c) —3rs — (+2rs) e) +2x°y — (+12x°y) 
b) —x? — (—427) d) +cd’ — (+7cd’) f) +5abe — (~Tabc) 
Ans. a) 8c b) 3x c) —5rs d) —6cd e) —10x’y fp 12abe 


CHAP. 4] 


4.10. 


4.11. 


4.12. 


4.13. 


4.14. 


4.15. 


4.16. 
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Subtract: (4.1) 
a)  +3cd b) +5x2 c) — xy d) —2pqr e) —4(m—n) 
(S) + cd (S) —7x? (S) —4xy? (S) +7pqr (S) —140n — n) 
Ans. 2cd 12x? 3xy? —9pqr 10(m — n) 
a) From Sy? take —2y. Ans.  5y* — (—2y?) = Ty? (4.1) 
b) Reduce —2ab by —Sab. —2ab — (—Sab) = 3ab 
c) How much less than +x? is +3x?? x? — (4+3x2) = —2x2 
d) By how much does —17y exceed —30y? —1l7y — (—30y) = 13y 
Combine: (4.3) 
a) +4b + (—2b) — (—3b) c) +2cd — (—3cd) + (—10cd) — (+5cd) 
b) —5x? — (—x7) — (43x) d) —4abc? — (—abc?) — (+3abc?) — (—12abc?) 
Ans. a) 4b —2b + 3b =5b c) 2cd + 3cd — 10cd — 5cd = —10cd 
b) —5x° +3? — 3x? = -7¥ d) —4abc? + abc? — 3abc? + 12abe = 6abc? 
Subtract: (5.1) 
a) 3k—5 b) kk —2k () 26 —Sa+ 12 d) ar = Sri 
(S) k-8 (S) =k —8k (S) —a = (S) =10% — +7 
Ans. 2k + 3 2k + 6k = Sa 19 er 4a =e 
Arrange and subtract: (5.2) 
a) 5k —3l — 2 from 41 — 7 —k c) 3x + 5 from x? — 4x 
b) 3x + 4y — 5 from 16 — 2x — y d) n? — 18m from 8m + 10m 
Ans. a) —k+4l—7 b) —2x- y+16 Cc) x 4x d) 8m> + 10m 
(S) 5k—3l1—-2 (S) 3x+4y—- 5 (S) 3x+5 (S) mm — 18m 
—6k +71 —5 —5x — 5y +21 ES —nt + 8m? + 28m 
a) Reduce 8x7 by 3x7 +5. Ans. 5x —5 (5.3) 
b) From 2x — 3y take 4y — 7x. Ans. 9x — Ty 
c) Subtract a? — 2a? + 5 from 0. Ans. —a> +2a*—5 
d) What is 5h? — 12h less h? + 5h? Ans. 5h? —h*? —17h 
Check each subtraction, using addition: (5.4) 
a) 3x —-2 b) 8a? —1 Cc) 5y — 3y d) 2h +5 
(S) x —5 (S) -a2 +7 (S)  8y? +15 (S) —3h?—h 
2x + 3(?) 9a? — 8(?) —3y? + 3y — 15(9) 5h? —h + 5(?) 
Check by addition: 
a) 2x+3 b) 9a*—8 c) —3y + 3y -15 d) 5h? —h+5 
(A) x —5 (A) -—a?+7 (A) 8y +15 (A) —3h? —h 
34 = 2 8a — 1 5y + 3y 2h? — 2h +5 
(Correct) (Correct) (Incorrect) (Incorrect) 
Difference should be Difference should be 
—3y — 3y — 15 5h>+h+5 
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4.17. 


4.18. 


4.19. 


4.20. 


4.21. 


4.22. 


4.23. 


4.24. 
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Simplify: (6.1) 


a 2B -T by ta +0 2y) c) 8y + (Ty — 20) + (40 — 3y) 


Ans. 4a) —5r + 3 b) 5x7 + 14 coc) 12y + 20 
Simplify: (6.2) 
a) 17—(@atA4) c) (5x? — 2) — 3 — 4x?) e) 24h — (3h — 2) — 6(h — 1) 
b) 17a — (6 — 2a) d) 3—(1ly+10)-(8~—y) fi 80 — (0 —Sy) — By —y?) 
Ans. a) 13> 3a c) 9x —5 e) 15h +8 
b) 19a —6 d) —by —25 fp yr +2y +50 
Simplify: (6.3, 6.6) 
a) 5a — [2a — (3a + 4)] b) 12x+4—[(3 —x)— (x + 7)] 
Ans. 6a+4 18x +8 
c) 20 — {[~(d — 1) + 3d] — 5d} 
3d + 19 
a) Subtract 3b — 8 from the sum of 5b — 2 and —6b + 5. (6.4, 6.5) 


b) From the sum of 8x? + 5 and 7x? — 2, subtract the sum of 20x — 8 and —2? + 5x. 


Ans. a) [(5b — 2) + (—6b + 5)] — 3b — 8) = —4b + 11 
b) [(8x? +5) + (7x? — 2)] — [(20x — 8) + (— x7 + 5x)] = 16x? — 25x + 11 


Multiply: (7.1) 
a) Cee d) x yx g) TT 

b) a oe y e) m pin’p hy 828-10" 

Cc) aa fp) abab* i) 3°34Cx? 


Ans. a) ci byy ch) ad? ad x'y ebm? fpdb? gg 7 hy 8410 a 3°x!! 


Raise to the indicated power: (7.2) 
a) (wy c) (by e) BY a Cre 
b) (wy d) (@y fi oy h) (477 (10°) 
Ans. a) x® b) x°® c) b!? d) a° e) 3? fy 5 g) sr h) 44108 
Multiply: (7.3) 
a) 3(—Sa) d) Sy—~y\-y) g) (~Tab)(—3a)(—b) 
b) (~6x)(—x) e) (0.2x°)(0.3°) h) (r°)(5s°) 
c) (~4y)(+3y") fr (20(3x)(—Sy) ) (“Sx 
Ans. a) ~—Il5a d 5y g) —2la*b? 
b) 6x e) 0.06% h) 15r8 
c) —12y3 fp —10x?y i) 25224 
Multiply: (8.1) 
a) 2(a — b) d) 3a(b — 2c) g) a? + 6b?) ) —S(x2 + y2 — 22) 
b) —3(x — 5) e) —5x(x — 4) h) ab(a — 2b) k) —a(a? + a? — 5a) 
c) a(c — 3d) fp X6y — 82) ) 403 +27) D2 4x5 —x — 1022) 
2 
Ans. a) 2a—2b d) 3ab — 6ac 2) = +3P p 5x2 — Sy? + 52? 
b) 3x + 15 e) —5x° + 20r h) ab 2ab’ kK) ~a* a? + 5a? 


c) ac ~ 3ad fp) 3y- 4 i) —4r —8F D 20x — 4x — 40° 


83 


(8.2) 


(8.3) 


30c) 


(8.4, 8.5) 


(9.1) 


(9.2) 
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4.25. Multiply: 
a) s*—-s-—1 b) *® — 3x2 + 11 c) Th+5k—-—3m+5 
—3s Tx? 2hkm 
Ans. a) —3s3 + 3s? +35 b) 7° — 2144+ 7722 cc) 14h?km + 10hk?m — 6hkm? + 10hkm 
4.26. Simplify: 
a) 5 + 3(y — 2) c) 3x + 10(2x — 1) e) —ala~ 2) + 6(a* — 5) 
b) x + 23 — 4x) d) —4(a— 3) —2(5 —a) f) x(6c — 10d) — 39d 
Ans. a) 3y —1 c) 23x — 10 e) 5a’ +2a— 30 
b) —7x +6 d) —2at+2 fp) 23c — 11d 
4.27. Simplify: 
a) 2[3b + 5(b — 2)] c) 456 —c) —3[8 — 7c — 2)] 
b) —a[2(a — 3) + 6a] d) 10{25 —[5(~y + 4) —3(y — 1)]} 
Ans. a) 16b — 20 b) —8a + 6a c) l17c — 46 d) —20y + 20 
4.28. Simplify: 
a) (Sy +2)3y +1) d) (a + 2b) (a — 5) g) @? txt 1x + 2) 
b) (x + 7)(x — 4) e) (x—4y)@— y) A), CP =2r + De 1) 
c) A + y2—y) Po Gb syGbF2) i) EC *Sr-— Ort 1) 
Ans. a) 15y*+1ly +2 ad) a@ +ab-2v g) we +3x +3x +2 
b) x27 +3x — 28 e) x7 —S5xy +4y’ h) Pp —3r? +5r—-3 
c) 24+y-y fp) @&P —3ab —10 ) 28+ 11? —7-6 
4.29. Check each multiplication, letting x = 10. 
a) 3xt1 
(M) 2x +2 
Gt Ser 2 
Check: a) 3x+1—730+1=31 
2x +2520 +2 =22 
6x + 8x + 2 600 + 80 + 2 = 682 
Correct since 682 = 31 X 22 
b) #¥4+x-1 
(M) 3x — 2 
ae a = Se 2 
Check: b)  x°+x-—1—7100+10—1=109 
3x-2> 30 —2 =28 
3x° + x — 5x + 2 33000 + 100 — 50 + 2 = 3052 
Correct since 3052 = 109 X 28 
4.30. Multiply: 


(9.3) 


a &+2Nat3\«X+4) 1b) Y-D)O—2)0 +5) c) (Qa + 3)3a — 4)(a — 5) 


Ans. a) (x? +5x +6)(x +4) b) (y* — 3y +2)(y +5) c) (6a7 +a—12)(a —5) 
x3 + 9x? + 26x + 24 y> +2y? — 13y + 10 6a? — 29a — 17a + 60 
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4.31. 


4.32. 


4.33. 


4.34. 


4.35. 


4.36. 


4.37. 


INTRODUCTION TO MONOMIALS AND POLYNOMIALS [CHAP. 4 

Divide: (10.1) 
xr ; ° x ab? ab” 10° 10° ; 10° 
a) oa ) 3 c) x d) ab” e) a’b> dD 10° g) 10° ) 10° 
1 1 1 
Ans. a) x? b) 1 c) 2 d) ab e) oie a) To" g) 104 h) 1 
Divide: (10.2) 
32a ‘ 4a 32a* j —@b? 7 Txy —56c1d 
D Aa ) 320 ar ae Oy ey Ted" 
Ans. a) 8 b) t —da d) — -1 ce 
ns. a Ng c) ) b e) & 
Divide: (10.1, 10.2) 
a) r'°byr d) u*by u® 8) —B8x’y? = (dry) ) @ za? 
b) sbys e) 2ab + al’ h) 10r4s*+ + 4r4s+ kK) 34 + 35 
c) —t?by? fp) —a?b + ab? i) x + x? De. se x? 
7 4 1 2 ws 1 go = 2 
Ans. a) r b) s c) ~1 da we e) 7) oN g) 4xy h) 27 1) x 
b 
j) @ =B: k) 34 aa dD xf Sn 
Check each division, using multiplication: (10.3) 
D 8 = 6 29 b D a g tee, fas b? D 21a — 3. 

a) Does > x? ) Does tab 3ab’ c) Does “oe ~ @ 


Check, using multiplication: 


a) (3x)(@x*) = 18° —b) (—2ab)(—3ab) = 6a*b? ra) 90° 5) =e 


3 

Correct Correct Incorrect. Quotient should be a 

Divide: (11.1) 
5a + 15¢ xy? + x*y P+ Prt 20r + 30s — 40 
a) c) ¢) 2 
5 xy P —10 
; xy +x aR? — wr? 5x3 — 5x ; y? + 2y4 -y 
= @ a 5x ) _ 

Ans. a) a+ 3c b)y+1 chy +x d) Re -?r e) 1 +rt pwr 

g) Ir 3s b4 h) y>+2y-1 
Divide: (11.1) 

a) 2x —4by2 d) (45x° = 15) = 15 2) 4)8a? — 4a + 12 


b) 3a — 6by —3 


die be by — 7x 


Ans. a) x —2 


g) 2a" -—at3 


Simplify: 
6x — 8 
a) 2x + 4) + = 
a) 2x +8 +3x—4 


Ans. 5x +4 


b) Tar 2 


e) (15x° — 45x) + 15x 


f) (27xy — 18y°) + 9y 


crx d) 3x. —1 
h) —x° + 7x — 10 


+ r(3 + r) 


br Bre 
r+ 4r—10 


Cc 


c) 


h) -x 3 — 7x? + 10x 
i) 3a’ )30a* — 33a? + 3a” 


(11.3) 


Ce 3 pi 36 2y 
i) 10a — lla +1 
at-a@+a 

2a(a” — 1) 


a—-d@+a-—2a+2a 


—a — a’? + 3a 
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4.38. 


4.39. 


4.40. 


4.41. 


4.42. 


Divide: 


a) d?+9d+ 1l4byd +7 
b) & —8d+ 7Tbyd—7 
c) r — 13r + 30by r— 10 
d) x7 —3x — 10byx —5 
e) 2r? + 7r + 6byr +2 
f) 6y2 — 29y + 28 by 2y —7 


Ans. a)dt+2 cr —3 e) 2rt+3 
b)d-1 @xt2 fy 3y —4 
Divide: 


ae Se ee bye? 
b) x 2 = Se 6 bys 1 
A) Hie — Se bye = 3 
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(12.1a, 12.2) 
g) x + xy — 207? byx — 4y 
h) 45 — 14b + b? by9 — b 
i) 15a*b* — 8ab + 1 by 3ab — 1 
j) 32 — 40 — 2x by 3x + 10 
k) 3 + Ty? — 22y by3 — y 
1) x4 + 4° — 45 by x? + 9 
g) x + 5y i) Sab — 1 k) 1 —Ty 
h)5—b px-4 )Dxe-5 
(12.1b) 


d) 6a° + Ta? + 12a — Sby 3a —1 
e) 6a? + 17a* + 27a + 20 by 3a + 4 
f) 2ly’ — 38y + 29y — 40 by 3y — 5 


Ans. a) x7 +3x +1 b) x7 —-x—-6 6-) 2? +x -—-2 d) 2a7 +3a+5 
e) 2a7+3at+5 = f) Ty>-yt8 
Divide: (12.3) 
a) x° —-9byx —3 ad) x —Sbyx—2 
b) x —4ebyx +2 e) x'—1lbyxt1 
a ix $63 by #3 f) 2 —30e = Sby 24 
Ans. a)x +3 b) x° — 2x c) 7x —21 d) x +2 +4 eyx—-xr+x-1 
fp 2x? + 8x +2 
Divide: (12.4) 
a) x2 —5x + 2byx —3 c) x7 + Lbyx +1 e) x3 — 5x? + 6x + 5 byx —3 
b) 2x7 + 5x — 15 byx —2 d) x7 + 9byx + 3 f) 20 + 3x? — x — 2 by 2x — 3 
=s + 74 = re 2 2 + i 
Ans. a) x —2 =o oe aa | Per e) x 2x 3 
ree ade 8 sata they ee 
b) 2x +9 =) d) x —3 eg fx 3x +4 ay 3 
Check each division, using multiplication: (12.2, 12.4) 
21x? + digy — 2 xh 
= ? =~4+2y+4+4+ 9 
a) Does ax + Oy 7x — yl b) Does oo ap SP oe al fa5 
Check, using multiplication: 
a) 3x + 2y b) er +2x+4 
Tx —y x—2 
Correct 21x* + I1xy — 2y° x —8 
Add remainder: +2 


Correct x? —6 


First-Degree 
Equations 


1. REVIEWING THE SOLUTION OF FIRST-DEGREE EQUATIONS HAVING POSITIVE ROOTS 


A first-degree equation in one unknown is one that contains only one unknown and where the 
unknown has the exponent 1. 

Thus, 2x + 5 = 9 is a first-degree equation in one unknown, but x? + 5 = 9 is not. 

In Chap. 2, simple equations were solved by using the equality rules and inverse operations. In this chap- 
ter, these methods of solution are extended to equations having signed numbers and to more difficult equa- 
tions. 

Inverse Operations 
Since addition and subtraction are inverse operations, 


1. Use subtraction (S) to undo addition (A). 

2. Use addition (A) to undo subtraction (S). 

Since multiplication and division are inverse operations, 
3. Use division (D) to undo multiplication (M). 

4. Use multiplication (M) to undo division (D). 


Order of Inverse Operations 
Generally, undo addition and subtraction before undoing multiplication and division. 


1.1. USING SuBTRACTION (S) TO UNDO AppITION (A) 


Solve: 

a) ino, eS b) n+5=2n Cc) 2n+6=n-+ 10 d) wWt+8=n4+n 
Meme 2  S, 2 = Shep nt+6=n+ 6 6S, =r 
Ans. n = 6 Ans. 5= n Ans. n = 4 Ans. 8 = n 


1.2. UsinG ADDITION (A) TO UNDO SUBTRACTION (S) 


Solve: 
OQ) °— 2a b) 5-x=0 c) 5-n=-—7 d) 8-W=n-rn 
A> y= 2 A, x=x Aj+, T+n= T+h A, r= n 
Ans. x = 10 Ans. 5 =x Ans. 12 _ n Ans. 8 =n 
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1.3. 


1.4. 


1.5. 


1.6. 


1.7. 


FIRST-DEGREE EQUATIONS 


Using Division (D) to Undo Multiplication (M) 


Solve: 

a) 2y = 10 
2 10 

nm oes 
2 2 

Ans. y =S5 


b) 10w = 5 

10w 5 

D adie ea ear 

uu 10 10 
Ans. Ww =F 


c) 
Doz 


Ans. 


UsING MULTIPLICATION (M) TO UNDO DIVISION (D) 


Solve: 
n 
=~ =6 
a) 3 
n 
M, (5) = 6 ® 3 
Ans. n=18 


b) S =1 
n 
6 
M,, (©) =I1-n 
n 
Ans. 6 =n 


UsING Two OPERATIONS TO SOLVE EQUATIONS 


Solve: 
a) 5x+2 = 17 
S _ 2= 2 
5x = 15 
pe 18 
5 
Ans. G3 


b) =-2= 8 
YS = 
Ao 2 = 2 
=~  =10 
- = 
x 
Meo (5) = 10(6) 
6 
Ans. x =60 


0.7a = 77 
0.7Ja ae 
0.7 0.7 
a = 110 
7 = a 
8 


Ans. 56 =z 
¢) W-x 8 
Ay : 
12 =8 
Ss 8 =8 
Ans. 4 = 


EQUATIONS CONTAINING MORE THAN ONE TERM OF THE UNKNOWN 


Solve: 
a) 8y = 3y + 35 
Ssy  3y = 3y 
Sy = 35 
Sy 35 
Ds 5S 
Ans. y= 7 


b) 3y ty 
Combine: 4y 
Say 

D, 

Ans. 


EQUATIONS HAVING FRACTIONAL COEFFICIENTS 


Solve: 

a) fa = 3 
Mg 8(sa) = 3(8) 
Ans. a =24 


+70 = 
+70 = 
4y = 
10 = 


70 
7 


10 = 


b) 
Mg 


Ans. 


gb = 12 
sb) = 126) 
b= 32 


Sy 
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d) 3b = 324 
3.256 _ 2.5 
ee: FC 
Ans. b = 10 
b 
d) ae te 
Mos 05( 0] = 100(0.5) 
0.5 
Ans. b = 50 
d) = =8 
Xx 


12 = 8x 

"3 ke 
. 8 8 

Ans 1b =x 


Sy —2 =2y + 22 


2y = 2y 
3y =2 = 22 
2S 2, 
3y - 24 
3y _ 24 
3 3 
Ans. y =8 
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Co) %—-3= 7 d) ‘d+12 =36 
A3 3 = 3 So «12 = 12 
2c = 10 ed = 24 
M3/2 nc Maa Msg (3d) = 243) 
Ans. c =15 Ans. d =15 


1.8. NUMBER PROBLEMS LEADING TO FIRST-DEGREE EQUATIONS 


a) Twice a number is equal to 81 less than 


: : b) Three times a number decreased by 8 equals the 
5 times the same number. Find the number. 


number increased by 12. Find the number. 


Solutions: 

a) Letn = the number b) Let n = the number 
Agi 2n =5n — 81 Ag 3n—-8 =n+12 
S», 2n+ 81 =5n S, 3n =n + 20 
D3 81 =3n D2 2n = 20 

27 =n n =10 
Ans. The number is 27. Ans. The number is 10. 


2. SOLVING FIRST-DEGREE EQUATIONS HAVING NEGATIVE SOLUTIONS 
To change — x to + x, multiply by —1 or divide by —1. 


Thus, if —-x=t+5 
Me7(-1)(-—x) =(- DG) 
+x = —5 


2.1. UsING ADDITION OR SUBTRACTION TO SOLVE EQUATIONS 


Solve: 
a) n+8= 2 b) n—-8 =—13 c) n—-—15 =2n—-9 
Sg 8 = 8 Ag 8 = 8 S.-9 n-~ 9= n-9Y 
Ans. n= —6 Ans. n = = 5 Ans. —-6= n 
d) 14 =—-n+10 
An — 14 n-14 = n— 14 
Ans. n = —4 
2.2. USING MULTIPLICATION OR DIVISION TO SOLVE EQUATIONS 
Solve: 
a) 2x = —8 b) a —8 Cc) —12x =3 d) —81 = 2.7x 
a A (5) oo. 16 ia = 
2 2 2 —12 —12 2.7 2.7 
Ans. x=-4 Ans. x = —16 Ans. eS = Ans. — 30=x 
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2.4. 


2.5. 
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2.3. UsInG Two OPERATIONS TO SOLVE EQUATIONS 
Solve: 
a) 3y + 20= 11 b) 8—3y = 29 Cc) ae = -6 d) 20+5y = 2y 
y 
18 
So 20 = 20 Ss 8 = 8 M, ae = —6y Ss) Sy = Sy 
3y =—9 —3y = 21 20 = —3y 
3y  —9 —3y 21 _ 20. —3y 
D3 3° «3 D_; 3.7 3 18 = —6y D-_3 = =a 
18 —6 
Ans. y=-3 Ans. y =-7 D_; =e = = Ans. —6; = 
Ans —3=y 
EQUATIONS HAVING FRACTIONAL COEFFICIENTS 
Solve: 
‘a 3y _ 3 
a) S+3 = 3 b) gq = ~23 c) 5zy — —10 + 5ry 
Ss 5 = Ai4 14= 14 Ssany Say = 5xy 
i 3y oo oo 
3 2 4 9 vy 10 
y 4f 3y 4 i 
M3 3 3) (—2)3 Ma 34a ]— (9) 3 M4 4Gy) =(—10)4 
Ans. y=-6 Ans. y=-12 Ans. y = —40 
More DIFFICULT EQUATIONS 
Solve: 
a) Sy — 2y + 11 = 8y + 26 b) 4%a + 11 = 3a — 24 
Combine: 3y + 11 = 8y + 26 Sx, 411 3a + 11=3a+ II 
S3, + 26 3y + 26 = 3y + 26 lia = —35 
=15.= Sy Mu “ia) _ (—35)) 
=[5. 5 
Ds >= = Ans. a = —20 
Ans. —3=y 


2.6. 


PROBLEMS HAVING NEGATIVE Roots 


a) The sum of three numbers, represented by 
n,n — 4, and 3n + 7, is —2. Find the numbers. 


Solutions: 
a) nt+(n—4)+ Bn +7) = —2 
nt+n—-4+ 3n+7 = —2 
S3 5n +3 = —2 
Ds Sn = —5 
_ n-4= —-5 
al) 3n+7 = 4 


b) A merchant’s profits in dollars on three 
articles are represented by p, p —3, and 2p 
—4. If the total profit is $1, find the profit on 
each. 


b) pt(p~— 3) + @p~4) = 1 

p+p-3+2p-4=1 
Ay 4p-7=1 
D4 4p = 8 


P 2p -4 =0 
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Ans. Numbers are, —1, —5, and 4. 


FIRST-DEGREE EQUATIONS 


3. SOLVING EQUATIONS BY TRANSPOSING 


3.1. 


3.2. 


[CHAP. 5 


Ans. The merchant made $2 on the first article, lost 
$1 on the second, and made no profit on the 


third. 


Rule of Transposition 
To transpose a term from one side of an equation to another, change its sign. 
Thus, by transposing, 3x = 24 —x is changed into 3x + x = 24. 
In solving equations, Tr will indicate “transpose” or by “transposing.” 

Opposites are terms differing only in signs. Thus, 4xy and —4xy are opposites. 
The rule of transposition is based on the fact that a term may be eliminated from one side of an equation 
if its opposite is added to the other. 


Thus, 13x = 24 + 5x 
=x = 5X 
13x—-5x = 24 


Note how 5x has been eliminated from the right 


side and its opposite —5x added to the left. 


By using transposition, the second step becomes unnecessary. 


Procedure: 


To Solve Equations by Transposing Terms 


1. Transpose (Tr) so that like terms will be 
on the same side of equation: 
(Change signs of transposed terms.) 


2. Combine like terms: 


3. Divide by the coefficient of the unknown: 


TRANSPOSING TERMS IN AN EQUATION 


Solve, using transposition: 


a) 31 -—6x = 25 
Tr 31-25 = 6x 
De 6 = 6x 
Ans. 1 =x 


More DIFFICULT EQUATIONS 


Solve and check: 


a) 5a—7+4a 
Tr 5a+4a-—4a-—2a 
D3 3a 


a 


b) 2y — 28 
Tr 2y + 5y 
D, Ty 
Ans y 
2a — 28 + 4a 
7 — 28 
=21 
=] 


Solve: 8a —55 = 3a —40 
1 8a —55 = 3a—40 
Tr 8a—3a = 55 —40 
2. 5a = 15 
Sa 15 
3 D; — ee 
Ans a=3 
42 — 5y c) llz+3—4z = 3z 
42 + 28 Tr llz-—4z-5z = -3 
70 D2 22. = =3 
10 Ans. z= =i 
b) n> + 3n—8 = n? —5n—32 
Tr n?—n?+3n+5n = —32+8 
Dg 8n = —24 
n= —-3 


CHAP. 5] 
Check: 
Sa —7+ 4a = 2a — 28 + 4a 
5(—7) — 7 + 4(-7) 2 2(—7) — 28 + 4(-7) 
35 —7—28 2 —14 — 28 — 28 
—70 = —70 
Ans. a= —7 


FIRST-DEGREE EQUATIONS 


4. SOLVING EQUATIONS CONTAINING PARENTHESES 


4.1. 


4.2. 


To Solve Equations by Removing Parentheses 


Procedure: 


1. Remove parentheses: 


2. Solve the resulting equation: 


REMOVING PARENTHESES TO SOLVE EQUATIONS 


Remove parentheses, then solve: 


a) Remove ( ):3(n + 2) = 30 +n 


Tr 3n +6 = 304+n 
3n —n = 30-6 

2n = 24 

Ans. n = 12 


More DIFFICULT EQUATIONS WITH PARENTHESES 


Solve and check: 


a) Remove( ): 6y(y — 2) = 
Tr 6y — 12y = 
Combine: 6y = 6 — 129+ By = 
y= 
Check: 

6y — 2) = 
6(—3)(—S) 2 
90 2 
90 = 

Ans. y = —3 
b) Remove( ys (a+ lI)@—-5)+7 
Tr a —4a—-5 +7 
Combine: a —a—4a+Ta 


3a 


a 


Check: 
n+ 3n—8 = n?2 —5n — 32 
(—3) + 3(-3) — 8 2 (-3 —5(-3) 
9-9-8 29+ 15-32 
—8 = —8 
Ans. ni 3 
Solve: 8 + 2(x — 5) = 14 
1. 8+2(x—5) = 14 
8+ 2x —10 = 14 
2. 2x—-2 = 14 
Ans. x = 8 
b) Remove ( ):-18 = 10—2(3 —x) 
—18 = 10-64 2x 
—18 = 4+ 2x 
—22 = 2x 
Ans. =—11 = 4 


3y(2y — 1) + 27 
6 = Sy P27 


27 
27 


—3 


3y(2y — 1) + 27 
3(—3i(-7). 4 97 
63 + 27 


90 

= 44 —a(7 —a) 
= 44 —7a + a? 
= 4445 -—7 
= 42 

=14 


32 
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Check: 
(a+ 1l)ha—5)+7 = 44—-a(l7 —- a) 
(15)\9) +7 2 44 —14(—7) 
135+7 2 44+ 98 
142 = 142 
Ans. a = 14 


4.3. and 4.4. Problems Leading to Equations with Parentheses 


4.3. a) Find a number if twice the sum of the b) Find a number if 20 minus twice the 
number and 7 equals 3 times the differ- number equals 3 times the sum of twice 
ence of the number and 10. the number and 20. 
Solutions: 
a) Let n = number. b) Let n = number. 
Remove (_ ): 2(n + 7) = 3(n — 10) Remove( ): 20 —2n = 3(2n + 20) 
Tr 2n + 14 = 3n — 30 Tr 20 —2n = 6n + 60 
14 + 30 = 3n— 2n 20 — 60 = 6n + 2n 
44 —n —40 =8norn = ~—5 
Ans. Number is 44. Ans. Number is —5. 


4.4. Marsha, José, and Gretchen earned $120 together. José earned $20 less than Marsha, and Gretchen 


earned twice as much as José. Find the earnings of each. 
Let n = Marsha’s earnings in dollars 
n — 20 = José’s earnings in dollars 


2(n — 20) = Gretchen’s earnings in dollars 


Remove (_): n + (n — 20) + 2(n — 20) = 120 
nt+n—20 + 2n — 40 = 120 
4n — 60 = 120 

si ~ 10 20 =25 

2(n — 20) = 50 


Ans. Marsha, José, and Gretchen earned $45, $25, and $50, respectively. 


5. SOLVING EQUATIONS CONTAINING ONE FRACTION OR FRACTIONS HAVING THE 
SAME DENOMINATOR 


To Solve Equations Having Same Denominator by Clearing of Fractions 


Procedure: 


1. Clear of fractions by multiplying 
both sides of the equation by the 
denominator: 


2. Solve the resulting equation: 


Solve: a) ~+5=2% WH t+6=— 
olve: a) 3 x 5 5 
x x 7x 
1. —~+5=2 1. = 4-6 = — 
3 i 5 5 


Multiply by denominator 3: 


Multiply by denominator 5: 


x x 7x 
M3 3 3 ¢5 = 3(2x) Ms ( +6} =5 | 

x+15 = 6x x +30 = 7x 
Ans. 3 =X Ans. 5 = 
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5.1. Fractional Equations Having the Same Denominator 


Solve: 
3x x 4 1 5x 3 
SS) b —=5-— te SD 
a 7 7 y y . 4 4 
3x x 4 Sx 3 
M, 7(|— —-2] = 71 — M —}= = 4| — ——]} = 4(—-12 
3x—-14 =x 4 =5y-1 ox = 3 —48 
2x = 14 5 = 5y 5x = —45 
Ans. x=7 Ans. l=y Ans. x = —-9 


5.2. FRACTIONAL EQUATIONS HAVING BINOMIAL NUMERATOR OR DENOMINATOR 


Solve: 
p> aaoet 3 = 5x 
») 4 * 4 >) ae eS 
4( 27) — af. 2 10(2x —3) = (~*~ lex -3 
Mg 4 ~ 4 Mex - 3) ( )= rx 3 | ) 
2x+7 = 4x—-3 20x — 30 = 5x 
10 = 2x 15x = 30 
Ans. 5 =x Ans. x =2 
+ 
s x3 5 _* 7 
x x 


— + 
wl {* 3-5) : (7) 
x: Xx: 


6. SOLVING EQUATIONS CONTAINING FRACTIONS HAVING DIFFERENT 
DENOMINATORS: LOWEST COMMON DENOMINATOR 


The lowest common denominator (LCD) of two or more fractions is the smallest number divisible by 
their denominators without a remainder. 

Thus, in > + x/3 = 4, 12 is the LCD, since 12 is the smallest number divisible by 2, 3, and 4 without a 
remainder. Larger common denominators of 2, 3, and 4 are 24, 36, 48, etc. 


To Solve Equations Having Different Denominators by Clearing of Fractions 


x x 
Solve: —+— = 20 
olve: 5 3 


Procedure: Solutions: 
1. Clear of fractions by multiplying both 1. LCD = 6 
sides of the equation by the LCD: ek 
6{— +—] = 6(20 
Ms 6(5 ; (20) 
2. Solve the resulting equation: 2. 3x + 2x = 120 
5x = 120 
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6.1. 


6.2. 


6.3. 


6.4. 
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FRACTIONAL EQUATIONS HAVING NUMERICAL DENOMINATORS 


Solve: 
a aoa a _ a 
a) 2 3° ) i, os 6 = a 
LCD = 6 LCD = 30 LCD = 12 
(t= 2\= 6m) my d= 2-42) spoy Me. tel =) =< a9 
Me 7 3) ~ (5) 30 73. 5) ~ (2) 12 4 3) — (10) 
3x — 2x = 30 15a — 10a — 6a = 60 9y —4y = 120 
Sy = 120 
Ans. x = 30 Ans. a = —60 Ans. y = 24 
FRACTIONAL EQUATIONS HAVING LITERAL DENOMINATORS 
Solve: 
10 25 il 8 5 7 
SSS SS SS 2 3S = St Sep 1 
2) 3x3 >) a 2a Q 6 3x 
LCD = 3x LCD = 2a LCD = 6x 


Ww 
o 
II 
i) 
n 
| 
= 
a 
lon 
| 
lon 
) 
II 
~ 
Nn 
= 
| 
_ 
A 
+ 
ion 
S 


Ans. x = 5 Ans. a=1 Ans. x = —14 


FRACTIONAL EQUATIONS HAVING BINOMIAL NUMERATORS 


Solve: 
6x +13 x +3 5 Sy +4 2y +4 
+ = b a4 Df 
2) 2 3 6 ) 9 6 
LCD = 6 LCD = 18 


6x + 13 a ee ed sy +4) _ ay + 4 
M, ; ped ; )- 42) Mis s( 5 ] 180) +19 ; 


18x + 39 + 2x +6 = = 36 + oy + 12 
Ans. x= -2 Ans. y = 10 


| 
Nn 
— 
So 
Ne 
+ 
Co 


FRACTIONAL EQUATIONS HAVING BINOMIAL DENOMINATORS 


Solve: 
3 _ _ 6 
4) 8 5S—y 
LCD = 8(5 — y) 3 6 
Micp (3) —~y) = 85 of) 
29 

3(5 —y) = 48 
Ans. y= —ll 
b) is i ? 

5 w-3 5(w — 3) 


CHAP. 5] FIRST-DEGREE EQUATIONS 


LCD = 5(w — 3) 
6 3 \ 9 
Mico ($0 ~ 3) + Sow a, = ;| = ay = OU) 
6(w —3)+ 15 = 9 
Ans. w=2 


7. SOLVING EQUATIONS CONTAINING DECIMALS 


A decimal may be written as a fraction whose denominator is 10, 100, or a power of 10. Thus, the 
denominator of 0.003 or 75 is 1000. 


To Solve an Equation Having Decimals 


Solve: 0.15x + 7 =0.5x 


Procedure: Solutions: 
1. Clear of decimals by multiplying both 1. 0.15x has more decimal places than 0.5x. 
sides of the equation by the denominator The denominator of 0.15x is 100. 
of the decimal having the greatest number 
of decimal places: Mioo =100(0.15x + 7) = 100(0.5x) 
2. Solve the resulting equation: 2. 15x + 700 = 50x 
Ans. x =20 


In some cases, it may be better not to clear an equation of decimals. Thus, if 3a = 0.54, simply divide 
by 3 to obtaina = 0.18. Or, if 2a — 0.28 = 0.44, then 2a = 0.72 and a = 0.36. These are cases where the 
coefficient of the unknown is not a decimal. 


7.1. EQUATIONS WITH ONE DECIMAL 


First clear each equation of decimals, then solve: 


a) 0.3a = 6 b) 8 = 0.05b c) 2.8¢ =54 +c 
Mio = 10(0.3a) = 60 Mioo 100(8) = 100(0.05b) Mio = 10(2.8c) = 10(54 + c) 

3a = 60 800 = 5b 28c = 540 + 10c 
Ans. a= 20 Ans. 160 =b Ans. c = 30 


7.2. SOLVING EQUATIONS WITHOUT CLEARING OF DECIMALS 


Solve, without clearing of decimals: 


a) 3a = 0.6 b) 5r—5 = 0.05 Cc) . = 0.28 d) ee =I35 

p, 4 =98 po = 2 yy a(*) = 40282) Ms 5[~} = 55 
B TES : 2 7) = 4028) Ms s{=} = (15) 

Ans. a = 0.2 Ans. r= 1.01 Ans. x = 1.12 Ans. x = 75 


7.3. EQUATIONS WITH Two OR More DECIMALS 


Solve. (Multiply by the denominator of the decimal with the largest number of decimal places.) 
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7.4. 


7.5. 


7.6. 


8.1. 


i) 


c) 


c) x — 16%x 
(16% = 0.16) 


x — 0.16x 
Ans. 


5(x + 0.8) = —16 


Mio S50 + 0.8) = —160 


Ans. 


50x + 40 = —160 
x= 4 


[CHAP. 5 


420 


420 
500 


0.3(x — 200) + 0.03(1000 — x) = 105 


30@ — 200) + 3(1000 — x) = 10,500 


30x — 6000 + 3000 — 3x = 10,500 


FIRST-DEGREE EQUATIONS 

a) 0.05x = 2.5 b) —0.9 = 0.003y 
Mhoo 5x = 250 M1000 900 = 3y 
Ans. x = 50 Ans. —300 =y 
d) 0.5a — 3.5 = 0.75 
Mioo 50a — 350 = 75 
Ans. a = 85 
EQUATIONS CONTAINING PERCENTS 
Solve: 
a) 25% of x = 10 b) x + 40%x —=56 
(25% =9) (40% = 0.4) 

rie x+ 04x = 56 
Ans. x = 40 Ans. x = 40 
EQUATIONS CONTAINING DECIMALS AND PARENTHESES 
Solve: 
a) 0.3(50 — x) =6 b) 0.8 = 0.02(x — 35) 
Mho 3(50 — x) = 60 Mioo 80 = 2(« — 35) 

150 — 3x = 60 80 = 2x — 70 

Ans. x = 30 Ans. Ys a 
More DIFFICULT DECIMAL EQUATIONS 
Solve: 
a) 0.04x + 0.03(5000 — x) = 190 b) 
Moo 4x + 3(5000 — x) = 19,000 Moo 

4x + 15,000 — 3x = 19,000 
Ans. x = 4000 Ans. 


SOLVING LITERAL EQUATIONS 


Literal equations contain two or more letters. 


x = 500 


Thus, x + y = 20, 5x = 15a, D = RT, and 2x + 3y — 5z = 12 are literal equations. 
To solve a literal equation for any letter, follow the same procedure used in solving any equation for an 
unknown. 
Thus, to solve for x in 5x = 25a, divide both sides by 5 to obtain x = 5a. 
Note that all formulas are examples of literal equations. 

For example, D = RT and P = 2L + 2W are literal equations. 


c) 


Da 


SOLVING LITERAL EQUATIONS BY USING ONE OPERATION 
Solve for x: 

a) Ly = 8 b) x +10 =h 

Ay y =y Sio 10 = 10 

Ans. x =yt8 Ans. x =h—10 


Ans. 


ax 


a|8 


XxX 
b d) 3 
b 
= M. (5) 
a a 
b 
= Ans. x 
a 


CHAP. 5] 


8.2. 


8.3. 


8.4. 


8.5. 


SOLVING FOR ONE OF THE LETTERS IN A FORMULA 


Solve for the letter indicated: 


FIRST-DEGREE EQUATIONS 
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a) RT = D b) S=Ct+P c) C = 2F- 32) d) A= > bh 
Solve for R: Solve for C: Solve for F(Mb,s first): Solve for b(M, first): 
D; Bee Tr S-P=C Tr —C = F—32 D, 2A = bh 
T T 5 
D 9 2A 
Ans. = T Ans. S =P =¢ Ans. 5c +32 =F Ans. y. b 
SOLVING AND CHECKING LITERAL EQUATIONS 
Solve for y and check: 
a) 2y — 4a = 8a b) 2y — 24a = 8y c) 4b + 3y = 12b + y 
2y = 8a + 4a 2y — 8y = 24a 3y —y = 12b— 4b 
2y = 12a —6y = 24a 2y = 8b 
y — 6a y = —4a y =4b 
Check for y = 6a: Check for y = —4a: Check for y = 4b: 
2y — 4a = 8a 2y — 24a = 8y 4b + 3y =12b+y 
2(6a) — 4a 4 8a 2(—4a) — 24a = 8(—4a) 4b + 3(4b) 2 12b + 4b 
12a — 4a = 8a —8a — 24a 2 — 32a 4b + 12b £ 16b 
8a = 8a —32a = —32a 16b = 16b 
SOLVING A LITERAL EQUATION FOR EACH LETTER 
Solve for the letter indicated: 
a) 2x = 3y — Az b) 2x = 3y — 4z c) 2x = 3y — 4z 
Solve for x: Solve for y, transposing first: Solve for z, transposing first: 
D2 2x =3y — 4z D3 2x + 4z = 3y Da 4z =3y — 2x 
_ 3y — 4z 2x + 4z _ 3y ~ 2x 
Anss xX = a Ans. 3 =¥ Ans. er 
SOLVING More DIFFICULT LITERAL EQUATIONS 
Solve for x or y: 
a) 3(¢ —2b) = 9a —15b b) eee c) x24 
3x — 6b = 9a — 15b ., 
D; 3x = 9a — 9b Transpose first: LCD = 10a 
a Ve ct he ae eee, ce 
Ans. x = 3a—3b Ms 5 fth Mia 10a FS 5} \40 10a 
Ans. y =S5f+5h Tr 10x — 2ab = ac 
Dio 10x = 2ab + ac 
_ 2ab +ac 
Ans ry i 


9. THE GRAPHING CALCULATOR 


9.1. 


GRAPHING CALCULATORS ARE USED TO SOLVE EQUATIONS. 


See Appendix B for further information pertaining to this topic. 
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5.1. 


5.2. 


5.3. 


FIRST-DEGREE EQUATIONS (CHAP. 5 
Supplementary Problems 
Solve: (1.1) 
ayn+3=11 Ans. n =8 g)nt+14-=4 Ans. n=3 
b)n+7=20 n=13 h) n+24=54 n=33 
c) 12 +n =30 n = 29 i) 2n +5 =n-+ 12 n= 
d) 42 =n + 13 n = 29 J) n+ 18 = 2n + 10 n= 
e) n+ 0.5 = 0.9 n=0.4 kK) nr tn=n? 4+ 15 n= 15 
fpn+34=5.1 n=1.7 Dy Qn? + 34 = n? on n = 34 
Solve: (1.2) 
a)x—-9=15 Ans. x = 24 g) x — 14 = 3+ Ans. x =5 
b) x —20 =50 x =70 i) Mag x=91 
ce) 17 =x-— 13 x = 30 i) 8-x=0 x 
d) 100=x-— 41 x= 141 J) 10-x=3 x= 
e) x—0.3 = 1.7 x= k) 10 -x = —-4 x=14 
fix—-5=83 x= 133 I) 12-2%=x-2 x=12 
Solve: (1.3) 
a) 3y=15 Ans. y=5 e) Sy = 6.5 Ans. y= 1.3 i) ly=4 Ans. y=1 
b) 4y = 30 y=7; f/03y =9 y = 30 J) 2zy = 10 y= 
c) 36 = 12y y= g) lly = 8.8 y=8 k) 15 = Ly ee) 
d) by =3 y=t  h)4=04y y=10 2) 14=24y y= 
Solve (1.4) 
2 ra Ans. a = 12 e) ta=20 Ans. a =60 i) —=1 Ans. a=5 
a 
78 
by == 1 a=5 fta=12 a=8% j1l=— a=78 
a a 
c) 12=— a=24 g) 30 =ta a = 240 k) —— = 50 a=15 
2 0.3 
ers a = 250 h) 5.7 = ja a=57 1) 200 =— > a = 140 
Solve (1.5) 
a) 3x +1=13 Ans. x =4 g) 34=14 + 2x Ans. X= 
b) 5x +3 = 33 x=6 h) 7.9 =3.1 + 4x x=12 
c) 8 + 4x = 44 =9 i) 8x +3L=194 x= 
d) 11 + 7x = 88 x=11 J) 20x + 5¢ = 152 x= 
e) 76 = 10x + 6 x= k) 3x + 2 =6 x =I} 
fp 45 = 15 + 12x x =21 ) 4x+3=5% x=? 
Solve (use A and D or A and M): (1.5) 
a) 5b — 2 = 33 Ans. b= g) Ib - 25 = 45 Ans. b=1 
b) 6b — 8 = 25 b =5> h) 2b-2=4% b=? 
b 
c) 89 =9b - 1 b=10 y 3 2-8 b =42 
b 
d) 42 = 10b — 3 b =4> La b =90 


CHAP. 5] 


5.7. 


5.8. 


5.9. 


5.10. 


5.11. 


5.12. 


5.13. 


5.14. 


FIRST-DEGREE EQUATIONS 99 
e) 3b —04 = 0.8 Ans. b=0.4 k 7b -9 =12 Ans. b= 84 
f) (1b — 0.34 = 0.21 b = 0.05 l) 20=,b-11 b = 248 
Solve (use M and D or A and S): (1.5) 
21 
a Ans. r =7 e) — =3_ Ans. r=1.8 ij) 30-—r=17 Ans. r= 13 
14 ' 10 
b) = 4 P35 an r= 25 J) 84 -r=5.7 ra=27 
2 ®] 

Ge C3 8) = 27 ra 2 k) 5.24 = 8.29 —r r = 3.05 

_ 3 =i a 2 = 3 = 901 — =—91 
d) 12 ' ar h) 2; ; pod ) 17-=20;—r p25 
Solve: (1.6) 
a) by =2y + 16 Ans. y=4 g) 21 = 10y — 4y Ans. y=37 
b) 10y = 30 + Sy y=6 h) 24y — 2ly = 14 y =4 
c) 18 + 2y = 1ly y=2 i) 13y —4 = 10y +2 y=2 
d) 3y + 40 = 8y y=8 J) 20y + 16 = 30y — 44 y=6 
e) 2y + Ty = 72 y= kK) 2y—1.7=y+14 y=3.1 
f) 21 = 10y — 4y y =37 D) Ty — 0.8 = 4y — 0.2 y = 0.2 
Solve: (1.7) 
a) <t =14 Ans. t=70 e) tt +9=14 Ans. t =15 i) 24+ 5t=31 Ans. t=56 
b) 20 = >t t=200 f) t-6=8 t=56 jf) 17+ 3t=29 t=28 
c) t = 16 t=40 g) t+7=13 t=15 kb 40=2%-11 t = 34 
d) 30 = +t t= 35 h) #t-6=6 t=28 |/)*#+9=2+ 39 t=42 
Four times a number increased by 45 equals 7 times the number. Find the number. (1.8) 
Ans. 15 
Ten times a number decreased by 7 equals 8 times the number increased by 21. (1.8) 
Find the number. Ans. 14 
Two-thirds of a number increased by 10 equals 24. Find the number. Ans. 21 (1.8) 
Solve: (2.1) 
aynt 11 =3 Ans. n=—8 g) n— 35 = —8F Ans. n= —5 
b) n+ 25 = —5 n= —30 h)n-F=-8 n=—T; 
c) 30 +n = 24 n= —6 i) n—- 20 =2n — 3 n=—I17 
d) 40 =n + 70 n= —30 Jj) 2n +6 =n — 10 n= —16 
e) n-5 = —12 i= =) k) -n+2=5 n=—3 
fp n—09 = —2 n= 11 1) 0.34 = 0.29 —n n = —0.05 
Solve: (2.2) 

x 
a) 3x = —66 Ans. x = —22 g) 4.8 = 10 Ans. x = —48 
x 

b) 13x = —130 x= —10 h) —0.13 = 6 x = —0.78 
c) —50 = 15x x= —3+ i) —7Tx = 35 x= 5 
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5.15. 


5.16. 


5.17. 


5.18. 


5.19. 


5.20. 


5.21. 


d) —7 =21x 
He 4 
e) 5 
Me —3t 
/) 2 ~~ 2 
Solve: 
a) 2y + 16 =2 


b) 10y + 42 = 37 
c) 3y —~5=—17 
d) 20 + lly =9 
e) by +35 =y 


f) 8 — 20 = 10y 


Solve: 

a) + +6=5 
b) 8+o=-1 
0) 30 = 25-5 


2 
DS 


2 
é) 2+F=-8 


Solve: 


a) 4y — 9y + 22 = 3y + 30 
b) 12y —10 =8 + 3y — 36 


Ans. —5 and —2 


Ans. —1, —3, and 5 


Solve, using transposition: 


a) 7—2r=3 
b) 27 = 30 — 6r 


c) 10r + 37 = —23 
d) 4s —-8= 16 —2s 
e) 12 +s =6s +7 


Solve: 


FIRST-DEGREE EQUATIONS [CHAP. 5 
x 
Ans. x = yz J) rr 120 Ans. x = —480 
x = —20 k) 3.1x = —31 x = —10 
A=] 1D) —37x = 130 x = —40 
(2.3) 
Ans. y= —7 g) 13y =6y —84 Ans. y= —12 
y=-> h) 3y =9y + 78 y= -13 
j ) 40 5 g 
= ) — ee 
y y y 
—1 i 3S = —6 
y J y y 
= k = 4 = =5 
y> yo y= 
=-10 6=—— =- 
y ) y 
(2.4) 
Ty 
Ans. y= —4 fp 24 = 5 + 31 Ans. y= —5 
are 8) y— 2 = —20 yo 
ya -T5 h) y + 4y = —45 y= 27 
y= 21 ) Sy 16 = Ty y=—8 
y = —50 
(2.5) 
Ans. y=~—1 c) 23a+ 10 =43a+52 ~~ Ans. a = —24 
y=-2 d) SA4b — 14 = 8b + 38 b= —20 
The sum of two numbers represented by n and 2n + 8 is —7. Find the numbers. (2.6) 
The sum of three numbers represented by x, 3x, and 3 — 2x is 1. Find the numbers. (2.6) 
(3.1) 
Ans. r=2 f) 40 — 9s = 3s + 64 Ans. s = —2 
ae gy Gt r= 10 + iit Po —2 
r——6 h) 4t + 40 — 65 = -t f=) 
s=4 i) 20 + 8t = 40 — 22 pa 
s=1 
(3.2) 
Ans. a= —3 b) &% —6n+1=n* —8n-9 Ans. n= —5 


a) 8a +1 +3a=7+ 9a — 12 


CHAP. 5] 


5.22. 


5.23. 


5.24. 


5.25. 


5.26. 


5.27. 


5.28. 


5.29. 


5.30. 


Solve: 

a) 4 + 1) = 20 Ans. x =4 
b) 3a — 2) = -6 x=0 
c) 57 — x) =25 x=2 
d) 42 = 7(2x — 1) x = 3} 
e) Oy — 1) =7y — 12 y=6 
f) 30 — 2 — 1) = 38 y=-—3 
Solve: 


a) 3r(2r + 4) = 2r(3r + 8) — 12 
b) (s +3)(s + 5) + s10 — s) = 11s +1 


FIRST-DEGREE EQUATIONS 


g) 20 + 8(2 — y) = 44 
h) 12y —3 = 5(2y + 1) 

i) 3g +1) =46 —2 

j) 102 —z) =4@-9) 

ky 632 = y= —7(8 + 2) 

1) z+ 1) — 3(4z —2) = 6 


Ans. 
Ans. 


r=3 
s=-—2 


Find a number if twice the sum of the number and 4 equals 11 more than the number. 


Ans. 3 


Ans. 
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(4.1) 
y —l 
y=4 
z=3 
z=4 
zZ=-2 
L) 
(4.2) 
(4.3) 


Find a number such that 3 times the sum of the number and 2 equals 4 times the number decreased 


by 3. 
Ans. 9 


Find a number if 25 minus 3 times the number equals 8 times the difference obtained when | is 


subtracted from the number. 


Ans. 3 


Three boys earned $60 together. Henry earned $2 less than Ed, and Jack earned twice as much as 


Henry. Find their earnings. 
Ans. Henry, Ed, and Jack earned $14.50, $16.50, and $29, respectively. 
Solve 
3x 10 
a)——=9 Ans. x = 12 f) 77 2=18 Ans. c=] 
4 x 
2x y 
by 5 +86 5 eoioee | 8) 3 7 10-y y=15 
x 3y 
a a x = 30 eae ae aa y = 20 
12 15 
= 3 x= —4 bt) a BH 18 y= 
x 3y a 
84 
e) 7 =— x=12 
x 
Solve 
Bg A ~30 OF eel Ans. h=—7 
a) 5 = 5 ns. xX = d) 5 = 5 ns. = =i5 
x 4x 3 7 
b) 10-7 = x=14 aed oa r=5 
4h Sh —_ Le a 
c) 3 3 h = 7p) a> ; ‘ r= 
Solve 
aes - = z—6 _ 4z + 16 
a) > (x 3 ) 8 = c) f= 5 
Ans a) x=—2 b)y =6 é) 2 =11 


(4.3) 


(4.3) 


(4.4) 


(5.1) 
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5.31. 


5.32. 


5.33. 


5.34. 


5.35. 


5.36. 


FIRST-DEGREE EQUATIONS (CHAP. 5 
Solve (6.1) 
y2-2=7 A = 42 pio+2=2-4 A = 84 
eae ns. x= SS ns. yr 
by 4+ 2-11 = 30 (eS 9 
5 6) o ee aa 
a = 16 hoa 28 = —70 
a a 4 — 977 | 
y yy . OX 2x 11 
Sh eS — = ———— 
di ae 26 y = 24 i) 5 3 6 x 1 
y y y 
-+7>->=3 = 90 
are aa ? 
Solve (6.2) 
, er Ans. x =1 te 2. Ans. x =8 jt ¢hes Ans. x = — 
x % x 2 3x x 
Gud 3,12 - 31 ot 7 
ba 2 5 a=3 dy, a b b=—4 De 2 4 cH i 
Solve (6.1, 6.2) 
= A ee Ans. b=21 
a) 6 2 ns. r= 3 ap) A ~ 5 ns. = 
r J _ 2c+4 ¢+4 
b) D4 r=9 g) a 4 c= 10 
buf =6 eee 5 
a 3 oe aart 5 a 
b+3 2 peng ec  e7-2 40 
ao 5 ~ ) 70 6 == 
ae b=15 
a a 7 
Solve: (6.3) 
ee Se r er w-2 wt4 5 5 = 
a) 3 . ns. x = c) 4 3. 6 ns. w= 
b y—3 ae ee Lay i 2n—-5 mt 3 = 
5 4 aa a 3 2 _— 
Solve: (6.4) 
a A d=10 : a A =3 
7-274 ns. = Oo 5 oped ns. y= 
‘s 4. 7 2 j 10 _— - 
x-4 x+2 —_ r-33-r_ i 
Solve: (7.1, 7.3) 
a) 0.5d = 3.5 Ans. d=7 f) 8.6m + 3 = 7.1m Ans. m= —2 
b) 0.05e = 4 e = 80 g) x —4.2x =0.8x — 12 x=3 
c) 60 = 0.3f f = 200 h) x + 0.4x + 8 = —20 x = —20 


CHAP. 5] 


FIRST-DEGREE EQUATIONS 
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d) 3.1c=0.42 +c Ans. c =0.2 i) x —0.125x — 1.2 = 19.8 Ans. x = 24 
e) 6d — 10 =3.5d d-=4 
5.37. Solve: (7.2) 
b 
a) 6a = 3.3 Ans. a= 0.55 dp 5 + 0.05 = 1.03 Ans. b=49 
b) Ta = 7.217 a= 1.031 g) 4c 6.6 =c — 0.18 c= 2.14 
a 
C) 3 ~ 12.45 a= 249 h) 3c —2.6=c +5 c=3.8 
d) 7b =7.8 b= 11.7 i) 4c + 0.8 =c + 0.44 c = —0.12 
e) 8b —4 = 0.32 b = 0.54 
5.38. Solve: (7.4) 
a) 333% of x = 24 Ans. x = 72 fp x = 40.5 — 35%x Ans. x = 30 
b) 165% of x = 3.2 x = 19.2 g) x — 75%x = 70 x = 280 
c) 70% of x = 140 x = 200 h) 2x — 50%x = —9 x=-6 
d) x + 20%x = 30 x = 25 i) x + 10 =4 + 87;%x x = —48 
e) 2x + 10%x =7 x = 3; 
5.39. Solve: (7.5, 7.6) 
a) 0.2(x + 5) = 10 Ans. x =45 
b) 4 — 0.3) = 12 x = 3.3 
c) 0.03(@ + 200) = 45 x = 1300 
d) 50 — 0.05(x — 100) = 20 x = 700 
e) 0.03y + 0.02(5000 — y) = 140 y = 4000 
f) 0.05y — 0.03(600 — y) = 14 y = 400 
g) 0.101000 — x) + 0.07(2000 — x) = 104 x = 800 
h) 250 — 0.3(x + 100) = 0.5(600 — x) — 40 x = 200 
5.40. Solve for x: (8.1) 
x 
a) x —b =3b d) ax = —10a 8) | = 10b 
b) x —5a =20 bx = pe 
es a= e) bx = ) 4b 2 
x 
c) xt 10c=c +8 f) 2cx = —8cd 1) BED 
Ans. a) x =4b d) x = —10 g) x = 10ab 
b) x =S5a +20 ex=h h) x =2b 
c)x=—9c +8 fp x= —4d i) x =3a + 3b 
5.41. Solve for the letter indicated: (8.2) 
a) LW=A for L d) A=xbh for h g)A=shb+ 5b’) forh 
b) RP =I for P e) V=+Bh for B h) s = ya for a 
c) P=S—C  forS Sf) S =28rh for r i) F=2C + 32 for C 
_A me __2A 
Ans. gL djh= 5 gh Ean 
i ao _ 2 
b) Ps e) B= > hbase 
S 
c)S=P+C D2 5, i) C =F — 32) 
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5.42 


5.43. 


5.44. 


5.45. 


FIRST-DEGREE EQUATIONS 


Solve for x or y: 


a) 2x =6a + 22a 
b) 3y —a = —10a 
y-+b=-b 
4 - 


Ans. a) x = 14a 
b) y=~— 3a 
c) x = —8b 


Solve for the letter indicated: 
a) x—10=y for x 
b) 2y=6x +8 fory 
c)x +2y=20  forx 
Ans. a) x =y +10 
b) y=3x +4 


c) x = 20 — 2y 


Solve for x or y: 
a) 5(x + a) = 10(x ~ 2a) Ans. 


Xx 
b) 3 +b=c~ 4b 
Xx 


#8 s 
927% 


Use a graphing calculator to solve 5.43 a) to 5.43 f). 


[CHAP. 5 


(8.3) 
d) ax — 3a =Sa g) ay — 6b = 3ay 
x y 
e) ~+b=7b h) — + 3m = 4m 
3 m 
2x . J 
f) = —4c = 10c i) —--5=r+2 
3 r 
_ ae 
d) x=8 1 ca 
e) x = 18b hy=m 
f) x =2lec )y=rt+7r 
(8.4) 
d) 2x + 3y= 10 ~ fory gyxty=z for x 
x 
e) 2x + 3y=12 ~~ forx h) 3 ~ 2y ~ 3z for x 
x 
Pa Sy for x i) ax —by =cz  forx 
10 — 2x 
dy 3 g)xrz7y 
12 — 3y 
e) x= h) x = 6y + 9z 
by + cz 
f) x =2y — 16 ars 
(8.5) 
=5 d 2-4-2 Ans. x= 2a + 3b 
x =Sa MS 3 2 ns. x = 2a 
Tb + 15 
x= 3c —15b e) 35 —y =70 — b) a on 
y y 
x =2a + 12b D3 ie y = 12c 
(9.1) 


CHAPTER 6 


Formulas 


1. POINTS AND LINES 
The word geometry is derived from the Greek words geos (meaning earth) and metron (meaning meas- 
ure). The ancient Egyptians, Chinese, Babylonians, Romans, and Greeks used geometry for surveying, navi- 


gation, astronomy, and other practical occupations. 

The Greeks sought to systematize the geometric facts they knew by establishing logical reasons for them 
and relationships among them. The work of such men as Thales (600 B.c.), Pythagoras (540 B.c.), Plato (390 
B.c.), and Aristotle (350 B.C.) in systematizing geometric facts and principles culminated in the geometry text 
Elements, written about 325 B.c. by Euclid. This most remarkable text has been in use for over 2000 years. 


1.1. Undefined Terms of Geometry: Point, Line, and Plane 


These undefined terms underlie the definitions of all geometric terms. They can be given meanings by 
way of descriptions. However, these descriptions, which follow, are not to be thought of as definitions. 


1.2. Point 


A point has position only. It has no length, width, or thickness. 

A point is represented by a dot. Keep in mind, however, that the dot represents a point but is not a point, 
just as a dot on a map may represent a locality but is not the locality. A dot, unlike a point, has size. 

A point is designated by a capital letter next to the dot, thus: A - or - "P. 


1.3. Line 


A line has length but has no width or thickness. 
A line may be represented by the path of a piece of chalk on the blackboard or by a stretched elastic 


band. 
A line is designated by the capital letters of any two of its points or by a small letter, thus: 


AB, a. oN, “X or AB. 
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A line may be straight, curved, or a combination of these. To understand how lines differ, think of a line 
as being generated by a moving point. A straight line, such as ©, is generated by a point moving always in 
the same direction. A curved line, such as y , is generated by a point moving in a changing direction. 

A straight line is unlimited in extent. It may be extended in either direction indefinitely. 

A ray is the part of a straight line beginning at a given point and extending limitlessly in one direction: 


—> 
AB and 48 designate rays. 


In this book, the word Jine will mean straight line unless you are told otherwise. 
Two straight lines, if they intersect, do so at a single point. 


1.4. Planes 


A plane has length with width but no thickness. It may be represented by a blackboard or a side of a 
box; remember, however, that these are representations of a plane but are not planes. 

A plane surface (or plane) is a surface such that a straight line connecting any two of its points lies 
entirely in it. A plane is a flat surface. 

Plane geometry is the geometry of plane figures—those that may be drawn on a plane. Unless you are 
told otherwise, the word figure will mean plane figure in this book. 


1.5. Line Segments 
A straight line segment is the part of a straight line between two of its points, including the two points. 
It is designated by the capital letters of these points or by a small letter. Thus AB or r represents the straight 


line segment aS between A and B. 
The expression straight line segment may be shortened to line segment or segment, if the meaning is 


clear. Thus, AB and segment AB both mean “the straight line segment AB.” 


1.6. Dividing a Line Segment into Parts 
If a line segment is divided into parts: 


1. The length of the whole line segment equals the sum of the lengths of its parts. Note that the length 


of ABis designated AB. 
2. The length of the whole line segment is greater than the length of any part. 


Suppose AB is divided into three parts of lengths a, b, and c thus; A-_@ 2 ~ ¢ 8B. Then 
AB =a+t b +c. Also, AB is greater than a; this may be written AB > a. 


1.7. Congruent Segments 


Two line segments having the same length are said to be congruent. Thus, if AB = CD, then AB is 
congruent to CD, written AB = CD. 


2. UNDERSTANDING POLYGONS, CIRCLES, AND SOLIDS 
A. Understanding Polygons in General 


A polygon is a closed figure in a plane (flat surface) bounded by straight lines. 
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Names of Polygons According to the Number of Sides 


Sides Polygon Sides Polygon 
3 Triangle 8 Octagon 
4 Quadrilateral 10 Decagon 
5 Pentagon 12 Dodecagon 
6 Hexagon n n-gon 


An equilateral polygon is a polygon having congruent sides. 
Thus, a square is an equilateral polygon. 
An equiangular polygon is a polygon having congruent angles. 
Thus, a rectangle is an equiangular polygon. 
A regular polygon is an equilateral and equiangular polygon. 
Thus, the polygon in Fig. 6-1 is a five-sided equilateral and equiangular polygon. 


Regular Pentagon 


Fig. 6-1 


Symbols for Congruent Sides and Congruent Angles 


Using the same letter for sides indicates they are congruent. Congruent angles may be shown by using 
arcs crossed by the same number of strokes, as in Fig. 6-1. Two angles are congruent if their measures are 
equal. Thus, two 60° angles are congruent. 


diameter 


semicircle 


Fig. 6-2 


B. Understanding Circles 


The circumference is the distance around a circle. 
A radius is a line joining the center to a point on the circumference. All radii of a circle are equal. 
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A chord is a line joining any two points on the circumference. 

A diameter is a chord through the center. A diameter is twice a radius. It is the largest chord. 
An arc is a part of the circumference of a circle. 

A sector is a part of the area of a circle bounded by an arc and two radii. 

See Fig. 6-2. 


3. 
4. 


5. 
6. 


Understanding Triangles 


I. 
2. 


An equilateral triangle has three congruent sides. It also has three equal angles, each 60°. 

An isosceles triangle has at least two congruent sides. It also has at least two congruent angles. 
The congruent angles shown lie along the base b and are called the base angles. 

A scalene triangle has no congruent sides. 

A right triangle has one right angle. Its hypotenuse is opposite the right angle. Its legs (or arms) 
are the other two sides. The symbol for the right angle is a square corner. 

An obtuse triangle has one obtuse angle (more than 90° and less than 180°). 

An acute triangle has all acute angles (less than 90°). 


See Fig. 6-3. 


Understanding Quadrilaterals 
1. 


A parallelogram has two pairs of parallel sides. Its opposite sides and its opposite angles are congru- 
ent. The distance between the two bases is h. This distance is at right angles to both bases. 


Equilateral 
Tri 
— Parallelogram 
Ss 


Rhombus vans 


Obtuse 
Triangle a 
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2. A rhombus has four congruent sides. Its opposite angles are congruent. It is an equilateral parallelo- 
gram. 

3. A rectangle has four right angles. Its bases b and its heights h are congruent. It is an equiangular 
parallelogram. 

4. A square has four congruent sides and four right angles. It is an equilateral and equiangular parallel- 
ogram. A square unit is a square whose side is | unit. Thus, | square foot (1 ft”) is a square whose 
side is | ft. 

5. A trapezoid has one and only one pair of parallel sides. The bases are represented by b and b’. 

6. An isosceles trapezoid has two congruent legs (nonparallel sides). Note the congruent angles. 


See Fig. 6-4. 
E. Understanding Solids 


1. A solid is an enclosed portion of space bounded by plane and curved surfaces. 
Thus, the pyramid a , the cube Cp , the cone A , the cylinder “y , and the 
sphere Q are solids. 


2. A polyhedron is a solid bounded by plane (flat) surfaces only. Thus, the pyramid and cube are poly- 
hedrons. The cone, cylinder, and sphere are not polyhedrons since each has a curved surface. The 
faces of a polyhedron are its bounding polygons. The edges of a polyhedron are the sides of its faces. 

3. A prism is a polyhedron, two of whose faces are parallel polygons and whose remaining faces are 
parallelograms. The bases of a prism are its parallel polygons. These may have any number of sides. 
The lateral (side) faces are its parallelograms. The distance between the two bases is h. This line is at 
right angles to each base. See Fig. 6-5. 


Prism 


Fig. 6-5 Fig. 6-6 


A right prism is a prism whose lateral faces are rectangles. The distance h is the height of any of 
the lateral faces. See Fig. 6-6. 
4. A rectangular solid (box) is a prism bounded by six rectangles. The rectangular solid can be formed 
from the pattern of six rectangles folded along the dotted lines. The length /, the width w, and the 
height / are its dimensions. See Fig. 6-7. 


Rectangular 


Solid 
—T ah 
L (box) Top cides Cube 
w 


l 


W |IBottom| ” 


w Bottom 


Fig. 6-7 Fig. 6-8 


110 FORMULAS [CHAP. 6 


5. A cube is a rectangular solid bounded by six squares. The cube can be formed from the pattern of six 
squares folded along the dotted lines. Each equal dimension is represented by e in the diagram. See 
Fig. 6-8. 

A cubic unit is a cube whose edge measures | unit. Thus, | cubic inch (1 in*) is a cube whose 
edge measures | in. 

6. A pyramid is a polyhedron whose base is a polygon and whose other faces meet at a point, its 
vertex. The base B may have any number of sides. However, the other faces must be triangles. The 
distance from the vertex to the base is equal to the altitude or height h, a line from the vertex at right 
angles to the base. See Fig. 6-9. 

A regular pyramid is a pyramid whose base is a regular polygon and whose altitude joins the 
vertex and the center of the base. See Fig. 6-10. 


Vv 


Regular Pyramid 
(Square base) 


Fig. 6-9 Fig. 6-10 


7. A circular cone is a solid whose base is a circle and whose lateral surface comes to a point. (A circu- 
lar cone will be referred to as a cone.) See Fig. 6-11. 
A cone of revolution is formed by revolving a right triangle about one of its legs. This leg 
becomes the altitude or height 4 of the cone, and the other becomes the radius r of the base. See 


Fig. 6-12. 
— 
h 
Cone Cone of 
Revolution 
Fig. 6-11 Fig. 6-12 


8. A sphere is a solid such that every point on its surface is an equal distance from the same point, its 
center. 
A sphere is formed by revolving a semicircle about its diameter. See Fig. 6-13. 


Fig. 6-13 


9. A circular cylinder is a solid whose bases are parallel circles. Any cross section parallel to the bases 
is also a circle. (A circular cylinder will be referred to as a cylinder.) See Fig. 6-14. 
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Cylinder Cylinder of 


Revolution 
Fig. 6-14 Fig. 6-15 


A cylinder of revolution is formed by revolving a rectangle about one of its two dimensions. 
This dimension becomes the height / of the cylinder, and the other becomes the radius r of the base. 
See Fig. 6-15. 


3. FORMULAS FOR PERIMETERS AND CIRCUMFERENCES: LINEAR MEASURE 


A formula is an equality expressing in mathematical symbols a numerical rule or relationship among 
quantities. 

Thus, S = C + P isa formula for the rule: selling price equals cost plus profit. 

In perimeter formulas, the perimeter is in the same unit as the dimensions. Thus, if the side of a square is 
3 m, the perimeter is 12 m. 

The perimeter of a polygon is the distance around it. Thus, the perimeter p of the triangle shown is the 
sum of the lengths of its three sides; that is, 


p=at+bt+ec 
See Fig. 6-16. 


b 


Fig. 6-16 Fig. 6-17 


The circumference of a circle is the distance around it. For any circle, the circumference c is 7 times 
the diameter d; that is, c = Td. See Fig. 6-17. The value of 7, using five digits, is 3.1416. If less accuracy is 
needed, 3.142, 3.14, or 4 may be used. 

3.1. PERIMETER FORMULAS FOR TRIANGLES AND QUADRILATERALS 


State the formula for the perimeter p of each, using the letters shown in Figs. 6-3 and 6-4. 


a) Equilateral triangle Ans. p = 3a d) Square Ans. p = 4s 
b) Isosceles triangle p=2at+b e) Rectangle p=2b+2h 
c) Scalene triangle p=atbtce Jf) Obtuse triangle p=atbtce 


3.2. PERIMETER FORMULAS FOR POLYGONS 
State the name of the equilateral polygon to which each perimeter formula applies: 


a) p=3s Ans. equilateral triangle c) p=10s_ Ans. equilateral decagon 
b) p =4s square or rhombus d) p = 12s equilateral dodecagon 
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3.3. FINDING A SIDE OF AN EQUILATERAL POLYGON 


If each of the following polygons has a perimeter of 36 in, find a side: 


a) square b) equilateral triangle 
Solutions: 
a) p=4s b) p = 3s 
36 = 4s 36 = 3s 
9=s5 12=—s 
Ans. 9in Ans. 12in 


c) equilateral hexagon 


c) p-6s d) p = 10s 
36 = 6s 36 = 10s 
6=s 3.6=s 
Ans. 6in Ans. 3.6in 


3.4. FINDING PERIMETERS OF REGULAR POLYGONS 


Find the perimeter of: 


a) an equilateral triangle b) asquare with a side of c) aregular hexagon with a 

with a side of 5m 4+ ft side of 2 yd 1 ft 
Solutions: 
a) See Fig. 6-18. b) See Fig. 6-19. c) See Fig. 6-20. 

2 yd 1 ft 
5in 43 ft 
s 5 5s 
Fig. 6-18 Fig. 6-19 Fig. 6-20 

p= 3s p=4s p = 6s 
Let s = number of Let s = number of feet in Let s = number of yards 
inches in side = 5 side = 45 in 1 side = 25 

p = 365) = 15 p =4(4) = 18 p = 6(2; = 14 

Ans. 15m Ans. 18 ft Ans. 14yd or 42 ft 


3.5. FINDING PERIMETERS OF QUADRILATERALS 
Find the perimeter of: 
a) arectangle with sides of 4 and 1>m 
Solutions: 
a) See Fig. 6-21. 


4m 


b) a parallelogram with sides of 4 yd and 2 ft 


b) See Fig. 6-22. 


4yd 
b 
p=2a+ 2b 
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d) equilateral decagon 


3.6. 


3.7. 


3.8. 
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Let / = number of meters in length = 4 Let a = number of yards in | side = + 
and w = number of meters in width = 1+ and b = number of yards in other side = 4 

p = 2(4) + 213) = 11 p = 2G) + 24) = 9; 
Ans. 11m Ans. 9; yd or 28 ft 
FINDING THE PERIMETER OF A RECTANGLE 
If 7, w, and p are in centimeters, find the perimeter of the rectangle shown in Fig. 6-23 if: 

l 
[| 
Fig. 6-23 

a) 1=10,w=3 b) 1=3,w=4 co 1=3.1,w=2.6 
Solutions: 
a) p=21+2w b) p=21l+2w c) p=2l+2w 

p = 2(10) + 2(3) p = 2(35) + 2(4) p = 2.1) + 2(2.6) 

p — 26 p = 15; p-i14 
Ans. 26cm Ans. 154+cm Ans. 11.4cm 
FINDING THE LENGTH OR WIDTH OF A RECTANGLE 
For a rectangle, if /, w, and p are in meters, find: 
a) the length if p = 20 and w = 3 c) the width if p = 40 and =w + 5 
b) the width if p = 27 and / = 5; d) the length if p = 30 and w = 31 
Solutions: 
a) p=21+2w b) p=21 + 2w c) p=2l+ 2w dad) p=21+2w 

20 = 21 + 6 27 = 2(5;) + 2w 40 = 2(w + 5) + 2w 30 = 21 + 231) 

7T=1 8=w Ts =w 33 =1 
Ans. 7m Ans. 8m Ans. Tym Ans. 3+m 
PERIMETER OF AN ISOCELES TRIANGLE 
For the isosceles triangle shown in Fig. 6-24, if a, b, and p are in inches, find: 
a 7 ~ a 
Fig. 6-24 

a) the perimeter if a = 10 and b = 12 c) the base if p = 33 anda =b — 3 


b) the base if p = 25 and a = 8 


d) an equal side if p = 35 and b = 1.5a 
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Solutions: 
a) p-2atb b) p=2atb c) p=2atb d) p=2atb 
p —2(10) + 12 25 =2(8) + b 33 = 2(b — 3) + b 35 = 2a + 1.5a 
p — 32 9=b 13 =b 10 =a 
Ans. 32 in Ans. 9in Ans. 13 in Ans. 10in 
3.9. CIRCUMFERENCE AND ARC FORMULAS 
For any circle (see Fig. 6-25), state a formula which relates: 
a) the diameter d and radius r Ans. d= 2r 
b) the circumference c and the diameter d c= td 
c) the circumference c and the radius r c =2mr 
d) the circumference c and a 90° arc a c=4a 
Tr 
e) a 60° arc a’ and the radius r (Read a’ as “a prime.”) a= a 
Fig. 6-25 
3.10. CIRCUMFERENCE OF A CIRCLE 
For a circle (see Fig. 6-26), if r, d, and c are in feet, find, using m = 3.14, 
Mo 
(ys 
ce 
Fig. 6-26 
a) the circumference if r =5 c) the radius if c = 942 
b) a90° arc if d =8 d) the diameter if c = 1570 
Solutions: 
Td 
a) c=2nr b) 90° are = 7 = 0. c=2n d) c=nd 
= 2(3.14)5 942 = 2(3.14)r 1570 = 3.14d 
3.14)8 
=314 -a 150 =r 500 =d 
Ans. 31.4 ft Ans. 150 ft Ans. 500 ft 
= 6.28 
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3.11. PERIMETERS OF COMBINED FIGURES 


State the formula for the perimeter p for each of the regions in Figs. 6-27 to 6-32. 


(sq. = square, each curved figure is a semicircle) 


a 3a b c) 
) ) 2a 2a 
2a 
a 
2a 
Fig. 6-27 Fig. 6-28 Fig. 6-29 
d e 
) ) f ) (equilateral 
triangles 
around a 
regular 
hexagon) 
Fig. 6-30 Fig. 6-31 Fig. 6-32 
Ans. a) p = 10a b) p=9a c) p = 2a + 2Ta 


d) p = 12a + 3c e) p = 6a + 20a J) p= 12a 


4. FORMULAS FOR AREAS: SQUARE MEASURE 


A square unit is a square whose side is 1 unit. Thus, a square inch (1 in*) is a square whose side is 1 in. 
See Fig. 6-33. 


1 inch 


Fig. 6-33 


The area of a polygon or circle is the number of square units contained in its surface. Thus, the area of 
a rectangle 5 units long and 4 units wide contains 20 square units. 

In area formulas, the area is in square units, the unit being the same as that used for the dimensions. 
Thus, if the side of a square is 3 yards, its area is 9 square yards. See Fig. 6-34. 


Fig. 6-34 
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Area Formulas Using A for Area of Figure 
bl 
1. Rectangle: A = bh 2. Parallelogram: A = bh 3. Triangle: A = 7 
{| ift_/ JIN IN 
b b b b 
Fig. 6-35 Fig. 6-36 Fig. 6-37 
2 ; h ; : ; nd? 
4. Squares A=s 5. Trapezoid: A= Pita +b’) 6. Circle: A= a7r~. Also, A = a 
b' 
| aN \/ 
s b 
Fig. 6-38 Fig. 6-39 Fig. 6-40 
Area Formulas for Solids Using T for Total Area of Solid 
1. Total area of the six squares of a cube: 2. Total area of the six rectangles of a rectangular 
solid: 
T = 6e* T = 2lw + 2lh + 2wh 
See Fig. 6-41. See Fig. 6-42. 


Fig. 6-41 Fig. 6-42 


A = é for each face. A = lw for top or bottom faces 


A = lh for front or back faces 
A = wh for left or right faces 


3. Total area of a sphere: 4. Total area of a cylinder of revolution: 
A = 417” T = 2nrh + 2nr? 
T =2nxr + h) 
See Fig. 6-43. See Fig. 6-44. 


Fig. 6-43 Fig. 6-44 
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4.1. RELATIONS AMONG SQUARE UNITS 


Find the area A of (Hint: The square unit in Fig. 6-45 is a square whose side is | unit.): 


1 unit 
1 unit 
Fig. 6-45 
a) a square foot in square inches 
b) a square yard in square feet 
c) a square meter in square centimeters 
Solutions: 
a) A=s* b) A=s* c) A=s? 
Since | ft = 12 in, Since | yd = 3 ft Since 1m = 100 cm, 
A = 127 = 144 A=3? =9 A = 100° = 10,000 
Ans. 1 ft? = 144 ir? Ans. 1 yd? = 9ft? Ans. 1m? = 10,000 cm? 
4.2. FINDING THE AREA OF SQUARES 
Find the area of a square A whose side is: 
a) 6in b) 6m c) 6yd 
Solutions: 
a) A=s b) A=s? c) A=s 
Since 6 in = +ft = 6 Since 6 yd = 18 ft, 
A=" =t = 36 A = 18? = 324 
Ans. +f0 Ans. 36m? Ans. 324 fC 


4.3. FINDING AREAS 
Find the area of: 


a) arectangle with sides of 4 and 25cm (Fig. 6-46) 
b) a parallelogram with a base of 5.8 in and a height of 2.3 in (Fig. 6-47) 
c) a triangle with a base of 4 ft and an altitude to the base of 3 ft 6 in (Fig. 6-48) 


Solutions: 
a) b) c) 
‘ : _ | | 
b=4 
Fig. 6-46 
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A= bh A= bh A =3bh 
= 425) = 10 = (5.8)(2.3) = 13.34 = +43) =7 
Ans. 10cm? Ans. 13.34 in* Ans. 7ft® 
4.4, AREA-OF-CIRCLE FORMULAS 
For a circle (see Fig. 6-49), state a formula which relates: 
90° 
Sector 
60° 
Sector 
Fig. 6-49 
a) the area A and the radius r Ans. A =r? 
Td? 
b) the area A and the diameter d = ic 
c) the area A and a sector S of 90° A=4S 
A 
d) a 60° sector S’ and the area A v= re 
Tr 
e) a 40° sector S” and the radius r (Read S” as “S double prime.”) So = os 
AREA OF A CIRCLE 
For a circle (see Fig. 6-50), if rand d are in centimeters (cm), find, to the nearest integer, the area of: 
90° 
Sector 
Fig. 6-50 
a) the circle if r = 20 c) a 90° sector if r = 4 
b) the circle if d = 10 d) a30° sector if d = 12.2 
Solutions: 
a) A=nr b) A=nr? Cc) A=ar? d) A= mtr? 
= 3.14(20°) = 3.14(57) = (3.14)47 = (3.14)(6.17) 
= 3.14(400) = 3.14(25) 90° sector = 13.14)(16) 30° sector = 4(3.14)(37.21) 
= 1256 = 78.5 = 12.56 = 9.7366 
Ans. 1256cm? Ans. 79 cn? Ans. 13cm? Ans. 10cre 
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4.6. 


4.7. 


FORMULAS FOR COMBINED AREAS 


State the formula for the area A of each shaded region in Figs. 6-51 to 6-54. 


a) b) c) d) 


Fig. 6-51 Fig. 6-52 Fig. 6-54 
Solution: 

(Abbreviations used are rect. for rectangle, sq. for square, and A for triangle.) 

a) A =rect. I + rect. I b) A =rect.I +rect.I c) A=sq.I1+sq.Il d) A =sqg.1 + AIl 


Ans. A =aw + bw Ans. A =aw + 2bw Ans. A= +a Ans. A =r? ie 


FORMULAS FOR REDUCED AREAS 


State the formula for the area A of each shaded region in Figs. 6-55 to 6-58. 


a) b) c) d) 
21 square I square I aiuare# 
a y \ r 
2w 
“ 2r 
II 
. ‘ A 4 
I aeoaa r 
r 2r r 
Fig. 6-55 Fig. 6-56 Fig. 6-57 Fig. 6-58 
Solutions: 
(© is used for circle.) 
a) A=rect.I ~ rect. II b) A=sqg.1—4 All c) A=sqg.1- OI 
a 
—Alw — lw =Ga)= (5) = (7 = me 
Ans. A =3lw Ans. A =Ta* Ans. A= 4r> — TP 


d) A-=sq.I~— 4 sector II 
2 


Tr 
a ney (ec 
(Ar) 4 4 


Ans. A =16r* — Tr” 
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4.8. FInpING TOTAL AREAS OF SOLIDS 
Find, to the nearest integer, the total area of (see Figs. 6-59 to 6-61): 


a) acube with an edge b) arectangular solid with dimensions c) a sphere with a radius 
of 5in of 10, 7, and 4; ft of 1.1m 


Fig. 6-59 

Solutions: 

a) T = 6e b) T=2lw + 2lh + 2wh c) T=4rr 
= 6(57) = 2(10)(7) + 2(10)(4D + 2(7)(4)) = 4(3.14)(1.17) 
=150 = 293 = 15.1976 

Ans. 150 in® Ans. 293 ft? Ans. 15 m? 


5. FORMULAS FOR VOLUMES: CUBIC MEASURE 


A cubic unit is a cube whose edge is | unit. Thus, a cubic inch (1 in*) is a cube whose side is 1 in. 


lin 
1 Cubic Inch (in*) 


Fig. 6-62 


The volume of a solid is the number of cubic units that it contains. Thus, a box 5 units long, 3 units 
wide, and 4 units high has a volume of 60 cubic units; that is, it has a capacity or space large enough to 
contain 60 cubes, | unit on a side. 

In volume formulas, the volume is in cubic units, the unit being the same as that used for the dimen- 
sions. Thus, if the edge of a cube is 3 m, its volume is 27 cubic meters (m?). 
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Volume Formulas 
Here we use V for the volume of the solid, B for the area of a base, and / for the distance between the bases 
or between the vertex and a base: 


1. Rectangular solid: V = Jwh. 5. Pyramid: V = Bh. See Fig. 6-68. 
See Fig. 6-64. 


Fig. 6-64 


2. Prism: V = Bh. See Fig. 6-65. 6. Cone: V=Bhor V =4arh. 


ae 


Fig. 6-65 Fig. 6-69 


3. Cylinder: V = Bh or V= ah. 7. Sphere: V = 427°. See Fig. 6-70. 
See Fig. 6-66. 


Fig. 6-66 Fig. 6-70 


4. Cube: V =e’. See Fig. 6-67. 


Fig. 6-67 


5.1. RELATIONS AMONG CuBIc UNITS 


Find the volume V of: 


122 


5.2. 


5.3. 


5.4. 
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a) acubic foot in cubic inches 
b) acubic yard in cubic feet 


c) a liter (cubic decimeter) in cubic centimeters 1 Cubic Unit hun 
(Hint: A cubic unit is a cube whose edge is | unit. See Fig. 6-71.) 1 anit 
uni 
1 unit 
Fig. 6-71 
Solutions: 
a) V=6 b) V=e Cc) V=e 
Since | m = 100cm, Since | yd = 3 ft, Since 1 dm* = 10 cm’, 
V = 100° = 1,000,000 V=3° =27 V = 10° = 1000 
Ans. 1m? = 1,000,000 cm? Ans. lyd? =27ft? Ans. 1 liter(L) = 1000 cm? 


FINDING VOLUMES OF CUBES 


Find the volume of a cube V in cubic feet whose edge is a) 4 in, b) 4 ft, c) 4 yd: 


Solutions: (To find volume in cubic feet, express side in feet.) 


a) Vv=é b) V=e& c) V=e6 
Since 4 in = ;ft, == 64 Since 4 yd = 12 ft, 
Vass VS 12 = 1728 
Ans. + fe Ans. 64 ft? Ans. 1728 ft 


FINDING VOLUMES OF RECTANGULAR SOLID, PRISM, AND PYRAMID 
Find the volume of: 


a) arectangular solid having a length of 6 cm, a width of 4cm, and a height of 1 cm 
b) a prism having a height of 15 yd and a triangular base of 120 it 
c) a pyramid having a height of 8 km and a square base whose side is 47 km 


Solutions: 
1 
a) V=lwh b) V=Bh Cc) aa, 
1/92 
= 6(4)(1) = 24 = 120(45) = 5400 = 3 5 (8) = 54 
Ans. 24cm? Ans. 5400 ft? or 200 yd? Ans. 54km? 


FINDING VOLUMES OF SPHERE, CYLINDER, AND CONE 
Find the volume, to the nearest integer, of: 


a) asphere with a radius of 10 in 
b) acylinder with a height of 4 yd and a base whose radius is 2 ft 
c) acone with a height of 2 ft and a base whose radius is 2 yd 


CHAP. 6] FORMULAS 
Solutions: 
(Let 7 = 3.14) 
a) V=ar b) = V=Rrh 
= 4(3.14)10° = (3.14)(27)12 
= 4186+ = 150.72 


5.5. 


5.6. 


Ans. 4187 in? Ans. 151 ft 


DERIVING FORMULAS FROM V = Bh 
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c) V=+0rh 
= 4(3.14)(67)(2) 
= 75.36 

Ans. 75 ft? 


From V = BA, the volume formula for a prism or cylinder, derive the volume formulas for the 


solids in Figs. 6-72 to 6-75. 


a) b) c) 


Rectangular Cube 
Solid 
Fig. 6-72 Fig. 6-73 
Solutions: 
a) V =Bh b) V =Bh Cc) 


Since B = lw, Since B = e”, andh =e, 


V =(wyh V =e 


Ans. V =lwh V=6é 


FORMULAS FOR COMBINED VOLUMES 


Since B = Tr?, 


Ans. 


Cylinder of Right Prism 
Revolution with a Trapezoid 
for a Base 
Fig. 6-74 Fig. 6-75 
V =Bh d) V =Bh 


h 
Since B = 5b + b%, 
h’ 
V= 5 + bh 


, 


V =(aryh 


V =%rh Ans. V = (b + B’) 


2 


State the formula for the volume of each solid in Figs. 6-76, 6-77, and 6-78. 


Fig. 6-77 
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Solutions: 
a) V=lwh b) V=lwh c) Voacyl. I+ cyl. I 
Now, | = 4e, w = 3e, h = 2e Now, / = 2a, w =c,h = 3b = TR*h + mrh 
Hence, V = (4e)(3e)(2e) Hence, V = (2a)(c)(3b) Now, R = 3r. 

Hence, V = 1(3r)?h + mr7h 
Ans. V =24e Ans. V = 6abc Ans. V =10mrh 


6. DERIVING FORMULAS 


To Derive a Formula for Related Quantities 
Derive a formula relating the distance (D) traveled in a time (7) at a rate of speed (R). 


Procedure: Solution: 
1. Obtain sets of values for these quantities, 1. Sets of values: 
using convenient numbers: At 50 mi/h for 2h, 100 mi will be traveled. 


At 25 mi/h for 10h, 250 mi will be traveled. 
At 40 mi/h for 3 h, 120 mi will be traveled. 


2. Make a table of values for those sets of 2. Table of values: (Place units above quantities.) 
values: 
Rate R Time T Distance D 
(mi/h) (h) (mi) 
50 2 50. 2 = 100 
25 10 25-10 = 250 
40 3 40- 3 = 120 
3. State the rule that follows: 3. Rule: The product of the rate and time equals 


the distance. 


4. State the formula that expresses the rule: 4. Formula: 
RT =D 


NOTE: If D is in miles and T in hours, then R must be in miles per hour; or if D is in feet and Tin 
seconds, R must be in feet per second. Rate must be in distance units per time unit. 


Obtaining Formulas from a More General Formula 
A formula such as RT = D relates three quantities: time, rate, and distance. Each of these quantities 
may vary in value: that is, they may have many values. However, in a problem, situation, or discussion, one 
of these quantities may have a fixed or unchanging value. When such is the case, this constant value may be 
used to obtain a formula relating the other two quantities. 
Thus, D = RT leads to D = 30T if the rate of speed is fixed at 30 mi/h or 30 ft/min. Or D = RT leads to 
D = 3R when the time of travel is fixed at 3 h or 3 min. 


6.1. DERIVING A COIN FORMULA 


Derive a formula for the number of nickels n equivalent to g quarters (equivalent means “equal in 
value’’): 
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6.2. 


6.3. 


6.4. 


Solutions: 
1. Sets of values: 2. Table of values: 
No. of No. of 
Quarters g Nickels 
2 quarters equal 10 nickels 2 5-2or 10 
4 quarters equal 20 nickels 4 5-4 or 20 
2 —— 

10 quarters equal 50 nickels 10 5-10 or 50 
q quarters equal 5q nickels qd 5q 


3. Rule: The number of nickels equivalent to a number of quarters is five times that number. 
4. Formula: n=5q Ans. 


DERIVING A COIN FORMULA 
Derive a formula for the value in cents c of d dimes and n nickels: 
Solution: 


1. Sets of values: 2. Table of values: 


No. of No. of Value of Dimes & 
Dimes d Nickels n Nickels c (cents) 


In 3 dimes and 4 nickels, there is 50¢. 3 4 10-3 +5-4o0r50 

In 4 dimes and 2 nickels, there is 50¢. 4 2 10-4 +5-2o0r50 
: : —____> 

In 5 dimes and 3 nickels, there is 65¢. a 3 10-5 +5-30r65 

In d dimes and n nickels, there is (10d + 5n)¢. d n 10d + 5n 


3. Rule: The value in cents of dimes and nickels is 10 times the number of dimes plus 5 times the 
number of nickels. 
4. Formula: c=10d+5n Ans. 


DERIVING COIN FORMULAS 


Derive a formula for each relationship: 


a) The number of pennies p equivalent to g quarters Ans. p — 25q 

b) The number of nickels n equivalent to d dimes n= 2d 

c) The number of quarters g equivalent to D dollars q—4D 

d) The number of pennies p equivalent to n nickels and g quarters p —5n + 25q 
e) The number of nickels n equivalent to g quarters and d dimes n=5q + 2d 


DERIVING TIME FORMULAS 


Derive a formula for each relationship: 


a) The number of seconds s in m min Ans. s = 60m 
b) The number of hours / in d days h = 24d 
d 
c) The number of weeks w in d days waa 
d) The number of days din w weeks and 5 days d=Tw+t5 


e) The number of minutes m inh h and 30s m= 60h ++ 
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6.5. DERIVING LENGTH FORMULAS 


Derive a formula for each relationship: 


a) The number of feet fin y yd Ans. f=3y 
b) The number of yards y in iin y= =a 
c) The number of meters min 5km m = 5000 m 


6.6. OBTAINING FORMULAS FROM D = RT 


From D = RT, derive a formula for each relationship: 


a) The distance in miles and time in hours when the rate is 35 mi/h Ans. eas 


b) The distance in feet and the time in seconds when sound travels D = 1100T 
at 1100 ft/s 

c) The distance in miles and the time in seconds when light travels D = 186,000T 
at 186,000 mi/s 

d) The distance in miles and the rate in miles per hour when the time D =1R 
of travel is 1 h 30 min 

e) The rate in miles per hour and the time in hours when the distance 125 = RT 


traveled is 125 mi 


7. TRANSFORMING FORMULAS 


The subject of a formula is the letter that has been isolated and expressed in terms of the other letters. 
Thus, in p = 4s, p is the subject of the formula. 

Transforming a formula is the process of changing the subject. 

Thus, p = 4s becomes p/4 = s when both sides are divided by 4. In the transforming of the formula, the 
subject has changed from p tos. 

In solving a formula for a letter, the formula is transformed in order that the letter be made the subject. 

Thus, to solve D = 5T for T, transform it into T = D/5. 


Use Inverse Operations to Transform Formulas 


1. Use division to undo multiplication. 
Thus, c = 25g becomes c/25 = q by division. 
2. Use multiplication to undo division. 
Thus, w = d/7 becomes 7w = d by multiplication. 
3. Use subtraction to undo addition. 
Thus, S = P + C becomes S — P = C by subtraction. 
4. Use addition to undo subtraction. 
Thus, S = C — Lbecomes $ + L = C by addition. 


Formulas may be transformed by transposing terms. In transposing a term, change its sign. Thus, a + b 
= 180 becomes a = 180 — b when +5 is transposed. Actually, + b has been subtracted from both sides to 
undo addition. 


7.1. TRANSFORMATIONS REQUIRING DIVISION 
Solve for the letter indicated: 


a) D=RTforR b) D=RT for T c) V=LWH for L 
d) c= 10d ford e) C=2nrforr 
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Solutions: 
a) D=RT b) D=RT c) V = LWH d) c = 10d e) C= 2tr 
D- RT D- RT V LWH c 10d C 27 
Dep oT PM ROR OP! WH WH DP? 10°10 7 on on 
Ans. = =R Ans = =T Ans a =f, Ans. — d Ans. ~~ =r 
T R WH 10 27 
7.2. TRANSFORMATIONS REQUIRING MULTIPLICATION 
Solve for the letter indicated: 
i n V b 
a) 75 ~ Ff fori b) f=] torn °) Tw ~ 7 forV d) 7 ~ 7 for A 
Solutions: 
i n V A 
a) creel bd fa c) iw d) ah 
i n V b A 
Miz lia) = 12f Ma fd=d () Miw (a) = LWH Mr; (3) = (i) 
Ans. i = 12f Ans. fd =n Ans. V = LWH Ans. “ =A 


7.3. 


7.4. 


75. 


TRANSFORMATIONS REQUIRING ADDITION OR SUBTRACTION 
(Transposing is the result of adding or subtracting.) Solve for the letter indicated: 


a)a+b=90 fora b) a = b —180 for b c) atc =b+ 10M for b 
d) a—b-—25=c fora 


Solutions: 
a)a+tb=90 b) a= b —180 c)atc=b-+ 100d d)a-—b-—25=c 
Transpose b: Transpose —180: Transpose 100d: Transpose —b — 25: 


Ans. a=90—b Ans. a + 180 =b Ans. a + c — 100d = b Ans. a=b+ce+t+25 


TRANSFORMATIONS REQUIRING TWO OPERATIONS 
Solve each formula for the letter indicated: 


a) P=2a + bfora b) c = 10d + 25q for qg 


d) V =+Bh for B 


c) F =2C + 32 for C 


Solutions: 
a) P=2atb b) c=10d + 25q c) F=2C +32 d) V =4Bh 
Transpose b: Transpose 10d: Transpose 32: M3 3V = 3(;Bh) 
D2 P—b=2a Dos c — 10d = 25q Ms,9 F-32= 2C D;, 3V=Bh 
ig, ie Ans. {F — 32) =C Ai. 2S 

ns. 74 ns. 5 4 ns. = ns hh 


More DIFFICULT TRANSFORMATIONS 


Solve each formula for the letter indicated: 


h 
a) A= (b+ b') for h 


b) Ss =Sta + 1) fora 


c)l=a+(n-1)d forn 
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Solutions: 
h ; n 
a) A= 7 tb) b) Mp S= slat) c) l=at(n-l)d 
h A 
Mp 2A =2 > (b + Bb) D, 22S=natld Transpose a: 
5 2A = h(b + b’) 25 my is Peete 
oP bh +b ob +b! noo ° ome 
Transpose +1: rn ae 1 
Transpose —1: 
A aE A oP fe tn, SER he 
ns. b+ b’ = ns. i —a ns. d —n 


8. FINDING THE VALUE OF AN UNKNOWN IN A FORMULA 


To Find an Isolated Unknown, Substitute and Solve 
The value of an unknown in a formula may be found if values are given for the other letters. By substitu- 
tion replace the letters by their given values and then solve for the unknown. 
Thus, in A = bh if b = 10 and h = 5, then A = (10)(5) = 50. 


To Find an Unisolated Unknown, Substitute First or Transform First 
When the unknown is not isolated, its value may be found by one of two methods. The first method is to 
substitute first and then solve. The second method is to transform the formula first to isolate the unknown. 
After the transformation, substitution is then used. 
Thus, in p = 3s if p = 27, the value of s may be found. 


(1) By substituting first: 27 = 3s, s = 9. 


ae. 


(2) By transforming first: Transform p = 3s into s =“. Then s = 2 or 9. 


3 


8.1. FINDING THE VALUE OF AN ISOLATED UNKNOWN 


Find each unknown: 


a) Vif V = lwhand/ = 10, w = 2,h = 3.2 

n 
b) Sif'S — s{a + landn =8,a =5,] = 12 
c) AifA =p + prt and p = 800, r = 0.04, t = 3 


8.2. 


d) Sif S = jet”, g = 32,t 
Solutions: 
n 
a) V=lwh b) S= 5a t+) c) A=p+tprt d) S=3 
8 
= 10(2)(3.2) = 965 + 12) = 800 + 800(0.04)3 = 5-32-57 
Ans. V=64 Ans. S = 68 Ans. A = 896 Ans. S = 400 


FINDING THE VALUE OF AN UNKNOWN THAT Is Nor ISOLATED 
Find each unknown, using substitution first or transformation first: 


a) Findh if A = bh, b = 13, b) Finda if p = 2a + b, 
and A = 156. b = 20, and p = 74. 


c) Find h if V = 4Bh, 
B = 240, and V = 960. 
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8.3. 


8.4. 


Solutions: 


(1) By substitution first: 
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(1) By substitution first: (1) By substitution first: 


1 
A =bh p=2at+b V=3Bh 
1 
156 = 13h 74 = 2a + 20 960 = 3 (240)h 
Ans. 12=h Ans. 27 =a Ans. 12 =h 
(2) By transformation first: (2) By transformation first: (2) By transformation first: 
1 
A=bh p=2atb V = 3Bh 
A p-—b 3V 
Transform: 7% =h Transform: = =a Transform: BR = 
Sahetenis cer Substi — A — 20 © Substi ge =e 
ubstitute: 3B 3. ubstitute: > =a ubstitute: 140 
Ans. 12 =h Ans. 27 =a Ans. 12 =h 
More DIFFICULT EVALUATIONS USING TRANSFORMATIONS 
Find each unknown: 
a) Findh if V = ar7h, wm = 3.14, V = 9420, andr = 10. 
b) Findt if A = p + prt, A = 864, p = 800, and r = 2. 
Solutions: 
a) V =%rh b) A =p prt 
V A-p 
Transform: —z =h Transform: =f 
Tr pr 
icc: 9420 _ Shanice 864 — 800 _ 
ubstitute: (3.14)(100) = ubstitute: ~ 800(2) _ =tT 
9420 64 
314 1600! 
Ans. 30 =h Ans. 0.04 =t 


FINDING AN UNKNOWN IN A PROBLEM 


A train takes 3h 15 min to go a distance of 247 mi. Find its average speed. 


Solutions: 


Here, D = RT, T = 37h, and D = 247. To find R: 


(1) By substitution first: 


13 
247 = ER 
4 19 
Ma3 aol =R 
76=R 


(2) By transposition first: 


D = RT 

D a 

Transform: rT. R 
= 13 a 

247 = x R 
4 ad. 

247 - B R 
Ans. Average rate is 76 mi/h 
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6.1. 


6.2. 


6.3. 


6.4. 


6.5. 


6.6. 


6.7. 


6.8. 


FORMULAS [CHAP. 6 


Supplementary Problems 


State the formula for the perimeter p of each: (3.1) 
a) right triangle Ans. p=atb+e d) trapezoid Ans. p=atb+b’+c 
b) acute triangle p=atbte e) rhombus p=4s 

c) parallelogram Dp =2a+ 2b J) isosceles trapezoid p=2a+b+b’ 
State the name of the equilateral polygon to which each perimeter formula applies: (3.2) 
a) p =5s Ans. equilateral pentagon c) p = 6s Ans. equilateral hexagon 

b) p = 8s equilateral octagon d) p=ns equilateral n-gon 


Stating the formula used, find the perimeter of each equilateral polygon having a side of 6 in. Express 


each answer in inches, feet, and yards. (3.1, 3.4) 
a) equilateral triangle c) regular hexagon e) equilateral centagon (100 sides) 
b) square or rhombus d) equilateral decagon jf) regular n-gon 
Ans. a) p = 3s; 18 in, iit, zyd c) p = 6s; 36 in, 3 ft, 1 yd e) p = 100s; 600 in, 50 ft, 16;yd 

b) p = 4s; 24.in, 2 ft, >yd d) p = 10s; 60 in, 5 ft, 12 yd f) p =ns; 6nin, 7 fe eyd 
A piece of wire 12 ft long is to be bent into the form of an equilateral polygon. Find the number of 
feet available for each side of: (3.3) 
a) an equilateral triangle c) aregular pentagon e) an equilateral dodecagon 
b) a square d) an equilateral octagon jf) an equilateral centagon 
Ans. a) each of 3 sides = 4 ft c) each of 5 sides = 2.4 ft e) each of 12 sides = 1 ft 

b) each of 4 sides = 3 ft d) each of 8 sides = 1>ft f) each of 100 sides = 0.12 ft 
Find the perimeter of: (3.5) 
a) arectangle with sides of 3 and 55m Ans. a) 17m 
b) arhombus with side of 4 yd 1 ft b) 17;yd 
c) a parallelogram with sides of 3.4 and 4.7m c) 16.2m 
d) an isosceles trapezoid with bases of 13 yd | ft 

and 6 yd 1 ft and each remaining side 5 yd 2 ft d) 3lyd 

For a rectangle of width w and length /, in inches, find: (3.6, 3.7) 
a) the perimeter if / = 12 and w =7 d) the length if p = 30 and w = 9+ 
b) the perimeter if / = 55 and w = 23 e) the length if p = 52 andw =/1—4 
c) the perimeter if / = 7.6 and w = 4.3 f) the width if p = 60 and / = 2w + 3 
Ans. a) 38in b) 153in c) 23.8 in d) 5+in 

e) Since 52 = 2/ + 2(/ — 4), length is 15 in J) Since 60 = 2(2w + 3) + 2w, width is 9 in 
For an isosceles triangle with base b and congruent sides a, in yards, find: (3.8) 
a) the perimeter if a = 12 and b = 16 d) the base if p = 20 and s =7 
b) the perimeter if a = 3;-and b = 4; e) each equal side if p = 32 andb=a +5 
c) the perimeter if a = 1.35 and b = 2.04 f) the base ifp = 81 anda =b— 3 
Ans. a) 40 yd b) 102yd c) 4.74yd d) Since 20 = 14 + b, base is 6 yd. 

e) Since 32 = 2a + (a + 5), equal side is 9 yd f) Since 81 = 2(b — 3) +b, base is 29 yd. 
For any circle, state a formula which relates (3.9) 
a) the circumference c and a 45° arc a Ans. a) c=8a 


b) the semicircumference s and the radius r b) s =r 
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6.9. 


6.10. 


6.11. 


6.12. 


6.13. 


|2 


c) a 120° arc a’ and the diameter d Ans. c) a’= 


d) a20° arc a” and semicircumference s d) a”’= 


ola w 


For a circle (see Fig. 6-79), if 4 d, and c (c = circumference) are in miles, find, using 7 = 3.14. (3.10) 


(en 
LY 


Fig. 6-79 
a) circumference if r = 6 d) radius if c = 157 
b) semicircumference if d = 20 e) diameter if c = 314 
c) 60° arc if r = 12 f) radius if a 90° arc = 9.42 mi 
Ans. a) 37.68 mi b) 31.4 mi c) 12.56 mi d) 25mi e) 100 mi 

f) Since 90° arc = {of circumference, 9.42 =} X 2(3.14)r. Radius is 6 mi. 

State the formula for the perimeter of each region in Figs. 6-80 to 6-82. (3.11) 
a) s 5 b) c) 


equilateral 
~~ _ triangle 


lf 
t 
i] Sa 

' 2a~ 
t 


a b 2a 

Fig. 6-80 Fig. 6-81 Fig. 6-82 
Ans. a) p = 18s b)p=Tatb c) p =4a+ ta 
Find the area of a square yard in square inches. (4.1) 
Ans. 367 or 1296 in? 
Find the area of a square in square inches whose side is: (4.2) 

a) 5in b) 6¢in c) 7.2in d) 1ft3in e) 1.3 ft 

Ans. a) 25 in? b) 424 in? c) 51.84 in? d) 225 in? e) 243.36 in2 
Find the area in square feet of: (4.3) 


a) arectangle with sides of 85 and 12 ft 
b) a parallelogram with a base of 55 ft and an altitude of 4 ft 
c) a triangle with a base of 10.4 ft and an altitude of 8 ft 


h 
d) a trapezoid with bases of 6 and 4 ft and an altitude of 3>ft c ay (b + | 


Ans. a) 102 ft? b) 22 ft c) 41.6 ft? d) 1742 
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6.14. Fora circle, state a formula which relates: (4.4) 


6.15. 


6.16. 


6.17. 


a) the area of the circle A and a 60° sector S 

b) a 120° sector of S’ and the area of the circle A 
c) a 90° sector of S” and the radius r 

d) a 90° sector of S”’ and the diameter d 


= a A (a Tr? wr 1 nd? nd? 
Ans. a)A =6S bss c) S ~ 4 d)S “ala ie 
Find, in terms of % and to the nearest integer, using 7 = 3.14, the area of: (4.5) 
a) acircle whose radius is 30 cm Ans. 900% or 2826 cm? 
b) acircle whose diameter is 18 in 81% or 254 in* 
c) a semicircle whose radius is 14 ft 987 or 308 ft” 
d) a 45° sector whose radius is 12m 18% or 57m 
State the formula for the area A of each shaded region in Figs. 6-83 to 6-88. (4.6, 4.7) 
a) b) 
b 
c 
a 
Fig. 6-83 Fig. 6-84 Fig. 6-85 
d) e) Sf) 
Fig. 6-86 Fig. 6-87 Fig. 6-88 
Ans. a)A= 7a + b) b) A =5s? c) A=s + 14s? or 25s? 
d) A =r? +2r7 e) A = 8r? — 2nr? f) A =4aP — Br? or 3nr? 
Find, to the nearest integer, using m = 3.14, the total area of: (4.8) 


a) acube with an edge of 7 yd 

b) arectangular solid with dimensions of 8, 64, and 14 ft 

c) asphere with a radius of 30 in 

d) acylinder of revolution with a radius of 10 rods and a height of 44rd [Hint. Use T = 2ar(r + h)] 
Ans. a) 6(7°) or 294 yd? b) 2(8)(6r) + 2(8)(14) + 2(67)(14) or 510 ft” 


c) 4(3.14)30? or 11,304 in? d) 2(3.14)(10)(10 + 45 or 911 rd? 


CHAP. 6] FORMULAS 133 
6.18. Find the volume of: (5.1) 
a) acubic yard in cubic inches 
b) acubic rod in cubic yards 
c) acubic meter in cubic centimeters 
Ans. a) 36° or 46,656 in’ b) (53° or 166; yd* c) 1007 or 1,000,000 cm? 
6.19. Find, to the nearest cubic inch, the volume of a cube whose edge is: (5.2) 
a) 3in b) 4yin c) 7.5in d) 3ft e) 1ft2in 
Ans. a) 27iw b) 91 in? c) 422 in3 d) 46,656 in? e) 2744 in? 
6.20. Find, to the nearest integer, the volume of: (5.3) 
a) arectangular solid whose length is 3 in, width 8; in, and height 8 in 
b) a prism having a height of 2 ft and a square base whose side is 3 yd 
c) a pyramid having a height of 2 yd and a base whose area is 6.4 ft” 
Ans. a) 3(84)(8) or 204 in* b) 2(9)(Q9) or 162 ft’ c) 16)(6.4) or 13 ft* 
6.21. Find, to the nearest integer, the volume of: (5.4) 
a) asphere with a radius of 6 in 
b) acylinder having a height of 10 ft and a base whose radius is 2 yd 
c) acone having a height of 3 yd and a base whose radius is 1.4 ft 
a) (3.14)6 or 904.32 b) (3.14)(67)10 or 1130.4 c) +(3.14)(1.47)(9) or 18.4632 


6.22. 


Ans. 904 in? Ans. 1130ft’ Ans. 18 ft° 


From V = Bh, the volume formula for a pyramid or cone, derive volume formulas for each of the 


solids in Figs. 6-89 through 6-92. (5.5) 
b) a) 
Cone Pyramid with a Pyramid with a Cone where 
Square Base Rectangular Base h=2r 
Fig. 6-89 Fig. 6-90 Fig. 6-91 Fig. 6-92 
a) V=3Bh b) V=3Bh c) V=3Bh d) V=;Bh 
Since B = mr? Since B = s” Since B = lw Since B = mr and h = 2r 
V=t(ar yh V=Xs*)h V=xw)h V = 1(ar’)(2r) 


Ans. V = 30r7h Ans. V=tsh Ans. V=-xlwh Ans. V =29r 
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6.23. State a formula for the volume of each solid in Figs. 6-93 to 6-95. 
a) c) — 
3r 
: | 2r 
= + 
r 
Fig. 6-94 Fig. 6-95 
1 1 Ly 1. 3: 
a) (2e)(B3e)e + 5(2e)h b) lwh + a Ma] ¥ ¢) Tr Or) + oan 
2 2. 
dng, ge a= i ihe 0 3m 
6.24. Derive a formula for each relationship: 
a) The number of pennies p equivalent to d dimes 
b) The number of dimes d equivalent to p pennies 
c) The number of nickels n equivalent to D dollars 
d) The number of half-dollars 4 equivalent to g quarters 
e) The number of quarters g equivalent to d dimes 
Ans. a) p = 10d d= c) n =20D djh=4 e) q = dors 
6.25. Derive a formula for each relationship: (6.2, 


a) The value in cents c of d dimes and q quarters 

b) The value in cents c of n nickels and D dollars 

c) The number of nickels n equivalent to d dimes and h half-dollars 
d) The number of dimes d equivalent to n nickels and p pennies 

e) The number of quarters g equivalent to D dollars and n nickels 


n 
Ans. a) c =10d + 25q  b) c =5n + 100D c) n= 2d + 10h d) d=5+5 e)q=4Dt 


(5.6) 


(6.1) 


6.3) 


n 


5 
6.26. Derive a formula for each relationship: (6.4) 
a) The number of seconds s inh h c) The number of hours / in w weeks 
b) The number of hours / inm min d) The number of days d in M months of 30 days 
e) The number of days d in M months of 30 days, w weeks, and 5 days 
jf) The number of minutes m inhh 30s 
g) The number of days d in y years of 365 days and 3 weeks 
Ans. a) Ss =3600h b) h=— c) h = 168w d) d =30M e) d=30M +7w +5 
f) m =60h +4 g) d = 365y + 21 
6.27. Derive a formula for each relationship: (6.5) 
a) The number of inches iin y yd d) The number of miles m inf ft 
b) The number of yards y in fft e) The number of meters m inc cm 
c) The number of yards y inr rd jf) The number of centimeters c ind dm 
Ans. a) i = 36y ny=t c) y =55r d) m= 2) m =i fp c = 10d 
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6.28. 


6.29. 


6.30. 


6.31. 


6.32. 


FORMULAS 


From D = RT, obtain a formula for each relationship: 


a) Distance in miles and rate in miles per hour for 5h 
b) Distance in miles and rate in miles per hour for 30 min 
c) Time in hours and rate in miles per hour for a distance of 25 mi 
d) Time in seconds and rate in feet per second for a distance of 100 yd 


e) Distance in feet and time in minutes for a rate of 20 ft/min 
f) Distance in feet and time in minutes for a rate of 20 ft/s 


Ans. a) D=5R 


b) D=3R 


c) RT =25 


f) D = 1200T (20 ft/s = 1200 ft/min) 


Solve for the letter indicated: 


a) d= 2rforr 

b) p = 5s for s 

c) D=30T for T 
d) 25W =A for W 


A fe Par 
ns. a7? 307 
D wd 
yD 2Ss Wes 
Solve for the letter indicated: 
Po 
a) 10 = sforp 
b po D 
a5 tot 
A 
Cc) W= forA 
at jeg 
d) w = 7 for 
Ans. a) p = 10s c) 8W=A 
b) 15SR=D_~ d)TIw=d 


Solve for the letter indicated: 


a)a+b=60 fora 
b) 3c + g = 85 for g 


c) h—10r =I forh 


Ans. a) a=60—b 
b) g =85 — 3c 
c) h =1 + 10r 


Solve for the letter indicated: 
a) 4P — 3R = 40 for P 
b) 36 — Si = 12f fori 


P 
c) 3 + RS for P 


e) c=dford 
f) c=Rdfort 
g) NP =C forN 
h) I=PRforR 


c Cc 
a s)N=a 
c I 
i) a is via 
_¢ 
e) m= 5” force 
M 
7p) pf form 
A 
g) P= yp for A 
‘a 
h) oe 
e) 2%r=c g) 2PF =A 
f)M=FD_ h) T=5RO 


d) 3m =4n + p forp 
e) 10r = s — 5t fors 


fp) 4g +h —12=jforh 


d) 3m —4n =p 
e) 10r +5t=s 


fp h=jt+12—4¢ 


d) A = 3bh for b 
e) V= "rh for h 


fy A =thb +b’ forh 


d) RT = 300 
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(6.6) 


e) D =20T 


(7.1) 


i) V=LWH forH 

j V=2mr-h forh 

k) 9C =5(F — 32) forC 
I) 2A=h(b +b’) forh 


: 5(F — 32) 
iw a re 


k Epes: 
7nd or 
V 


I a5 V 
lee 3 os 
i) V = 3LWH k) L = KAV? 
tr2h 
3 


J) T=7RS )V= 


(7.3) 
g) 5a t+ b=c — dforb 
h) 5a — 4c = 3e + f forf 
b 
i) 7 10 + c = 100p for c 


g) b=c—-d-Sa 
h) Sa — 4c —3e =f 


b 
i) ¢ = 100) + 10 — > 
(7.4) 


R 
g) 5 4S =Tfor R 


k 
h) 8h = = 12 fork 


id) 20p — 5q = 8tfor g 
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3R +40 2A 
Ans. <a). P= d)-_ =b g) R=8S +2T 
4 h 
36 — 12 
a e ganh h) 5(8h — 12) =k or 40h — 60 =k 
eae ae ee Siete 
c) P =2S —2R oD) b te i) ,20p — 8) = qg or 30p — 12t= g 
6.33. Solve for the letter indicated: (7.5) 
n 
a) l=a+t+(n-—1)dfor d bys ~3 (a* D for! c) F =2C + 32 for C 
l-a 2s 2s —an e 
Ans. a) ——— =d by) l= aor c) >(F — 32) =C 
n—1 n n 
6.34. Find each unknown: (8.1) 
a) Find /if J = prt and p = 3000, r = 0.05, t = 2. Ans. a) 300 
I 
b) ae ae a = 2000, r = 0.01. b) 2 
c) Find F if F = 2C + 32 and C =55. c) 131 
d) Find Fif F ==C + 32 and C = —40. d) —40 
e) Find Cif C = }(F — 32) and F = 212. e) 100 
f) Find S if S = $gt* and g = 32,1 =8. f) 1024 
2S 
g) Find g if g ~~ and S ~ 800, t = 10. g) 16 
; ; a-—TlIr : 
h) Find Sif S =~ and a = 5,1 =40,r = ~1. h) 22, 
i) Find A if A = p + prt and p = 500, r = 0.04, t = 23. i) 550 
6.35. Find each unknown: (8.2, 8.3) 
a) Find R if D = RT and D = 30, T = 4. Ans. a Te 
b) Find b if A = bh and A = 22,h = 2.2. b) 10 
c) Find aif P = 2a + band P = 12,b =3. c) 4; 
d) Find wif P = 2] + 2w and P = 68,/ = 21. d) 13 
e) Find cif p =a + 2b + cand p =33,a = 11, b = 3; e) 15 
f) Find h if 2A =h(b + b’) andA = 70, b = 3.3, b’ = 6.7. fy) 14 
g) Find B if V = {Bhand V = 480, A = 12. g) 120 
h) Finda ifl=a + (n— 1)dand / = 140, n = 8, d=3. h) 119 
i) Find E if] = >——-and = 40, R = 3,r = 15. i) 180 
J) Find E if C= gee if C = 240, n = 8,R = 14,7r =2. J) 900 
6.36. a) A train takes 5h 20 min to go a distance of 304 mi. Find its average speed. (8.4) 
Ans. 57 mi/h | R meee 
ns. mL T 


b) A rectangle has a perimeter of 2 yd and a length of 22 in. Find its width. 
Ans. 14 in 


Graphs of Linear 
Equations 


1. UNDERSTANDING GRAPHS 


Reviewing Number Scales 
A number scale is a line on which distances from a point are numbered in equal units, positively in one 
direction and negatively in the other. 
The origin is the zero point from which distances are numbered. 
Note on the horizontal number scale in Fig. 7-1 how positive numbers are to the right of the origin, 


while on the vertical scale in Fig. 7-2 they are above the origin. 


oD 
ps 
-5-4 -3 -2 -!l O 4+! 42 43 44 45 
Horizontal Number Scale 
Fig. 7-1 


The position of any point on a number scale is found by determining its distance from 0 and attaching 
the appropriate sign. Thus, P on the horizontal scale is at position —2. 


+5 


+4 


Vertical 
Number o0-—4Origin 
Scale 


Fig. 7-2 
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Forming a Graph by Combining Number Scales 


The graph shown in Fig. 7-3 is formed by combining two number scales at right angles to each other so 
that their zero points coincide. 


Fig. 7-3 


The horizontal number scale is usually called the x axis. To show this, x and x’are placed at each end. 
(x’is read “‘x prime.”) 

The vertical number scale is called the y axis. Its end letters are y and y’. 

The origin O is the point where the two scales cross each other. 


To locate a point, determine its distance from each axis. Note on the graph that for P, the distances are 
+4 and +3. 


The coordinates of a point are its distances from the axes, with appropriate signs attached. 

(1) The x coordinate of a point, its abscissa, is its distance from the y axis. This distance is measured 
along the x axis. For P, this is +4; for Q, —4. 

(2) The y coordinate of a point, its ordinate, is its distance from the x axis. This distance is measured 
along the y axis. For P, this is +3; for Q, —3. 

(3) In stating the coordinates of a point, the x coordinate precedes the y coordinate, just as in the alpha- 
bet x precedes y. Place the coordinates in parentheses. Thus, the coordinates of P are written (+4, 
+3) or (4, 3), those for O, (—4, —3). 


The quadrants of a graph are the four parts cut off by the axes. Note on the graph how these are 
numbered I, II, II, and IV in a counterclockwise direction. 


Comparing a Map and a Graph 
A map is a special kind of graph. Each position on a map, such as the map of Graphtown shown in Fig. 
7-4, may be located using a street number and an avenue number. Each point on a graph is located by using 


MAP of GRAPHTOWN 


North 
Northwest Northeast 


North 3 Ave. | | i 
er Sted LR Ed 


| i { | 

sae Ser ar = = ee 
wuse™ wn) Aig a) wa) | 

| North 2 Ave. =a aon | 
ppp I A EL Ot St 
i i | na) n> | 

North 1 Ave.| 9) 9) 


West East 


nanan .| South 1 Ave.| 
Rn tr tr ns uth fee ca aa i si 
+t mM N aaa) { | i 
South 2 Ave. 
A Rl oe 2A —— s nt 
=| =| =| = South 3 Ave. | 
eit Mico Rl Pde ai Sod: Res Wee Seer | 
ary | i | 
| es ee ee i | i : ne | 
Southwest Southeast 
South 
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an x number and a y number. The points B, M, L, S, and T on the graph correspond to the map position of the 
bank, museum, library, school, and town hall, respectively. 


Note how, in Fig. 7-5, quadrant I corresponds to the northeast map section, quadrant IT to the northwest, 


quadrant III to the southwest, and quadrant IV to the southeast. 


1.1. 


1.2. 


1.3. 


Use the map and graph in Exercises 1.1 and 1.2. 


LOCATING POINTS ON A GRAPH 


On the graph shown in Fig. 7-5, locate each point, placing the x coordinate before the y coordinate: 


a) B (+2, +2) or (2, 2) d) L (—4, —3) 
b) M (3, +3) or (—3, 3) e) S (+2, —3) or (2, —3) 
Cc) T (0, 0), the origin 


LOCATING POSITIONS ON A MAP 


On the map of Graphtown, locate the position of each indicated building, placing the street before the 
avenue. 


Buildi Position (Ans.) Buildi Position (Ans.) 
a) Bank (E 2 St., N 2 Ave.) d) Library (W 4 St., S 3 Ave.) 
b) Museum (W 3 St., N 3 Ave.) e) School (E 2 St., S 3 Ave.) 
c) Townhall (Center St, Main Ave.) 


COORDINATES OF POINTS IN THE FOUR QUADRANTS 
Using Fig. 7-6, state the signs of the coordinates of: 


a) any point A inI 
b) any point B in II 
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1.4. 


1.5. 
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c) any point Cin II 

d) any point Din IV 

Ans. a) A: (+, +) (cn Ose Gameraam 
b) B:(—-, +) d) D: (+, —) 


COORDINATES OF POINTS BETWEEN THE QUADRANTS 


Using Fig. 7-7, state the zero value of one coordinate and the sign of the other for: 


a) any point P between I and II 

b) any point Q between II and II 

c) any point R between III and IV 

d) any point S between IV and I 

Ans. a) P: (0, +) c) R: (0, —) 
b) Q:(—, 9) d) S: (+, 0) 


GRAPHING A QUADRILATERAL 


If A(3, 1), B(—S, 1), C(—5, —3), and D(3, —3) are the vertices of the rectangle shown in Fig. 7-8, find 
its perimeter and area. 
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Solution: The base and the height of rectangle ABCD are 8 and 4. Hence, the perimeter is 24 units, and the 
area is 32 square units. Ans. 24, 32 


1.6. GRAPHING A TRIANGLE 
If A(45, —2), B(—25, —2), and C(1,5) are the vertices of the triangle shown in Fig. 7-9, find its area. 
Solution: The base BA = 7. The height CD =7. Since A = bh, A = (7)(7) = 244. Ans. 24 


2. GRAPHING LINEAR EQUATIONS 


A linear equation is an equation whose graph is a straight line. (Note: See Appendix B for an introduc- 


tion to graphing lines using a calculator.) 
To Graph a Linear Equation 


Graph: y = x + 4 (see Fig. 7-10) 


Procedure: Solution: 
1. Make a table of coordinates 1. Table of coordinate values: 
for three pairs of values as Since y = x + 4, Point Coordinates (x, y) 
follows: 
Let x have convenient values (1) Ifx =2,y=2+4=6>5 A (2, 6) 
such as 2, 0, and —2. Substitute (2) Ifx =O,y=O0 +4=-4>5 B (0, 4) 
each of these for x, and find the (3) Ifx = —2,y=—-2+4=2> ¢ (-2, 2) 


corresponding value of y. 


2. Plot the points and draw the 2. Join the plotted 
straight line joining them: points: 


NOTE: If correct, two points 
determine a line. The 
third point serves as a 
checkpoint to ensure 
correctness. 


An intercept of a graph is the distance from the origin to the point where the graph crosses either 
axis. See Fig. 7-11. 
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Fig. 7-11 


(1) The x intercept of a graph is the value of x for the point where the graph crosses the x axis. At this 
point, y = 0. 
Thus, for 2x + 3y = 6, the x intercept = 3. 
(2) The y intercept of a graph is the value of y for the point where the graph crosses the y axis. At this 
point, x = 0. 
Thus, for 2x + 3y = 6, the y intercept = 2. 


To Graph a Linear Equation by Using Intercepts 


Graph: 2x + 3y = 6 


Procedure Solution: 
1. Make a table of pairs of values as follows: 1. Table of coordinate values: 
Point | Coordinates (x, y) 
a) Let x = 0 to obtain the y intercept. a) Ifx=0,y =2. A (0,2) 
b) Let y = 0 to obtain the x intercept. b) If y=0,x =3. B (3,0) 
c) Obtain a third or checkpoint, using c) Ifx=-3,y =4. C (—3, 4) 
any convenient value for either unknown. 
2. Plot the points and join them with a 2. Join the plotted 
straight line. (See Fig. 7-12.) points: 


Equations of the First Degree 


(1) An equation of the first degree in one unknown is one which, after it has been simplified, 
contains only one unknown having the exponent 1. 
Thus, 2x = 7 is an equation of the first degree in one unknown. 
(2) An equation of the first degree in two unknowns is one which, after it has been simplified, 
contains only two unknowns, each of them in a separate term and having the exponent 1. 
Thus, 2x = y + 7 is an equation of the first degree in two unknowns, but 2xy = 7 is not, since x 
and y are not in separate terms. 
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Rule 1. The graph of a first-degree equation in one or two unknowns is a straight line. Hence, such equations are 
linear equations. 


Thus, the graphs of the equations y = x + 4 and 2x + 3y = 6 are straight lines. 


Rule 2. The graph of a first-degree equation in only one unknown is the x axis, the y axis, or a line parallel to one 
of the axes. Thus, in Fig. 7-13. 


(1) The graph of y = 0 is the x axis, and the graph of x = 0 is the y axis. 
(2) The graphs of y = 3 and y = —3 are lines parallel to the x axis. 
(3) The graphs of x = 4 and x = —4 are lines parallel to the y axis. 


NOTE: The coordinates of any joint of intersection of two such lines are obtainable from the 
equations of these lines. Thus, (4, 3) is the intersection of x = 4 and y = 3. 


Rule 3. If a point is on the graph of an equation, its coordinates satisfy the equation. Thus, in Fig. 7-14, x = 1, and 
y =4, the coordinates of P on the graph of y =x + 3, satisfy the equation y =x + 3. 


Fig. 7-14 


Rule 4. If a point is not on the graph of an equation, its coordinates do not satisfy the equation. 
Thus, x = 3 and y = 4, the coordinates of B, which is not on the graph of y = x + 3, do not 
satisfy the equation y = x + 3. 


2.1. MAKING TABLES OF COORDINATE VALUES 


Complete the table of values for each equation: 


a) y=2x —3 b) x=3y+1 c) x+2y=10 d) y=3 

(x,y) (4) (1) 2) | @) ) @) | G) 
(1) (-2, 2) () (2, ~2) xl 9 9 9 x | -—2 | 0 2 
ae ele. Sree eT 


(Vertically arranged tables) (Horizontally arranged tables) 
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Solutions: 


If one of two coordinate values is given, the corresponding value is found by substituting the 
given value in the equation and solving. 


a) (x, y) b) (% y) c) M|@ |] @ d) GQ) | @ | @ 
CQ) | (-2, -7) (1) | (-5, —2) x | 14 10 6 x => 0 2 
(2) | (, —3) (2) | C, 0) y| 2} 0 2 y | 3 3°\| 3 
P| een) ose) (y = 3 for all values of x.) 


2.2. RULE 1. GRAPHING LINEAR EQUATIONS 


Using the same set of axes, graph: 


x KS 2 
a) y= 7 andy=5~-—x b) y=—y—andy = 3 
2 2 
Procedure: Solutions: (See Fig. 7-15.) (See Fig. 7-16.) 
1. Make a table of values: Point | (x, y) Point | (@, y) G|H|I Jo|K [L 
A | (-2, -1) D | (~2,7) x }-2} O|2 x {|2]0 |2 
B | (,0) E |@5) y|-2/-1]o0 y|] 3] 3 
Cc (2, 1) F (2, 3) 


2. Join the plotted points: 


Fig. 7-16 
2.3. GRAPHING LINEAR EQuATIONS, USING INTERCEPTS 
Graph, using intercepts: 
a) 2x + Sy = 10 b) 3x — 4y =6 
Procedure: Solutions: (See Fig. 7-17.) (See Fig. 7-18.) 
1. Make a table of values: Point (x, y) Point (, y) 
a) Let x = 0 to find y intercept: A (0, 2) D {0,15} 
b) Let y = 0 to find x intercept: B (5, 0) E (2, 0) 


c) Obtain a checkpoint: C (25, 1) F (4, 1D 
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2. Join the plotted points: 


(b) 


Fig. 7-17 Fig. 7-18 


2.4. RULE 2. GRAPHING EQUATIONS OF FIRST DEGREE IN ONLY ONE UNKNOWN 
Using a separate set of axes for each, graph: 
a) x = —4,x =0, x = 25 (See Fig. 7-19.) b) y=33,y =0, y = —4 (See Fig. 7-20.) 
Solutions: (Each graph is an axis or a line parallel to an axis.) 


a) Graphs of x = —4andx = 2;are parallel 5) Graphs of y = 34 and y = —4 are parallel tox 
to y axis. Graph of x = 0 is the y axis. axis. Graph of y = 0 is the x axis. 


Fig. 7-19 


2.5. RULE 3. COORDINATE VALUES OF ANY POINT ON A LINE 


Points A(4, 3) and B(—S, 6) are on the graph of x + 3y = 13. Show that their coordinates satisfy 
the equation. See Fig. 7-21. 
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Solutions: (Substitute to test each pair of coordinate values.) 


Test for A (4, 3): 


x + 3y = 13 
4 + 3(3) 2 13 
13 = 13 
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Test for B (—5S, 6): 


x + 3y 


13 
2 13 
13 = 13 


2.6. RULE 4. COORDINATE VALUES OF ANY POINT NOT ON A LINE 


[CHAP. 7 


Points C(4, 4), D(—2, 3), and E(0, 5+) are not on the graph of x + 3y = 13 used in 2.5. Show that 
their coordinates do not satisfy the equation. 


Solutions: (Substitute to test each pair of coordinate values.) 


Test for C(4, 4): 


x + 3y = 13 
4 + 3(4) 2 13 
4+ 12213 

16 4 13 


Test for D(—2, 3): 


x + 3y = 13 
—2 + 3(3) 2 13 
—2+9 213 
7413 


2.7. INTERCEPTS AND POINTS OF INTERSECTION 


The graphs of 3x + 2y = 6,x + 2y = —2, and 2y — 3x = 6 are shown in Fig. 7-22. Find: 


a) the x and y intercepts of each line 


b) the coordinates of their points of intersection 


Solutions: 

a) (Let y = 0) (Let x = 0) 
x Intercept | y Intercept 

3x + 2y =6 2 3 

x+2y =—2 —2 7-1 

2y —3x =6 —2 3 


Test for E(0, 53): 


x + 3y = 13 
0+ 3652.13 
16 413 
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b) A(4, —3) is the point of intersection of 3x + 2y = 6andx + 2y = —2. 
B(O, 3) _ is the point of intersection of 3x + 2y = 6 and 2y — 3x = 6. 
C(—2, 0) is the point of intersection of x + 2y = —2 and 2y — 3x =6. 


3. SOLVING A PAIR OF LINEAR EQUATIONS GRAPHICALLY 


The common solution of two linear equations is the one and only one pair of values that satisfies both 
equations. 

Thus, x = 3, y = 7 is the common solution of the equations x + y = 10 and y =x + 4. Note that the 
graphs of these equations meet at the point x = 3 and y = 7. Since two intersecting lines meet in one and 
only one point, this pair of values is the common solution. 


Consistent, Inconsistent, and Dependent Equations 


(1) Equations are consistent if one and only one pair of values satisfies both equations. Thus, 
x + y = 10 and y =x + 4, shown in Fig. 7-23, are consistent equations. 


Fig. 7-23 


(2) Equations are inconsistent if no pairs of values satisfies both equations. Thus, in Fig. 7-24, 
x + y=3 and x + y =5 are inconsistent equations. Note that the graphs of these equations are 
parallel lines and cannot meet. There is no common solution. Two numbers cannot have a sum of 3 
and also 5. 


Fig. 7-25 


(3) Equations are dependent if any pair of values that satisfies one also satisfies the other. Thus, in Fig. 
7-25, y =x +2 and 3y = 3x + 6 are dependent equations. Note that the same line is the graph of 
either equation. Hence, any pair of values of a point on this line satisfies either equation. 
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If equations are dependent, one equation can be obtained from the other by performing the same opera- 
tion with the same number on both sides. Thus, 3y = 3x + 6 can be obtained from y = x + 2 by multiplying 
both sides of y = x + 2 by 3. 


To Solve a Pair of Linear Equations Graphically 


Solve x + 2y = 7 and y = 2x + 1 graphically and check their common solution. 


Procedure: Solution: 


1. Graph each equation, using 1. x+2y=7 y=2x41 


the same set of axes: (x, y) (x, y) 
A(7, 0) D(~1, ~1) 
BO, 1 E(0, 1 SB 
CD ve ET ERTS PN 
C3, 2) F(1, 3) (2 7 10 Sens 
Sia tbrecsenes: 
CI 


Fig. 7-26 


2. Find the common solution: 2. The common solution is the pair of coordinate 
values of the point of intersection: x = 1, y = 3. 


3. Check the values found: 3. Check, using x = 1 and y = 3: 
x+2y=7 y=2x +1 
1+627 322+1 
cw) 3=3 


3.1. FINDING COMMON SOLUTIONS GRAPHICALLY 


From the graphs of 3y + x =5,x + y = 3, andy = x + 3 shown in Fig. 7-27, find the common 
solution of: 


a) 3y+x=Sandx+y=3 
b) 3y+x=Sandy=x+3 
ec) x+y=3andy=x+3 


Solutions: 
The common solution is the pair of values of the coordinates at the points of intersection. 


Ans. a)x=2,y=1 b) x= —l,y =2 c) x =0,y =3 


3.2. CONSISTENT EQUATIONS AND THEIR GRAPHIC SOLUTION 
Solve each pair of equations graphically: 


a) y=3 b) y=I1 c) xty=8 
x=4 y=x-2 y=xt6 
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Solutions: See Fig. 7-28. See Fig. 7-29. 
a) Graph of y = 3 Graph of x = 4 b) Graph of y = 1 y=x-2 
is aline parallel _is a line parallel is a line parallel 
to x axis. to y axis. to x axis @ ») 
(—2, —4) 
(0, ~2) 
(2, 0) 


Fig. 7-28 
Using intersection point A, Using intersection point B, 
x=4,y=3_ Ans. x=3,y=1 Ans. 


c) See Fig. 7-30. 


x+y=8 y=xt6 
@ y) (%, y) 
(0, 8) (—2, 4) 
(2, 6) (0, 6) 
(4, 4) (2, 8) 


Using intersection point C, 


x= Ly HT Ans. 
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3.3. INCONSISTENT EQUATIONS 


Show graphically that there is no common solution for the following pair of equations: 


xty=4 2x = 6 — 2y 
Solution: See Fig. 7-31. x+y=4 


(x, y) (x, y) 
(0, 4) (0, 3) 
(4, 0) (3, 0) 
(2, 2) (2, 1) 


Fig. 7-31 


The graphs are parallel lines. Hence, the equations are inconsistent, and there is no common 
solution. 


3.4. DEPENDENT EQUATIONS 


For the equations x — 2y = 2 and 2x = 4y + 4, show graphically that any pair of values satisfy- 
ing one equation satisfies the other equation also. See Fig. 7-32. 


Solution: 


x-2€y=2 %w=4y+4 


(x, y) (x, y) 
(0, —1) (=2;:=2) 
(2, 0) (—4,.-3) 


(4, 1) (1, 3) 


The same line is the graph of the two equations. Hence, any pair of values satisfying one equation 
satisfies the other also. 


4. DERIVING A LINEAR EQUATION FROM A TABLE OF VALUES 


Deriving a Simple Linear Equation by Inspection 
A simple linear equation such as y = x + 3 involves only one operation. Any y value equals 3 added to 
its corresponding x value. Note this in the following table of values for y = x + 3: 
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yl 7 | o |) se [4 | 6 1B 
1 | 3 | 10 
A simple equation can be derived from a table of values by inspection. Once the single operation is 
found, the equation follows. For example, suppose we are given the table: 
y |4| 8 | 16 | 40 
x|/1/2]4 | 10 


An inspection shows that any y value equals 4 times its corresponding x value. Hence, its equation is y = 4x. 
Note also that in y =x + 3 andy = 4x, y is expressed in terms of x. In such cases, it is useful to place y 
values in a horizontally arranged table. 


Deriving a Linear Equation by the Ratio Method 


How can we derive a linear equation when two operations are involved, as in the case of y = 4x + 2? 
Here any y value equals 2 added to 4 times its corresponding x value. 

Examine the following table of values for y = 4x + 2 and notice that as x increases 1, y increases 4; as x 
increases 2, y increases 8; and finally as x decreases 1, y decreases 4. 


Change in y +4. +8 #4 
1 NONO™ 
y|6 | 10| 18 | 14 
wR Al 
Change in x +1 42 -1 


Compare each change in y (above the table) with the corresponding change in x (below the table). Notice 
that the y change or y difference equals 4 times the x change or x difference. From this, we may conclude 
that the equation is of the form y = 4x + b. The value of b may now be found. To find b, substitute any tabu- 
lar pair of values for x and y iny = 4x + b. 

Thus, iny =4x + b, substitute x = 1 and y = 6. 

6=4(0) +b 
2=b Since b = 2, the equation is y = 4x + 2. 


RULE: If a linear equation has the form y = mx + b, the value of m can be obtained from a table by using 
the ratio of the y difference to the corresponding «x difference; that is, 


__ y difference difference of two y values 
x difference corresponding difference of two x values 


(Think of m as the multiplier of x in y = mx + Db.) 


4.1. DERIVING SIMPLE LINEAR EQUATIONS BY INSPECTION 
Derive the linear equation for each table: 


a) b) c) d) 
y |3 | 4 | 10 | ee! Oe a y | 7 | 21 | 70 oe eae 
x |1 [2] 8 x |s | 3 [-1 x | 1] 3] x [6 | 15 | 27 
Solutions: 
a) Since each y value is 2 more than its corresponding x value, y =x + 2. Ans. 
b) Since each y value is 3 less than its corresponding x value, y =x — 3. 
c) Since each y value is 7 times its corresponding x value, y = 7x. 


d) Since each y value is one-third of its corresponding x value, y = 3° 
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4.2. DERIVING LINEAR EQUATION OF FoRM y = mx + b By RATIO METHOD 
Derive the linear equation for each table: 


a) b) 
yo) 1 [an a0 y | =e | 2 |. 18 
eo | ti] 2 x» |] 2 io |. 4 
Procedure: Solutions: 
1. Find m: 1. 1. 
+3 +6 +10 +20 
Cc NT™ CC NO™ 
y difference y | 1 | 4 | 10 y | 12. | 2 | 18 
n=. 
x difference x | 0 | 1 3 x | =2 | 0 | 4 
N74 NU. 
Al ae +2 +4 
43 +6 | +10 +20 
ares aero ea m "42 +4 
2. Find b: 2. Since m = 3, 2. Since m =5, 
Substitute any tabular pairs of y = 3x + b. Substitute y=5x tb. Substitute 
values in: x=O0y=1 y=18,x=4 
1 = + i = + 
canes iny =3x + b iny =5x +b 
1=3(0) + b 18 = 5(4) + b 
l=b —2=b 


3. y= 3x +1 Ans. 


3. y =5x—2 Ans. 


3. Form equation: 
y=mx +b 


5. MIDPOINT OF A SEGMENT 
The coordinates (Xm, Ym) of midpoint M of the line segment joining P(x, y1) to Q(22, y2) are: 
Xm — neal + x2) and Yin = sy1 a y2) 


In Fig. 7-33, segment y,, is the median of trapezoid CPQD, whose bases are y; and y2. Since the length 
of a median is one-half the sum of the bases, yn = 3(y1 + y2). Similarly, segment x is the median of trape- 
zoid ABQP, whose bases are x; and x2; hence, Xm = (x1 + x2). 


Fig. 7-33 
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5.1. 


5.2. 


APPLYING THE MIDPOINT FORMULA 


If M is the midpoint of PO, find the coordinates of (a) M if the coordinates of P and Q are P(3, 4) 
and Q(5, 8); (b) QO if the coordinates of P and M are P(1, 5) and M(3, 4). 


Solutions: 


(a) Xm = 21 + x2) = 33 +5) = 4; ym = 301 + y2) =74 + 8) =6. 
(b) Xm = 3001 + x2), so 3 =7(1 + x2) and x2 = 5; ym =5(1 + y2), so 4 =7(5 + yz) and y2 = 3. 


DETERMINING IF SEGMENTS BISECT EACH OTHER 
The vertices of a quadrilateral are A(0, 0), B(O, 3), C(4, 3), and D(4, 0). 
(a) Show that ABCD is a rectangle. 


(b) Show that the midpoint of AC is also the midpoint of BD. 

(c) Do the diagonals bisect each other? Why? 

Solutions: 

(a) From Fig. 7-34, AB = CD = 3 and BC = AD = 4; hence, ABCD is a parallelogram. Since 7 BAD 
is a right angle, ABCD is a rectangle. 

(b) Midpoint of AC= (2, >) = midpoint of BD. 

(c) Yes; they are congruent and have the same midpoint. 


D4, DI 


Fig. 7-34 


6. DISTANCE BETWEEN TWO POINTS 


Rule 1. The distance between two points having the same ordinate (or y value) is the absolute value of the difference of 


their abscissas. (Hence, the distance between two points must be positive.) 
Thus, the distance between points P(6, 1) and Q(9, 1)is9 — 6 =3. 


Rule 2. The distance between two points having the same abscissa (or x value) is the absolute value of the difference of 


their ordinates. 
Thus, the distance between points P(2, 1) and Q(2, 4) is 4 — 1 =3. 


Rule 3. The distance d between points P\(x1, y1) and P2(x2, yz) is: 


6.1. 


d= V(x, —xP +2 —y)? or d= V(Ar) + (Ay)? 


The difference x, — x, is denoted by the symbol Ax; the difference y, — y, is denoted by Ay. Delta (A) is 
the fourth letter of the Greek alphabet, corresponding to our d. The differences Av and Ay may be positive or 
negative. 


FINDING THE DISTANCE BETWEEN TWO POINTs BY USING THE DISTANCE FORMULA 


Find the distance between the points (a) (—3, 5) and (1, 5); (6) (3, —2) and (3, 4); (c) (3, 4) and 
(6, 8); (d) (—3, 2) and (9, — 3). 
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6.2. 


6.3. 
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Solutions: 


(a) Since both points have the same ordinate (or y value), d = x2 — x1 =1 —(—3) = 4. 
(b) Since both points have the same abscissa (or x value), d = y2 —y1 =4 —(—2) =6. 


(©) d= Va — 1) + 62 — yw)? = Vio — 3" + 8 4 = V+ = 
(@) d = Veer — 1)? + 2 — = V9 — ay? + C3 -2)? = V2? + 5 = 13 


APPLYING THE DISTANCE FORMULA TO A TRIANGLE 


(a) Find the lengths of the sides of a triangle whose vertices are A(1, 1), B(1, 4), and C(5, 1). 
(b) Show that the triangle whose vertices are G(2, 10), H(3, 2), and J(6, 4) is a right triangle. 


Solutions: 


See Fig. 7-35. 


Fig. 7-35 


(@) AC=5—1 =4 and AB =4 —1 =3; BC = V6 —1)? + —4% = V# + (372 =5. 
(b) (GJ)? = (6 — 2)? + (4 — 10)” = 52; (JY =(6 — 3% + (4 — 2% = 13; (GHY =(2 — 3P + 
(10 — 2)? = 65. Since (GJ + (HJ)? = (GH), AGHJ is a right triangle. 


APPLYING THE DISTANCE FORMULA TO A PARALLELOGRAM 
The coordinates of the vertices of a quadrilateral are A(2, 2), B(3, 5), C(6, 7), and D(5, 4). Show 
that ABCD is a parallelogram. 


Solution: 


See Fig. 7-36, where we have: 
AB = VQ — 27 +6 — 2% = Vi? +? = V10 
CD = V6 — 5)? + (7-4 = VP? + 3? = V0 
BC = VO —3P +7 —SP = VP 4P =VB 
AD = V6 — 27 + (4 — 27 = V324 2 = V13 


Thus, AB = CD and BC = AD. Since opposite sides are congruent, ABCD is a parallelogram. 
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Supplementary Problems 


7.1. State the coordinates of each lettered point on the graph in Fig. 7-37. 


7.2. Plot each point and locate it with reference to quadrants I to IV: 


A(—2, —3) C(O, —1) EG, —4) GO, 3) 
BE-3,2). D(-3, 0). FOS 2D AG; 0) 


Ans. See Fig. 7-38. 
FisinI 

Bisin il 

A is in I 

EisinIV 

G is between I and II 
D is between II and III 
Cis between III and IV 
H is between IV and I 
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(1.1) 


(1.3, 1.4) 
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7.3. Plot each point: A(2, 3), B(—3, 3), C(—3, —2), D(2, —2). Find the perimeter and area of square ABCD. 
(1.5) 


Ans. Perimeter of square formed is 20 units, its area is 25 square units. See Fig. 7-39. 


pt J 
an 
nae 
dl 


ae ee 


7.4. Plot each point: A(4, 3), B(—1, 3), C(—3, —3), D(2, —3). Find the area of parallelogram ABCD and 
triangle BCD. (1.5, 1.6) 


Ans. Area of parallelogram = bh = 5(6) or 30 square units. See Fig. 7-40. 
Area of ABCD = xbh = 3(30) = 15 square units 


N 
pag | t | | Vodet3y| | 


Ree Se) URES 
Fig. 7-40 
7.5. Graph each equation after completing each table of values: (2.1, 2.2) 
a) y = —4 (See Fig. 7-41.) b) y = 2x (See Fig. 7-42.) c) x = 2y +3 (Fig. 7-43.) 
(x, y) (x y) (x, y) 
A (—2, ?) D (=2,.2) G (2, -1) 
B (0, ?) EB (0, ?) H (?, 0) 
Cc (2, ?) F (2, ?) I (?, 1) 
Ans. @) (x, y) Ans. (b) (x, y) Ans. C) (x, y) 
A (—2, —4) D (—2, —4) G d, —1) 
B (0, —4) E (0, 0) H (3, 0) 


Cc (2, —4) F (2, 4) I (5, 1) 
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7.6. Graph each equation, using intercepts: (2.3) 
a) 3x + 2y = 6 (See Fig. 7-44.) _b) 4y — 3x = 6 (See Fig. 7-45.) c) e a = = 1 (See Fig. 7-46.) 
Ans. d) (x, y) Ans. b) (x, y) Ans. C) (x, y) 
A |(0, 3) D \(0, 1) G |(0, 3) 
B {Q, 0) E \(—2, 0) H |(4, 0) 
C (4, -3) F /Q, 3) I \(—4, 6) 


Fig. 7-44 Fig. 7-45 Fig. 7-46 


7.7. Using one set of axes, graph each line and state the coordinates of their nine points of intersection: 


x=14,*%=0,x=-3,y =5,y =0,y = —23. (2.4) 


Ans. The points of intersection are: 


A(1z,0) D(-3, 5) GO, -24 
BU4,5)  E(-3, 0) Has, —24) 
C(O, 5) F(—3, —25) 1(0, 0) 


See Fig. 7-47. 
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Fig. 7-47 


7.8. Locate A(1, 0) and B(2, —4) on the graph of y + 4x = 4, and show that their coordinates satisfy the 
equation. Also show that C(2, 2) and D(—1, 3) are not on the graph of y + 4x = 4, and show that their 


coordinates do not satisfy the equation. (2.5, 2.6) 
Ans. Test A(1, 0). Test B(2, —4). Test C(2, 2). Test D(—1, 3). 
y+4x=4 y+4x=4 y+4x=4 y+4x=4 
0+4(0)24 —4+4(2)24 2+4(2)24 3+4(-1) 24 
4=4 4=4 10 #4 -1#4 
A is on graph. Bis on graph. C is not on graph. D is not on graph. 
See Fig. 7-48. 


Fig. 7-48 


7.9. The graphs of 2y — x = 6, 2y — x = 2, and 2y = 3x — 2 are shown in Fig. 7-49. Find: (2.7) 


a) the x and y intercepts of each line 
b) the coordinates of any point of intersection common to two graphs 


(Lety =0.) | (Letx = 0.) 


Ans. a) Equation x Intercept | y Intercept 
2y —x =6 —6 3 
2y —x =2 —2 


2y =3x —2 5 —1 
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b) (2, 2) is the point of intersection of 2y — x = 2 and 2y = 3x — 2. 
(4, 5) is the point of intersection of 2y — x = 6 and 2y = 3x — 2. 
Since 2y — x = 2 and 2y — x = 6 are parallel, they have no point of intersection. 


7.10. From the graph of 3x + 4y = 12, 4y + 7x = 12, and 3x + 4y = —4, find any solution to any two 
equations. (3.1) 


Ans. |The common solution of 3x + 4y = 12 and 4y + 7x = 12 is x = 0, y =3. The common solution of 3x 
+ 4y = —4 and 4y + 7x = 12 is x = 4, y = —4. Since 3x + 4y = 12 and 3x + 4y = — 4 are parallel, 
there is no common solution. See Fig. 7-50. 


SELL 
paeeess 
albu cba 


‘A 
“a 


| PAZ 
ap 2a7ao8 
vane 


Fig. 7-50 
7.11. Solve each pair of equations graphically: (3.2) 
a) y=-2 b) y=4 c) 3x +4y = -6 


Fig. 7-51 Fig. 7-52 Fig. 7-53 


Ans. 22357 ==2 Ans. x= —2,y =4 Ans. x =2,y=—3 
See Fig. 7-51. See Fig. 7-52. See Fig. 7-53. 
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7.12. Graph each equation and determine which equations have no common solution: 


7.13. 


GRAPHS OF LINEAR EQUATIONS 


a) 2x+3y=6 
5x + 3y =6 
2x + 3y = —3 


KAT TON 
aNSEERS 
SENSEER 
mE a 


> 


2x + 3y =6 and 2x + 3y = — 3 have no 
common solution. See Fig. 7-54. 


b) y+t2x=0 
2y — 3x =6 
y=3— 2x 


Fig. 7-55 


y =3 — 2x and y + 2x = 0 have no common 
solution. See Fig. 7-55. 


Graph each equation and determine which equations are such that any pair of values satisfying one 


equation satisfies the other also: 


a) 2y-—x=2 
y + 2x=6 
3x = by — 6 


SEZRA0RERNEREE 
Patt TT YT TIN Th 


Fig. 7-56 


The graphs of 2y — x = 2 and 3x = 
6y — 6 are the same line. A pair of values 
satisfying one equation satisfies the other. See 
Fig. 7-56. 


(3.4) 


b) 2y=x—-4 
x+4y=4 
8y = 8 — 2x 


POT VT TT 


Fig. 7-57 


The graphs of x + 4y = 4 and 8y = 8 — 
2x are the same line. A pair of values satisfy- 
ing one equation satisfies the other. See Fig. 
7-57. 
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(3.3) 
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7.15. 


7.16. 


7.17. 
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7.14. Derive the linear equation for each table: (4.1) 
a y|5/]8 9 b) y | -4} -6 | -10 c) y | —8] —7 |} -3 d) y|} -1]1 4 
x {2 ]5 6 x | 2] 3) -5 x 0 1 5 x | —3 | 3 12 
ey) y{2]/2 [2 fy y | 4 2/0  g) ple |9 | 15 A) #4 |9_| =2 
x | 7 |-7 | 20 x | 3 5 | 7 q|8 | 12 | 20 s | 1z |-25] 5 
Ans. a) y=x +3 b) y=2x c) yr=x-8 dy=5 
e) y=2 pf REST g) p=ig h) r=s+3 
Derive the linear equation for each table: (4.2) 
a y|o—l | 1] 5 b)_y | —1 | 3 15 c) y | 4 3] =2 d) p|8s& | 0 | —4 
x| 0 | 1] 3 -1 lo | 3 xl-1 lol 5 q | 0 6 
ec) y| 2/8]14 fy |-9 |-4] 6 g) y|6 | 0 |-2 hy) s {1 {347 
x | 210 2 x —3 0 | 2 x | 0 3 4 t |-4 8 
Bee Fe RE BR He He OF |) a ST iy | 7 |\2\-4 oa |s/7| un 
x 1 4 8 x 5 3 1 x Fl 2 6 b | 6 15 
Ans. a) y=2x—1 b) y=4x +3 c) y=-x +3 d) p=~—2q+t8 
e) y=3xt8 fp y=5sx—-4 g) y= 2x +6 h) s=3tt3 
i) y=3xt4 Jd y=hk—8 k) y= 3x4 l) a=%t1 
Find the midpoint of the segment joining: (5.1) 
a) (0, 0) and (8, 6) e) (—20, —5) and (0, 0) i) (3, 4) and (7, 6) 
b) (0, 0) and (5, 7) Sf) (O, 4) and (0, 16) J) (—2, —8) and (—4, — 12) 
c) (0,0) and(—8,12) ~~ g) (8,0) and (0, —2) k) (7, 9) and (3, 3) 
d) (14, 10) and (0, 0) h) (10, 0) and (0, —5) 2) (2, —1) and (—2, —5) 
Ans. a) (4, 3) b) (24, 34) c) (4, 6) d) (7,5) e) (-10,-24 _f) (0, 10) 
g) 4, —) hy (=5, -2) ) (5,5) J) (~3, ~10) k) (5, 6) !) (0, ~3) 
Find the midpoints of the sides of a triangle whose vertices are: (5.1) 
a) (0, 0), (8, 0), (0, 6) d) (3,5), G, 7), G, 11) 
b) (~6, 0), (0, 0), (0, 10) e) (4,0), (0, —6), (—4, 10) 
c) (12,0), (0, —4), ©, 0) f) (—1, —2), O, 2), , 1) 
Ans. a) (4,0), (0, 3), (4, 3) d) (4, 6), (4, 9), (3, 8) 
b) (3,0), (0, 5), (—3, 5) e) (2, —3), (—2, 2), (0, 5) 
c) (©, ~2), 0, 2), (6, 0) A 2%). GD ©, —9 
Find the midpoints of the sides of the quadrilateral whose successive vertices are: (5.2) 


7.18. 


a) (0,0), (0, 4), (2, 10), (6, 0) 
b) (3,5), (TL, 9), (7, 3), 6, ~D 


Ans. a) (0,2), (1, 7), (4, 5), G, 0) 
b) (2,7), (3, 6), (6, 1), C1, 2) 


c) (~2, 0), (0, 4), (6, 2), (0, —10) 


d) (—3, —7), (1, 5), Q, 0), (5, —8 


c) (~1, 2), 3, 3), 3, —4), (—1, —S5) 
O41 ed, 2 


) 
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7.19. 


7.20. 


7.21, 
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Find the distance between each of the following pairs of points: 


a) (0,0) and (0, 5) d) (—6, —1) and (—6, 11) 
b) (4, 0) and (—2, 0) e) (5, 3) and (5, 8.4) 

c) (0, —3) and (0, 7) f) (-1.5, 7) and (6, 7) 

b) 6 d) 12 
Find the distance between each of the following pairs of points: 
a) (0,0) and (5, 12) e) (—3, —6) and (3, 2) 

b) (—3, —4) and (0, 0) ft) (2,3) and (—10, 12) 

c) (0, —6) and (9, 6) g) (2,2) and (5, 5) 

d) (4, 1) and (7, 5) h) (0, 5) and (—5, 0) 

a) 13 b) 5 ce) 15 e) 10 f) 15 


p2Vs5 B4 Dd aV2 


Ans. a) 5 c) 10 e) 5.4 Pus 


Ans. d) 5 


g) 3V2 
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(6.1) 
g) (—3, —4) and (—3, 45) 
h) (a, b) and (2a, b) 


g)9 hya 


(6.1) 
i) (3,4) and (4, 7) 
J. (71, —1) and C1, 3) 


k) (—3, 0) and (0, V7) 
1) (a, 0) and (0, a) 


hy 5V2 ~~ i) V0 


Repeat Problems 7.10. and 7.11 using a graphing calculator. (See Appendix B for further details.) 


CHAPTER 8 


Introduction to 
Simultaneous 
Equations 


1. SOLVING A PAIR OF EQUATIONS BY ADDITION OR SUBTRACTION 


To Solve a Pair of Equations by Adding or Subtracting 


Procedure: 


1. Arrange so that like terms are in the 
same column: 

2. Multiply so that the coefficients of one 
of the unknowns will have the same 
absolute value: 

3. To eliminate the unknown whose 
coefficients have the same absolute value: 

a) Add if their signs are unlike. 

b) Subtract if their signs are like. 


4. Find the remaining unknown by solving 
the resulting equation: 


5. Find the other unknown by substituting 
the value found in any equation having 
both unknowns: 


6. Check the common solution in each of 
the original equations: 
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Solve: (1) 3x —7=y 
(2) 4x —5y =2 


1. Arrange: (1) 3x —7=y3x-y=7 
(2) 4x —5y =2 
2. Multiply: 


Ms 3x —y =7— 15x — 5y = 35 


3. Eliminate y: 


15x — 5y = 35 
Subtract: 4x —5y = 2 
11x = 33 
4. Find x: Di 11x = 33 
x= 3 
5. Find y: 4x —5y = 2 
Substitute 3 for x: 4(3) —S5y = 2 
y= 2 

6. Check for x = 3, y = 2: 
(1) 3x-7=y (2) 4x —5Sy = 2 
3(3) -7 22 43) —5(2)2 2 
2=2 2= 2 
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1.1. | USING ADDITION OR SUBTRACTION TO ELIMINATE ONE UNKNOWN 


Add or subtract to eliminate one unknown; then find the value of remaining unknown: 


a) 5x + 3y=19 b) 10x +4y = 58 c) 10y = 38 — 6x d) 3x + 10 = 5y 
x+3y=11 13x —4y = 57 12y = 48 — 6x Tx + 20 = —S5y 
a) By subtraction, 4x = 8 b) By adding, 23x = 115 c) By subtraction, —2y = —10 
Ans. x = 2 Ans. x = 5 Ans. y = 5 
d) By adding, 10x + 30 = 0 
Ans. x = —3 
1.2. SoLuTions Nor REQUIRING MULTIPLICATION 
Solve by addition or subtraction and check: 
a) (1) 5x+3y =17 b) (1) 10x + 4y = 20 
(2) x+3y=1 (2) 13x — 4y = —66 
a) By subtracting, 4x = 16 b) By adding, 23x = —46 
x=4 x= —2 
Substitute 4 for xin x + 3y = 1 Substitute —2 for xin 10x + 4y = 20 
4+ 3y=1 —20 + 4y = 20 
y=-l y= 10 
Ans. x =4,y=-l Ans. x= -—2,y =10 
Check for x = 4, y = —1: Check for x = —2, y = 10 
(1)5x+3y=17) Q)x+3y=1 (1) 10x +4y= 20 (2) 13x —4y = —66 
20-3 217 4-321 —20 + 40 2 20 —26 — 40 2 —66 
17=17 1=1 20 = 20 —66 = —66 
1.3. SOLUTIONS REQUIRING MULTIPLICATION 
Solve by addition or subtraction: 
a) (1) 13x —4y=57 b) (1) 3r—5s=19 
(2) 5x + 2y = 29 (2) 2r—4s= 16 


Solutions: [In (a) one multiplication is needed, in (b) two are needed. ] 


a) (1) 13x —4y =57 b) (1) Mo 3r-5s=19>6r-— 10s= 38 
(2) Mo 5x + 2y = 29 > 10x + 4y = 58 (2) M3 2r — 4s = 16> 6r — 12s 48 
By adding, 23x = 115 By subtracting, 2s = —10 
x=5 s=—5 
Substitute 5 for x in 5x + 2y = 29 Substitute —5 for sin3r —5s = 19 
25 + 2y = 29 3r +25= 19 
y= 2 r= —2 


Ans. x =5,y =2 Ans. s = —5,r = —2 
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1.4. 


1.5. 


1.6. 


INTRODUCTION TO SIMULTANEOUS EQUATIONS 


SOLUTIONS REQUIRING REARRANGEMENT OF TERMS 


Rearrange, then solve by addition or subtraction: 


a) (1) 
(2) 


Procedure: 


1. Rearrange: 


2x +y = 16 


Solutions: 


(1) 2x+y=16 


(2) 5x +y=25 


b) () 
y =25 — 5x (2) 
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3(x —2) = 8y +1 


8(y + 1) =4x -4 


(1) 3x-8y= 7 
(2) —4x + 8y = -12 


2. Add or subtract: By subtraction —3x = —9 By adding =~==5 
x= 3 x=5 
3. Substitute: Substitute 3 for x in Substitute 5 for x in 
2x ty = 16 3a — 2) = 8y + 1 
6+y=16 9=8y+1 
y= 10 l=y 
Ans. x =3,y = 10 Ans. x =5,y =1 
FRACTIONAL PAIRS OF EQUATIONS 
Solve by addition or subtraction: 
ay () wty=s b) (1) e+ 5=—2 
(2) bw-iy=-3 (2) —2a — 3b = —6 
Solutions: 
‘ a a _ 4 
a) Gd) #+HW= 5 b) () M, io OR 
Q) R-b=-3 
By subtracting y —8 M, a+ 5b=— 
Substitute 8 fory in tx +ty=5 2a + 10b = — 
ty 42=5 (2) —2a — 3b = —6 
x=6 By adding Tb = —14 b= -—2 
A oe Substitute —2 for b in —2a —3b = —6 
ns. xX —90,y = —2a +6 = -6 
Ans. a=6,b=-—2 
DECIMAL PAIRS OF EQUATIONS 
Solve by addition or subtraction: 
a) (1) 0.3x = 0.6y b) (1) 0.2x = 0.05y + 75 
(2) x + 6y = 8000 (2) 3x —5y = 700 
Solutions: 
(1) Myo 0.3x = 0.6y (1) Moo 0.2x = 0.05y + 75 
Rearrange 3x = 6y Rearrange 20x = 5y + 7500 
3x — by = 0 20x — Sy = 7500 


(2) x + 6y = 8000 

By adding 4x = 8000 x = 2000 

Substitute 2000 for x in x + 6y = 8000 
2000 + 6y = 8000 


Ans. x = 2000, y = 1000 


(2) 3x —5y= 700 
By subtracting 17x =6800 x = 400 
Substitute 400 for x in 3x — 5y = 700 
1200 — 5y = 700 


Ans. x = 400, y = 100 
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2. SOLVING A PAIR OF EQUATIONS BY SUBSTITUTION 


To Solve a Pair of Equations by Substitution 


Solve: (1) x —2y= 7 
(2) 3x + y=35 


Procedure: Solution: 
1. After studying the equations to determine 1. Express x in terms of y: 
which transformation provides the easier (1) x-2y=77x=2y +7 


expression for one of the unknowns, express 
one unknown in terms of the other by 
transforming one of the equations: 


2. In the other equation, substitute for the 2. Substitute for x: 
first unknown the expression containing Substitute 2y +7 for x in 3x + y =35 
the other unknown: 3(2y +7) +y =35 
3. Find the remaining unknown by solving 3. Find y: 6y + 21 +y =35 
the resulting equation: Ty = 14 
y=2 
4. Find the other unknown by substituting the 4. Find x: Substitute 2 for yin x = 2y +7 
value found in any equation having both x=4A4+7 
unknowns: 2= 
5. Check the common solution in each of the 5. Check for x = 11, y = 2: 
original equations: (1) x-2y=7 (@) 3x+y=35 
11 —2(2) 27 3(11) +2235 
7=7 35 = 35 
Supplementary Problems 
8.1. Add or subtract to eliminate one unknown; then find the value of the remaining unknown: (1.1) 
a) 3x —~y=21 c) m+4n=6 e) 8r = 11 —5s 
2x +y=4 m— 2n = 18 5r =15 + 5s 
b) Ta +b=22 d) 3k+5p=9 f) —10u = 2v + 30 
Sa t+ b=14 3k—p=-9 —u=—2v + 14 
Ans. a) x = 5 (Add, 5x = 25) c) n = —2 (Subtract, 6n = —12) e) r =2 (Add, 13r = 26) 
b) a =4 (Subtract, 2a = 8) d) p = 3 (Subtract, 6p = 18) f) u = —4 (Add, —11lu = 44) 
8.2. Solve by addition or subtraction: (1.2) 
a) Tat+t=42 c) 2a + 5s = 44 e) 8r—-1 =3t 
3a—-t =8 6a —5s = —8 8r +1 =9t 
b) 4r—2s = —14 dad) 7c — 3d =23 f) —7Tg =31 — 2h 
4r —5s = —32 —2c — 3d =5 —17g =17 + 2h 
Ans. a) a=5,t =7 (Add) c) a = 45, s =7 (Add) e) r = +, t = 3 (Subtract) 


b) r = —4, s = 6 (Subtract) d) c =2, d= —3 (Subtract) f) g = —2,h = 8} (Add) 
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8.3. 


8.4. 


8.5. 


8.6. 


8.7. 


Solve by addition or subtraction. (One multiplication is needed before adding or subtracting.) 


a) (1) & —y=5 
(2) 3x + 3y =21 


b) (1) A+4B=18 


(2) 5A + 3B =5 


Ans. a) x =4,y =3 (M; 


in equation | and add) 


b) A=~—2,B =5 (Ms 
in equation | and subtract) 


c) (1) 3c + 5d =11 


(2) 2c —d=16 
d) (1) 7r =5s + 15 
(2) 2r=s+9 


c) c=7,d = —2 (M, 
in equation 2 and add) 


d) r=10,s =11 (Ms 
in equation 2 and subtract) 
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(1.32) 


e) A) 3h -4j = 13 


(2) -6h + 3j = -21 


f) Cl) 6 =3v+ 63 


(2) 5t =9v + 85 


e) h=3,j =—1(M, 


a) 


in equation | and add) 


t=8,v = —5 (M3 
in equation | and subtract) 


Solve by addition or subtraction. (Two multiplications are needed before adding or subtracting.) (1.35) 


e) (1) —3m + 4p = —-6 


a) (1) 3x + Sy = 11 
(2) 4x — 3y = 5 
b) (1) 5t — 2s = 17 
(2) 8& + 5s = 19 


Ans. a) x =2,y=1(M, in 
equation 1, M3 in 


equation 2, and subtract) 


b) t=3,s=—1 (Min 


equation 1, M, in 
equation 2, and add) 


c) (1) 8a + 3b = 13 
(2) 3a + 2b=11 

d) (1) 6¢ +12b =7 
(2) 8¢ —15b = -1 


c) a=—1,b=7(M) in 
equation 1, Mz in 
equation 2, and subtract) 

d) c=3,b =>(My, in 
equation 1, M, in equation 
2, and subtract) 


Rearrange; then solve by addition or subtraction: 


a) 3x—y=I17 


y=8— 2x 
b) 2y— 7x =2 
3x = 14—y 


Ans. a) x =5,y = —2 
e)r=2,s =7 


Solve by addition or subtraction: 


b) x =2,y =8 
fPW=7;Z=11 


c) 9 =8p —5q 
10 + 7g = 6p 

d) 10C—9D=18 
6D + 2C=1 


ad wha =4 SK aN = ii 
x — 2d = —2 2K +3N = 4 
db) Ge weail x—y=17 
Cass ar y= 0 
Ans. a) c=2,d =6 b)r=15,s =4 c) K =3,N=~—6 


e)r=10,p=~—1 


Solve by addition or subtraction: 


a) 3x — y = 500 
0.7x + 0.2y = 550 
b) a—~2b=500 


0.03a + 0.02b = 51 


c) y =4x— 100 
0.06y = 0.05x + 32 
d) 0.03C 4 


f)a=3,b =5 


openg= 


dD 


e) 


e) 
A 


e) 


(2) 5m — 6p = 8 

(1) 7r+ Ils =35 

(2) 6r — 12s = 30 

m = —2,p = —3 (M3in 
equation 1, Mb in equation 
2, and subtract) 

r=5,s =0(M,in 
equation 1, M, in equation 
2, and subtract) 


(1.4) 
12r — 3s =3 
3(r—l=s—4 
4(W + 3) =3Z +7 
2(Z—5)=Wt5 

jest pat 

(1.5) 
Sr 2p = 32 
+ 3p =-1 
5 Pp 
3b 
ae! 

a a 

5a, 25 

b b 

d)x =9,y=—8 
(1.6) 


Y 
2 


e) 0.8R — 0.7T = 140 
0.03R + 0.05T = 51 
t 0.04D = 44 f) 0.05(W + 2000) = 0.03(Y + 3000) 


0.04C + 0.02D = 42 


W =, + 500 
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8.8. 


8.9. 


8.10. 


8.11. 


INTRODUCTION TO SIMULTANEOUS EQUATIONS 


Ans. a) 


Substitute to eliminate one unknown, then find the value of the remaining unknown: 


a) y= 2x 
Tx —y =35 
b) a-b+t+2 
3a + 4b = 20 
e-5 
Cc) ~3 
3R + 2S = 36 
Ans. a) (Substitute 2x for y) 
x=7 


b) (Substitute b + 2 for a) 


b=2 


x = 500, y = 1000 
b) a =1400, b = 450 


y = 700, x = 200 
d) C=800,D =500 


d) 


e) 


d) 


c) soso 5 for r| oD) 


S=12 


Solve by substitution: 

a) x—-y=12 
3x =1—4y 

b) 5A — 8B =8 
B+A=12 


Ans. a) (Substitute y + 12 


forx)x =7,y = —5 


b) (Substitute 12 — B for A) 


A=8,B=4 


Solve by substitution: 
a) x—9b=0 
1 
Fb +— 
3 3 


d) h + 10m = 900 
0.4h = —2m + 300 


Ans. 4) 
b= 7x =3 


(Substitute 9b for x) 


c) 


c) 


d) 


b) 


b) 


d) (Substitute 900 — 10m for h) 


h = 600, m = 30 


r=4—1 

6t +r =79 
Sp 21g 
2q ~ 3p 

Sy — 9x = —24 
Sy = 11x 


(Substitute 4¢ — 1 for r) 
t=8 


(Substitute 2q¢ for 3p) 
q-9 


(Substitute 11x for Sy) 


x=-—12 

r—3s=11 
5s + 30 =4r 
p=27—5) 


4p +40 =r-—7 


(Substitute 3s + 11 for r) 
r=5,s=-2 
(Substitute 27 — 10 for p) 
pa lr -1 
r+5=2s 
4s + 1 
=3Fr =3 
5 
(Substitute 2s — 5 for r) 


s=3,r=2 


8) 


h) 


i) 


g) 


h) 


e) 


e) 


c) 


c) 


e) R = 700,T = 600 
Sf) W = 4000, Y = 7000 


[CHAP. 8 
(2.1) 
a=9—3b 
Tb + 5a = 33 
3d — 2g =27 
d-4~-g¢ 
t 
s=3 71 
6s +t =21 


(Substitue 9 — 3b for a) 
b=15 


(Substitute 4 — g for d) 
e=-3 


t 
sos 3 — | for | 


t=9 
(2.2) 
6a =7ce+7 
Tc —a = 28 
pags 
3 
3h — 2d = -6 


(Substitute 7c — 28 for a) 
a=7,c=5 


d 
[svosinne 3 + 5 for 7 
h =12,d =21 


(2.3) 


(Substitute 4d + 4 for c) 
c=16,d =3 


Solve the systems of equations in Problem 8.10 using a graphing calculator. 


CHAPTER 9 


Problem Solving and 
Mathematical 
Modeling 


The four steps of problem solving are as follows: 


1. Representation of unknowns by letters (preceded, obviously, by identification of all unknowns!). 
2. Translation of relationships about unknowns into equations. 

3. Solution of equations to find the values of the unknowns. 

4. Verification or check of the values found to see if they satisfy the original problem. 


1. NUMBER PROBLEMS HAVING ONE UNKNOWN: INTRODUCTION 
TO PROBLEM SOLVING 


In number problems having one unknown, a single relationship about the unknown is needed. After the 
unknown is represented by a letter such as n or x, this relationship is used to obtain an equation. 

The value of the unknown is found by solving the equation. However, the value found must be checked 
in the original problem. A check in any equation is insufficient since the equation may be incorrect. 


To Solve a Number Problem Having One Unknown 
Solve: Twice a certain number increased by 10 
equals 32. Find the number. 


Procedure: Solution: 
1. Represent the unknown by a letter: 1. Representation: Let n = number. 
2. Translate the relationship about 2. Translation: 

the unknown into an equation: Twice a certain number increased by 10 equals 32. 

A RISE a RET 
2n + 10 = 32 
3. Solve the equation: 3. Solution: 21 =220rn =11. Ans. The number 
is 11. 
169 
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1.1. 


1.2. 


1.3. 


PROBLEM SOLVING AND MATHEMATICAL MODELING 


4. Check the value found in the 


original problem: 
(Do not check in just any 
equation!) 


[CHAP. 9 


4. Check: Does 11 satisfy the statement “twice the 
number increased by 10 equals 32”? If it does, then: 


2(11) + 10 2 32 
32 = 32 


TRANSLATION OF STATEMENTS INTO EQUATIONS 


Using n to represent the unknown, express each statement as an equation; then find the unknown. 


a) If a number is decreased by 5, the result is 28. 
b) Three times a number, increased by 8, equals 41. 


c) Two-fifths of a number equals 18. 


d) A number added to one-fourth of itself equals 45. 


e) When 8 times a number is diminished by 20, the 


remainder is 28. 


jf) Ten exceeds one-fourth of a number by 3. 


VERIFICATION OR CHECK IN ORIGINAL STATEMENT 


Check each statement for the number indicated: 


a) Does 20 check in “one-fifth of the number increased by 3 is 7’? 


Check: 2 +327,4+327,7 =7 
b) Does 3 check in “7 times a number less 12 is 9”? 
Check: 7(3)— 12 29,21 —1229,9=9 


c) Does 24 check in “three-fourths of the number decreased by 10 equals 8”? 


Check: +24) — 10 2 8,18—-1028,8=8 


d) Does 21 check in “5 times the sum of the number and 8 is 3 times the number less 2”? Ans. 


Equation Value of n 
Ans. n—5=28 n = 33 
3n+ 8 =41 n=11 
2n 
35 18 n= 45 
no _ 
n as n = 36 


i= 9 28 
ri n= 
Ans. Yes 
Ans. Yes 
Ans. Yes 


No 


Check: 5(21 + 8) 2 3(21) — 2,5(29) 2 63 — 2, 145 #61 


COMPLETE SOLUTIONS OF NUMBER PROBLEMS 


a) Find a number such that 
3 times the number de- 
creased by 5 equals 19. 


Solutions: 


a) Letn = number. 


3n —5 = 19 
3n = 24 
n=8 
Ans. The number is 8. 
Check: 


Does 8 check in “3 times 
the number decreased by 5 
equals 19’? 


b) What number added to 40 


is the same as 5 times the 
number? 


b) Let n = number. 


n+ 40=5n 
40 =4n 
n=10 


Ans. The number is 10. 


Does 10 check in “the 
number added to 40 is 5 
times the number’? 


c) If 11 times a number is 
increased by 10, the result 
is 14 times the number 
less 5. Find the number. 


c) Letn = number. 
lin +10214n —5 
15 =3n 
n=5 


Ans. The number is 5. 


Does 5 check in “11 times the 
number increased by 10 is 14 
times the number less 5”? 
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24-5219 40 + 10 250 55 +10 270 —5 
19 = 19 50 = 50 65 = 65 


2. NUMBER PROBLEMS HAVING TWO UNKNOWNS 


In number problems having two unknowns, two relationships concerning the unknowns are needed. Such 
problems may be solved by one of two methods: 


Method 1. Using One Letter and Obtaining One Equation 
One of the relationships is used to represent the two unknowns in terms of one letter. The 
other relationship is then used to obtain a single equation. 


Method 2. Using Two Letters and Obtaining Two Equations 
Each of the unknowns is represented by a different letter. Each of the two relationships is 
then used to obtain a separate equation. 


The value found for the unknown by either method must be checked in the original problem. 


A Check in Any Equations(s) Is Insufficient Since It (They) May Be Incorrect! 


To Solve a Number Problem Having Two Unknowns 


Solve: One positive number is twice another. The larger is 
10 more than the smaller. Find the numbers. 


Procedure, Using One Letter: Solution: Method 1 

1. Represent one of the unknowns 1. Representation: Let s = smaller number. 
by a letter. Represent the other Then 2s = larger number, since the 
unknown in terms of the letter, larger is twice the smaller. 


using one of the relationships. 
2. Translate the other relationship 2. Translation: The larger is 10 more than the smaller. 
———— Cys 


into an equation: 


2s a s+ 10 
3. Solve the equation: 3. Solution: 2s —s = 10, s = 10, and 2s = 20. 
Ans. The numbers are 20 and 10. 
4. Check the values found in the 4. Check: Are the numbers 20 and 10? 
original problem: One number is twice another. The larger is 10 more 
than the smaller. 
Hence, 20 2 2(10) Hence, 20 2 10 + 10 
20 = 20 20 = 20 
Procedure, Using Two Letters: Solution: Method 2 
1. Represent each of the two 1. Representation: Let / = larger number 
unknowns by a different letter: s = smaller number 
2. Translate each relationship 2. Translation: One number,is twice another, 
into a separate equation: ] _ 2 
= S 
The larger is 10 more than the smaller, 
a ae) 
l a s +10 
3. Solve both equations: 3. Solution: Substitute 2s for/in/ = s + 10, 


2s =s +10, s = 10. 
Since! = 2s, 1 = 20. 


Ans. The numbers are 20 and 10. 
4. Check in the original problem: 4. Check: (Same as check for method 1.) 
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2.1. 


2.2. 


2.3. 


2.4. 


PROBLEM SOLVING AND MATHEMATICAL MODELING [CHAP. 9 
REPRESENTING TWO UNKNOWNS BY USING ONE LETTER 
If n represents a number, represent another number that is 
a) 5 more thann nt+5 
b) 10 less than n n— 10 
c) 5 times as large as n Sn 
d) one-fifth of n e 
e) the sum of twice n and 8 2n+ 8 
f) the product of n and 15 15n 
g) the quotient of n and 3 A 
h) 3 more than twice n 2n + 3 
i) 80 reduced by 6 times n 80 — 6n 
J) 10 less than the product of n and 5 5n — 10 
UsING ONE EQUATION FOR Two UNKNOWNS 
Express each statement as an equation: then find the numbers. 
a) Two numbers are represented by n andn + 5. Ans. n+(n+5) =3n— 3,n = 8 


Their sum is 3 less than 3 times the smaller. 


b) Two numbers are represented by n and 20 — n. 
The first is 3 times the second. 


c) Two numbers are represented by n and 3n — 2. 
The second number is twice the first number less 6. 


d) Two numbers are represented by n and 6n. 
Ten times the first exceeds the second by 18. 


UsING Two EQUATIONS FOR Two UNKNOWNS 


Numbers are 8 and 13. 


n = 3(20 — n),n = 15 


Numbers are 15 and 5. 


(3n- 2) = 2n'- 6,n = —4 
Numbers are —4 and —14. 


10n — 6n = 18,n = 43 


Numbers are 4+ and 27. 


Using s for the smaller number and / for the larger, obtain two equations for each problem; then 


find J and s. 

a) The sum of two numbers is 15. Ans. a)l+s=15 1=113,5 = 33 
Their difference is 8. l—s=8 

b) The sum of the larger and 8 is 3 times the smaller. b)1+8=3s 1=46,5 =18 
The larger reduced by 10 equals twice the smaller. — 10 = 2s 

c) Separate 40 into two parts such that the larger coc) l+s=40 1=44,5=~-4 


exceeds twice the smaller by 52. 


COMPLETE SOLUTION OF NUMBER PROBLEM HAVING Two UNKNOWNS 


The larger of two numbers is 3 times the smaller. Their sum is 8 more than twice the smaller. 


Find the numbers. 
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Method 1 


1. Representation, using one letter: 


Let s = smaller number 
3s = larger number, since larger is 3 
times as large 


2. Translation, using one equation: 


Their sum is 8 more than twice the smaller. 
—S—_—_—=__= 


3s +s a 25 +8 


3. Solution: 
4s = 2s + 8,25 =8 
s =4and 3s = 12 


Ans. Numbers are 12 and 4. 


4. Check: (Do this in the original problem.) 


3. CONSECUTIVE-INTEGER PROBLEMS 


Method 2 


1. Representation, using two letters: 


Let s = smaller number 
1 = larger number 


2. Translation, using two equations: 
Larger is 3 times the smaller. 
SY SY —— “/— YS 


qd) 7 = 3s 
[ heir sum,is 8 more than twice the smaller, 
(Ql+s = 2s +8 


3. Solution: Substitute 3s for /in (2): 
3s +s =2s + 8,25 = 8 
s =4and1 = 3s = 12 


Ans. Numbers are 12 and 4. 
4. Check: (Do this in the original problem.) 


An integer is a signed whole number. An integer may be a positive whole number such as 25, a nega- 


tive whole number such as —15, or zero. 


Each consecutive-integer problem involves a set of consecutive integers, a set of consecutive even inte- 
gers, or a set of consecutive odd integers. Each such set involves integers arranged in increasing order from 


left to right. 


NOTE: In the table in Fig. 9-1, 1 represents the first number of a set. However, n may be used to represent 
any other number in the set. Thus, a set of three consecutive integers may be represented by n — 1, 


n,andn + 1. 


3.1. | REPRESENTATION USING 7 FOR First INTEGER 


Using n for the first integer, represent: 


Table of Integers 


Illustrations 45.6, 7 
—4, -—3, -2,-1 


Representation 
of first consecutive number 
of second consecutive number 
of third consecutive number 


Consecutive Consecutive 
Even Integers | Odd Integers 


5, 7,9, 11 
-5, —3, -1,1 
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Representation 
a) Three consecutive integers and their sum Ans. ayn,n+1,n+2 Sum = 3n +3 
b) Three consecutive even integers and their sum b)n,n+2,n+4 Sum = 3n +6 
c) Three consecutive odd integers and their sum c) nnt+2,n+4 Sum = 3n +6 
d) Four consecutive integers and their sum Peace VOSS Sa ES 
REPRESENTATION USING 7 FOR MIDDLE INTEGER 
Using n for the middle integer, represent: 

Representation 
a) Three consecutive integers and their sum Ans. a) n-—1,n,n+1 Sum =3n 
b) Three consecutive even integers and their sum b) n-2,n,n +2 Sum =3n 
c) Five consecutive odd integers and their sum  #— 4.0 — Bn 

n+2,n+4 Sum =5n 


TRANSLATION IN CONSECUTIVE-INTEGER PROBLEMS 


Using n, n + 1, and n + 2 for three consecutive integers, express each statement as an equation; 


then find the integers. 


Equations Integers 
a) Their sum is 21. Ans. a) 3n +3 =21 6, 7,8 
b) The sum of the first two is 7 more b) 2n+1=(n+2) +7 8,9, 10 
than the third. 
c) The sum of the second and third c) 2n +3 =3n -2 5, 6,7 
is 2 less than 3 times the first. 
d) The third added to twice the first d) n+ (n+ 2)=2(n +1) +12 12, 13, 14 


is 12 more than twice the second. 


TRANSLATION IN CONSECUTIVE EVEN INTEGER PROBLEMS 


Using n, n + 2, and n + 4 for three consecutive even integers, express each statement as an 


equation; then find the integers. 


Equations Integers 

a) Their sum is 42. Ans. a) 3n +6 =42 12, 14, 16 
b) The second is half the first. by nt+2= “ 4, -2,0 
c) The first equals the sum of the second and third. c)n=2n+6 =6; =4,-2 
COMPLETE SOLUTIONS OF AN INTEGER PROBLEM 
Find five consecutive odd integers whose sum is 45. 
Solutions: 

Method 1 Method 2 
Represent the five consecutive odd integers, Represent the five consecutive odd integers, 


usingn,n +2,n +4,n+6,andn + 8. using n —4,n —2,n,n + 2,andn + 4. 
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Then, their sum = 5n + 20 = 45. Then, their sum = 5n = 45. 
5n = 25,n =5 (the first) n = 9 (the third) 
Ans. 5, 7,9, 11, 13 Ans. 55 7;-9; 11; 13 


4. AGE PROBLEMS 


Rule 1. 


To find a person’s future age in a number of years hence, add that number of years to her or his present age. 
Thus, in 10 years, a person 17 years old will be 17 + 10 or 27 years old. 


Rule 2. To find a person’s past age a number of years ago, subtract that number of years from his or her present age. 


4.1. 


4.2. 


4.3. 


4.4. 


Thus, 10 years ago, a person 17 years old was 17 — 10 or 7 years old. 


REPRESENTING AGES ON BASIS OF PRESENT AGE 


Represent the age of a person, in years, 


a) 10 years hence if present age is x years Ans. a) x + 10 
b) 10 years ago if present age is x years b) x — 10 
c) In y years if present age is 40 years c) 40 + y 
d) y years ago if present age is 40 years d) 40—y 
e) y years ago if present age is p years e) py 
REPRESENTING AGES 


Find or represent the age of a person (in years). (In the answer, the expression in parentheses is 
present age.) 


a) 5 years hence if she was 20 years old 10 years ago Ans. a) (20 + 10) + 5 = 35 
b) y years hence if he was 30 years old 5 years ago b) 30+ 5)+ty=y +35 
c) 5 years ago if she will be 20 years old in y years c) 20 —~y)—-5=15—y 


UsING ONE EQUATION FOR TWO UNKNOWNS IN AGE PROBLEMS 


Using 4S and S to represent the present ages of a father and his son, express each statement as 
an equation; then find their present ages. 


Equations Ages Now 
a) In 14 years, the father will be twice as Ans. a) 4S + 14 = 2(S + 14) 28,7 
old as his son will be then. S=7 
b) In 5 years, the father will be 21 years b) 3S +5 =28 + 21 32, 8 
older than twice the age of his son now. S=8 
c) Three years ago, the father was 5 times c) 4S —3 =5(S — 3) 48, 12 
as old as his son was then. S=12 


UsinG Two EQUATIONS FOR TWo UNKNOWNS IN AGE PROBLEMS 


Obtain two equations for each problem, using M and D to represent the present ages of a 
mother and daughter, respectively; then find their present ages. 
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Equations Ages Now 
a) The sum of their present ages is 40. Ans. a) (1)M+D=40 30, 10 
The mother is 20 years older than the (2) M=D+20 
daughter. 
b) The sum of their present ages is 50. In b) (1I)M+D =50 AO, 10 
5 years, the mother will be 3 times as (2)M+5 =3(D +5) 
old as the daughter will be then. 
c) In 8 years the mother will be twice as c) ()M+8 =2D +8) 36, 14 
old as her daughter will be then. Three (2)M —3 =3(D —3) 


years ago, the mother was 3 times as old 
as her daughter was then. 


4.5. COMPLETE SOLUTION OF AN AGE PROBLEM: Two METHODS 


A father is now 20 years older than his daughter. In 8 years, the father’s age will be 5 years 
more than twice the daughter’s age then. Find their present ages. 


Solutions: 
Method 1, using two letters. Method 2, using one letter. 
Let F = father’s present age Let D = daughter’s present age 
D = daughter’s present age and D + 20 = father’s present age 
Then (1) F=D+20 Then (D + 20) + 8 =2(D + 8) +5 
QQ) FT8=2Dt 8) +5 D+28=2D+16+5 
Substitute D + 20 for F in (2): 7=D 


(D + 20) +8 =2(D + 8) + 5,D=7 
Ans. 27 and 7 years 


5. RATIO PROBLEMS 


Ratios are used to compare quantities by division. 
The ratio of two quantities expressed in the same unit is the first divided by the second. 
Thus, the ratio of 10 ft to 5 ft is 10 ft + 5 ft, which equals 2. 


Ways of Expressing a Ratio 
A ratio can be expressed in the following ways: 


. Using a colon: 3:4 

. Using to: 3 to 4 

. As acommon fraction: + 

. As a decimal fraction: 0.75 
. As a percent: 75 percent 


na & WN = 


General Principles of Ratios 


1. To find the ratios between quantities, the quantities must have the same unit. 
Thus, to find the ratio of | ft to 4 in, first change the foot to 12 in. 
Then, take the ratio of 12 in to 4 in. The result is a ratio of 3 to 1 = 3. 
2. A ratio is an abstract number, that is, a number without a unit of measure. 
Thus, the ratio of $7 to $10 = 7:10 = 0.7. The common unit of dollars must be removed. 
3. A ratio should be simplified by reducing to lowest terms and eliminating fractions contained in the 
ratio. 
Thus, the ratio of 20 to 30 = 2 to3 =}. 
Also, the ratio of 2+ to = 5tol =5. 
4. The ratios of three or more quantities may be expressed as a continued ratio. This is simply an 
enlarged ratio statement. 
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5.1. 


5.2. 


5.3. 


5.4. 


PROBLEM SOLVING AND MATHEMATICAL MODELING 177 


Thus, the ratio of $2 to $3 to $5 is the continued ratio 2:3:5. This enlarged ratio is a combi- 
nation of three separate ratios. These are 2:3, 3:5, and 2:5, as shown: 


2:5 
2°3::5 
NL NLS 


2:3 3:5 


RATIO OF TWO QUANTITIES WITH SAME UNIT 


Express each ratio in lowest terms: 


a) $15 to $3 Ans. 


b) 15 1b to 3 1b 


c) 30z to 15 0z 


d) 24s to 18s 


RATIO OF TWO QUANTITIES WITH DIFFERENT UNITS 


Express each ratio in lowest terms: 


a) 2 years to 3 months 


b) 80¢ to $3.20 
c) liyd to 2 ft 


d) 50 mi/h to | mi/min 


CONTINUED RATIO OF THREE QUANTITIES 


Express each continued ratio in lowest terms: 


a) | gal to 2qt to2 pt 
b) 100km to5m 


c) $1 to 1 quarter to 2 dimes 


d) 30s to 2 min to lh 


NUMERICAL RATIOS 


15 2.50 5 
a) a 5 e) $2.50 to $1.50 Ans. e) 1503 
15 125) 
b) — =5 1.25 to $5 —_ =— 
4 ie 5 4 
aes acd 2d 22 = = 
45-5 g) 2; days to 2 days 8) 2; a 
24 = cs h 2+ L h at , A =9 
d) ig 3 ) 2, years to ; year ) 245 4 
Change to Same Unit Ratio 
a) 24 months to 3 months *=8 Ans. 
b) 80¢ to 320¢ mo a Ans. 
c) 5ftto 2ft >=2; Ans. 
d) 50 mi/h to 60 mi/h 5 =F Ans. 
Change to Same Unit Continued Ratio 
a) 8pt to 4pt to 2 pt 8:4:2 =4:2:1 Ans. 


b) 100,000 m to 5m 
c) 100¢ to 25¢ to 20¢ 
d) 30s to 120s to 3600s 


Express each ratio in lowest terms: 


a) 50 to 60 Ans. 


b) 70 to 55 


c) 175 to 75 


d) 6.3 to 0.9 


50. 5 
60 6 
70 14 
5: tt 
1757 
715 3 
63 

=7 


09 — 


e) 1} to7 Ans. 


fp 12 : 
ee 
8 


oe g) Tz to 1; 


h) 80% to 30% 


100,000 : 5 
100: 25:20 = 20:5:4 
30: 120: 3600 = 1:4: 120 


= 20,000 : 1 


Tee A 
4° a 
y+3=32 
8 
3 4 43 
6°38 
80% 8 
30% 3 
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ALGEBRAIC RATIOS 


Express each ratio in lowest terms: 


a) 2x to 5x Ans. ae = es d) 4ab to 3ab Ans. = = 2 
5x 5 3ab 3 
3a a a. & 5s°_ 5 
b) 3a to 6b OB e) 5s tos a ae 
nD D 
c) Mtond ae f) x to 5x to 7x x 25x: 7x = 1:5:7 


REPRESENTATION OF NUMBERS IN A FIXED RATIO 


Using x as their common factor, represent the numbers and their sum if: 


Numbers Sum 
a) Two numbers have a ratio of 4 to 3 Ans. 4x and 3x 7x 
b) Two numbers have a ratio of 7 to 1 7x and x 8x 
c) Three numbers have a ratio of 4:3: 1 4x, 3x, and x 8x 
d) Three numbers have a ratio of 2:5: 8 2x, 5x, and &x 15x 
e) Five numbers have a ratio of 8:5:3:2:1 8x, 5x, 3x, 2x, and x 19x 


RATIO IN NUMBER PROBLEMS 


If two numbers in the ratio of 5:3 are represented by 5x and 3x, express each statement as an 
equation; then find x and the numbers. 


Equations Value of x Numbers 

a) The sum of the numbers Ans. a) 8x =88 x=11 55 and 33 
is 88. 

b) The difference of the b) 2x =4 x=2 10 and 6 
numbers is 4. 

c) Twice the larger added to 3 c) 10x + 9x =57 x =3 15 and 9 
times the smaller is 57. 

d) Three times the smaller d) 9x =5x +20 x=5 25 and 15 
equals the larger increased 
by 20. 


RATIO IN A TRIANGLE PROBLEM 

The lengths of the sides of the triangle in Fig. 9-2 are in the ratio of 2:3:4. If the perimeter of 
the triangle is 45 cm, find the length of each side. 
Solution: 
Let 2x, 3.x, and 4x represent the lengths of the sides in centimeters. 
Then the perimeter 9x = 45; 
x = 5, 2x = 10, 3x = 15, 4x = 20. Ans. 10cm, 15cm, 20 cm 4x 
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5.9. 


5.10. 


5.11. 


RATIO IN A MONEY PROBLEM 
Sharon has 3;- times as much money as Lester. If Sharon gives Lester a quarter, they will then 
have the same amount. How much did each have? 


Since the ratio of their money, 35 to 1, is 7:2, 
let 7x = Sharon’s money in cents and 2x = Lester’s money in cents. 
Then, 7x — 25 = 2x + 25, andx = 10, 7x = 70, 2x = 20. 


Ans. 70¢ and 20¢ 


RATIO IN A WILL PROBLEM 


In her will, a woman left her husband $20,000 and her son $12,000. Upon her death, her estate 
amounted to only $16,400. If the court divides the estate in the ratio of the bequests in the will, what 
should each receive? 


Solution: 


The ratio of $20,000 to $12,000 is 5:3. 
Let 5x = the husband’s share in dollars and 3x = the son’s share in dollars. 
Then 8x = 16,400, and x = 2050, 5x = 10,250, 3x = 6150. 


Ans. $10,250 and $6150 


RATIO IN A WAGE PROBLEM 


Henry and George receive the same hourly wage. After Henry worked 4h and George 37h, 
Henry found he had $1.50 more than George. What did each earn? 


Since the ratio of 4 to 35 is 8:7, 
let 8x = Henry’s earnings in dollars and 7x = George’s earnings in dollars, 
Then 8x = 7x + 1.50, and x = 1.50, & = 12, 7x = 10.50. 


Ans. $12 and $10.50 


6. ANGLE PROBLEMS 


Pairs of Angles: 


(1) Adjacent Angles (2) Complementary Angles (3) Supplementary Angles 

Adjacent angles are two Complementary angles are Supplementary angles are 
angles having the same vertex two angles the sum of whose two angles the sum of whose 
and a common side between measures equals 90° or a right measures equals 180° or a 
them. angle. straight angle. 


180 
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Rule 1. 
two adjacent angles of a and b®, as in 
Fig. 9-3a, then 


If an angle of c° consists of 


at+bP=c 


Thus, if a° = 25 and b° = 32°, then 
c = 57°. See Fig. 9-3b. 


(4) Angles of Any Triangle 


Fig. 9-8 


Rule 4. The sum of the measures 
of the angles of any triangle equals 
180°. 

Thus, if the angles of a 
triangle contain a’, b°, and c’, as 
in Fig 9-8, then, 

a’ + b° + c® = 180° 


Rule 2. If two complementary 
angles contain a°® and b°, then 
a +b? =90° 
or 
b° = 90° — a? 


Thus, 70° and 20° are complemen- 
tary angles. 

Complementary angles 
may be adjacent, as in Fig. 9-4, or 
nonadjacent, as in Fig. 9-5. 

Either of two complemen- 
tary angles is the complement of 
the other. If a° and b° are comple- 
mentary, 


b° = complement of a° 
a =90° -a° 
a = complement of b° 
b° = 90° —B° 


(5) Angles of a Right 


Triangle 
° 
Oo 
oo] 
Fig. 9-9 


Rule 5. The sum of the measure of 
the acute angles of a right triangle 
equals 90°. 

Thus, if the acute angles of a 
right triangle, as in Fig. 9-9, contain 
a° and b®, then, 


[CHAP. 9 


Rule 3. If two supplementary 
angles contain a° and b°, then 
a’ + b° = 180° 
or 
b° = 180° — a° 


Thus, 70° and 110° are supple- 
mentary angles. 

Supplementary angles 
may be adjacent, as in Fig. 9-6, 
or nonadjacent, as in Fig. 9-7. 

Either of two supplemen- 
tary angles is the supplement of 
the other. If a° and b° are supple- 
mentary, 


b° = supplement of 


a =180°-—a 
a° = supplement of 
b° = 180° — 6° 


(6) Angles of Isosceles 


Triangle 


Fig. 9-10 


Rule 6. 
the congruent sides of an isosce- 


The angles opposite 


les triangle are congruent. 


Thus, if the congruent angles of 
an isosceles triangle contain b° 
and the third angle a®, as in Fig. 
9-10, then, 


a? + 2b° = 180° 


NOTE: Henceforth, unless otherwise indicated, the word angle will mean “the number of degrees in the 


6.1. 


angle” or “the measure of the angle.” 


USING ONE EQUATION FOR Two UNKNOWNS IN ANGLE PROBLEMS 


If two angles in the ratio of 3 to 2 are represented by 3x and 2x, express each statement as an 


equation; then find x and the angles. 
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6.2. 


6.3. 


Equation x Angles 

a) The angles are adjacent and form Ans. 3x + 2x =40 8 24°, 16° 
an angle of 40°. 

b) The angles are complementary. 3x + 2x = 90 18 54°, 36° 

c) The angles are supplementary. 3x + 2x = 180 36 108°, 72° 

d) The larger angle is 28° less than 3x = 3x — 28 28 84°, 56° 
twice the smaller. 3x 

e) The smaller is 40° more than one- 2x = a + 40 40 120°, 80° 
third of the larger. 

Sf) The angles are two angles of a triangle 3x + 2x +70 = 180 22 66°, 44° 
whose third angle is 70°. 

g) The angles are the acute angles of a 3x + 2x =90 18 54°, 36° 
right triangle. 

h) The first angle is one of the two congruent 3x + 3x + 2x = 180 227 677°, 45° 


angles of an isosceles triangle, and the other 
is the remaining angle. 


UsING Two EQUATIONS FOR Two UNKNOWNS IN ANGLE PROBLEMS 


If two angles are represented by a and b, obtain two equations for each problem; then find the 
angles. 


Equations Angles 
a) The angles are adjacent, forming dnc cede 62°. 26° 
an angle of 88°. 
One is 36° more than the other. 
a=b+36 
b) The angles are complementary. Ruane 
‘ : at+b=90 60°, 30 
One is twice as large as the other. = 
c) The angles are supplementary. : ere 
f ° : a +b = 180 100°, 80 
One is 60° less than twice the other. 
: a=2b— 60 
d) The angles are two angles of a triangle pap 37° 58° 
whose third angle is 40°. . ; 
The difference of the angles is 24°. = SGA 
e) The first angle is one of the two congruent é 5 5 
° ’ 2a + b= 180 36°, 108 
angles of an isosceles triangle, and the other 
is the remaining angle. 
The second angle is 3 times the first. pe 
—= 24 


THREE ANGLES HAVING A FIXED RATIO 


If three angles in the ratio of 4:3:2 are represented by 4x, 3x, and 2x, express each statement as 
an equation; then find x and the angles. 


Equation x Angles 
a) The first and second are adjacent and dns. Ae-hAeo RA v 48°, 36°, 24° 
form an angle of 84°. 

b) The second and third are complementary. ax + 2x = 90 18 72°, 54°, 36° 
c) The first and third are supplementary. Beas oan 

4x + 2x = 180 30 120°, 90°, 60 
d) The angles are the three angles of a 

4x + 3x + 2x = 180 20 80°, 60°, 40° 


triangle. 
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Equation x Angles 
e) The sum of the first and second is 27° Ans. 4x + 3x =4x + 27 9 36°, 27°, 18° 
more than twice the third. 
f) The first and third are acute angles of 4x + 2x = 90 15 60°, 45°, 30° 


a right triangle. 


6.4. SUPPLEMENTARY-ANGLES PROBLEM 


The numbers of degrees in each of two supplementary angles are consecutive odd integers. Find 
each angle. 


Solution: See Fig. 9-11. 
Let n and n + 2 = number of degrees in each of the angles. 
Then 2n + 2 = 180,n = 89. Ans. 89°, 91° (nt+2 n 


Fig. 9-11 
6.5. SUM-OF-ANGLES-OF-A-TRIANGLE PROBLEM 


In a triangle, one angle exceeds another by 12°. The third angle is 4° less than the sum of the 
other two. Find the angles. 


Let x = number of degrees in one angle 
x + 12 = number of degrees in the second 
2x + 8 = number of degrees in the third, since x + @ + 12) — 4 = 2x + 8. See Fig. 9-12. 
Then their sum 4x + 20 = 180, and, 


x = 40,x + 12 =52, 2x + 8 = 88. Ans. 40°, 52°, 88° 


Fig. 9-12 


7. PERIMETER PROBLEMS 


NOTE. Unless otherwise indicated, the word side means “the number of linear units in the side.” 


The perimeter of a polygon is the sum of its sides. 
Thus, for a quadrilateral as shown in Fig. 9-13, if p = the perimeter, 


p=at+bt+ctd 


The perimeter of a regular polygon equals the product of one side and the number of sides. 
Thus, for the regular pentagon in Fig. 9-14, if p = the perimeter, 


p=5s 


Fig. 9-13 
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71. 


7.2. 


7.3. 


ONE-EQUATION METHOD: PERIMETER OF RECTANGLE 


The width and length of a rectangle such as the one in Fig. 9-15 are represented by w and 2w + 2, 
respectively. Express each statement as an equation; then find w and the dimensions of the rectangle. 


Equation w Width, Length 
a) The perimeter is 76 ft. Ans. 6w+4=76 12 12 ft, 26 ft 
b) The semiperimeter (half-perimeter) 3w +2 =56 18 18 in, 38 in 
is 56 in. 
c) The sum of three sides not including 4w +2 =82 20 20 yd, 42 yd 
BC is 82 yd. 
d) A rectangle having each dimension 2(2w — 1) + 2 — 3) =28 6 6m, 14m 


3 m less than those of the one shown 
has a perimeter of 28 m. 


Two-EQUATION METHOD: PERIMETER OF TRIANGLE 


The base of the triangle in Fig. 9-16 is 20. If x and y represent the remaining sides, obtain two 
equations for each problem; then find AB and BC. 


B 
x y 
A 20 Cc 
Fig. 9-16 
Equation AB, BC 
a) The perimeter is 50. Ans. x+y +20=50 10, 20 
BC is twice AB. y =2x 
b) The sum of AB and BC is 25. x+y =25 10, 15 
BCis 15 less than 3 times AB. y =3x-—15 
c) AB is 4 more than half of BC. c= - +4 10, 12 
The difference of BC and AB is 2. yx =2 


ONE-EQUATION METHOD: PERIMETER OF TRAPEZOID 


Figure 9-17 shows a trapezoid with congruent sides and with bases and sides with indicated 
lengths. Express each statement as an equation; then find x and the length of each base. 


B x+3 C 
x x 
A 3x5 o 
Fig. 9-17 
Equation x BC, AD 

a) The perimeter is 70 yd. Ans. 6x —2=70 12 15 yd, 31 yd 
b) The combined length of the upper 4x —2 = 36 gt 12+in, 234in 

and lower bases is 36 in. 
c) The sum of three sides not including 5x —5 =65 14 17 ft, 37 ft 

the upper base is 65 ft. 
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Equation x BC, AD 


d) The perimeter of the trapezoid exceeds 6y — 2 = 4(x + 3) + 10 12 15cm, 31cm 
the perimeter of a square having BC as 
a side by 10cm. 


7.4. PERIMETER OF A QUADRILATERAL: RATIO OF SIDES 


The sides of a quadrilateral in the ratio of 2:3: 4:5 are represented by 2x, 3x, 4x, and 5.x, as 
shown in Fig. 9-18. Express each statement as an equation; then find x and AB. 


ee 
B 4x 
ax 
A 5x a 
Fig. 9-18 
Equation x AB 

a) The perimeter is 98 ft. Ans. 14x = 98 7 14 ft 
b) The largest side is 8 in less than the sum 5x = 9x —8 2 4in 

of the other three sides. 
c) The sum of twice the smaller side and the 2(2x) + 12x = 84 5; 10} mi 

other sides is 84 mi. 
d) The perimeter of the quadrilateral is 22 m 14x = 4(3x - 4) + 22 3 6cm 

more than that of a square having a 

side 4 m less than BC. 
e) The perimeter of triangle ACD exceeds 9x+20 = (Sx + 20) +18 4; 9 cm 


that of triangle ABC by 18 cm. 


7.5. PERIMETER-OF-AN-ISOSCELES-TRIANGLE PROBLEM 
In an isosceles triangle, the ratio of one of the congruent sides to the base is 4: 3. A piece of 
wire 55 in long is to be used to make a wire model of it. Find the base and the side. See Fig. 9-19. 
Solution: Let 4x = each congruent side in inches and 3x = base in inches. 
Hence, 4x + 4x + 3x =55, llx = 55, 
x = 5, 3x = 15, 4x = 20. Ans. 15 and 20 in 


4x 4x 2s+3 


Fig. 9-19 Fig. 9-20 
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7.6. 


PERIMETER-OF-A-SQUARE PROBLEM 


The side of a larger square is 3 ft more than twice the side of a smaller square. The perimeter of 
the larger square exceeds that of the smaller square by 46 ft. Find the sides of the squares. See Fig. 
9-20. 


Solution: | Let s = each side of the smaller square in feet 
2s + 3 = each side of the larger square in feet. 
Then 4(2s + 3) = 4s + 46, 8s + 12 =4s + 46, 
s =83,2s +3 =20. Ans. 87 and 20ft 


8. COIN OR STAMP PROBLEMS 


The total value 7 of a number of coins or stamps of the same kind equals the number WN of the coins 


or stamps multiplied by the value V of one of the coins or stamps. 


T=NV 


Thus, 8 nickels have a total value = 8(5) = 40¢ and twenty 3-cent stamps have a total value = 20(3) = 60¢. 


NOTE: In T =NYV, T and V must have the same unit of money: that is, if V is in dollars, then T must be in 


8.1. 


8.2. 


8.3. 


dollars. 


FINDING TOTAL VALUES 


Find the total value in cents of each of the following: 


a) 3 nickels and 5 dimes Ans. a) 3(5) + 5(10) = 65 

b) q quarters and 7 nickels b) 25q + 7(5) = 25q + 35 

c) 8 20-cent and t 29-cent stamps c) 8(20) + 29t = 160 + 29t 
d) x 4-cent and (x + 5) 6-cent stamps d) 4x + 6(x + 5) = 10x + 30 


REPRESENTATION IN COIN OR STAMP PROBLEMS 


Write the expression that represents the total value in cents of each; then simplify it. 


Representation In Simplified Form 
a) n dimes and n + 3 quarters Ans. a) 10n + 25(n + 3) 35n + 75 
b) n nickels and 2n — 3 half-dollars b) 5n + 50(2n — 3) 105n — 150 
c) n20-cent and 2n 25-cent stamps c) 20n + 25(2n) 70n 
d) n 6-cent and (3n — 10) 12-cent stamps d) 6n + 12(3n — 10) 42n — 120 


UsING ONE EQUATION IN COIN OR STAMP PROBLEMS 


Express each statement as an equation; then find n and the number of each coin or stamp. 


a) The total value of n dimes and 27 nickels is $2.40. 

b) The total value of n nickels and n — 3 quarters is $7.65. 

c) The value of n + 5 dimes is 3 times 7 nickels. 

d) The value of n 20-cent and (n + 3) 30-cent stamps is 20¢ more than (n + 1) 60¢ stamps. 
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8.4. 


8.5. 


8.6. 


8.7. 
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Ans. Equations n Number of Each Coin or Stamp 
a) 10n + 5(2n) = 240 12 12 dimes and 24 nickels 
b) 5n + 25(n — 3) = 765 28 28 nickels and 25 quarters 
c) 10(n + 5) = 3(5n) 10 10 nickels and 15 dimes 
d) 20n + 30(n + 3) = 60(n + 1) + 20 1 1 20-cent, 4 30-cent, 2 60-cent 


UsING Two EQUATIONS IN COIN OR STAMP PROBLEMS 


Using x for the value in cents of the first kind of coin and y for the value in cents of the second, 
obtain two equations for each problem; then find the kind of coins. 


Equations 
a) The value of 5 of the first kind and 6 of the second is Ans. a) 5x + 6y = 85 
85¢. Each second coin has twice the value of each first. y=2x 
x=5 y=10 
nickels dimes 
b) The value of 4 of the first kind is 85¢ less than 5 of b) 4x = 5y — 85 
the second. The value of 2 of the first kind and 4 of the 2x + 4y = 120 
second is $1.20. x=10 y=25 


dimes quarters 
COMPLETE SOLUTION OF COIN PROBLEM 


In her coin bank, Maria has three times as many quarters as nickels. If the value of the quarters 
is $5.60 more than the value of the nickels, how many of each kind does she have? 


Solution: Let n = the number of nickels. 


NV =T 
Number of Coins Value of Each (¢) Total Value (¢) 
Nickels n 5 5n 
Quarters 3n 25 75n 


The value of the quarters is $5.60 more than the value of the nickels. 


75n = 5n + 560, n = 8, 3n = 24. Ans. 8 nickels, 24 quarters 


COMPLETE SOLUTION OF A CHANGE PROBLEM 
Is it possible to change a $10 bill into an equal number of half-dollars, quarters, and dimes? 


Solution: Let the number of half-dollars, the number of quarters, and the number of dimes each be 
represented by n. The combined value is $10. 


Then 10n + 25n + 50n = 1000 85n = 1000 n=117 


Ans. Impossible, the number of coins must be a whole number. 


COMPLETE SOLUTION OF A FARES PROBLEM 


On a trip, the fare for each adult was $5.00 and for each child $2.50. The number of passengers 
was 30, and the total paid was $122.50. How many adults and children were there? 
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Solution: Let a = the number of adults and c = the number of children. 
Then 5a + 2.5c = 122.15 
at+c=30 
Solving gives a = 19,c = 11. Ans. 19 adults, 11 children 


9. COST AND MIXTURE PROBLEMS 


The total value T of a number of units of the same kind equals the number N of units multiplied by 
the value V of 1 unit. 


T=NV 


Thus, the total value of five books at 15¢ per book = 5(15) = 75¢. 
The total value of six tickets at 50¢ each and five tickets at 25¢ each = 6(50) + 5(25) = 425¢. 


Coin or Stamp Problems 


The coin or stamp problems previously considered are special cases of mixture problems. Stamps and 
coins may be “mixed” as coffees, teas, nuts, and other items are mixed. 


Cost Problems 


When T = NVis applied to a cost problem, the formula C = NP should be used as follows: 


C = total cost of number of units of a kind 
C = NP N = number of such units 
P = price of each unit purchased 


Thus, the cost of five pencils at 8¢ per pencil = 5(8) = 40¢. 


9.1. REPRESENTATION IN MIXTURE PROBLEMS: T = NV 


Write the expression that represents the total value in cents; then simplify it: 


Representation In Simplified Form 

a) nlb of coffee valued at 90¢ a pound and Ans. a) 90n + 105(n + 3) 195n + 315 
(n + 3) 1b of coffee valued at $1.05 a pound 

b) 3 |b of tea valued at $1.50 per pound and b) 3(150) + 175n 175n + 450 
nb of tea valued at $1.75 per pound 

c) n stamps valued at 35¢ each and 20 — n c) 35n + 50(20 — n) 1000 — 15n 
stamps valued at 50¢ each 

d) d dozen pencils at $1.30 a dozen and 3 d) 130d + 3(60) 130d + 180 


dozen pencils at 60¢ a dozen 


9,2. REPRESENTATION IN COST PROBLEMS 


Write the expression that represents the total cost in dollars; then simplify it: 


Representation In Simplified Form 
a) 10 tables priced at $5 a piece and Ans. a) 5(10) + 7.50n 7.5n + 50 
n tables at $7.50 a piece 
b) nib of candy priced at 65¢ a pound b) 0.65n + 1.45(30 — n) 43.5 — 0.8n 
and (30 — n) lb of candy at $1.45 a 
pound 
c) q qt of cream at 35¢ a quart and c) 0.35q + 0.42(2¢ + 3) 1.19q + 1.26 


(2q + 3) qt of cream at 42¢ a quart 
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9.3. 


9.4. 


9.5. 
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TRANSLATION IN VALUE AND COST PROBLEMS 


Express each statement as an equation; then find n and the number of each kind: 


Equation 

a) The cost of n lb of coffee at 95¢ a pound and Ans. 95n + 110(25 — n) = 2600,n = 10 
25 — nlb of coffee at $1.10 a pound is 10 Ib at 95¢ and 15 Ib at $1.10 
$26.00. 

b) The value of 40 tickets at 75¢ each and n 40(75) + 135n = 4080, n =8 
tickets at $1.35 each is $40.80. 8 tickets at $1.35 

c) The cost of n lb of cookies at 80¢ a pound 80n + 160(2n — 3) = 1520,n =5 
and (2n — 3) |b of cookies at $1.60 a pound 5 Ib at 80¢ and 7 Ib at $1.60 
is $15.20. 

d) The value of n dollar bills, n + 10 five- In dollars: 
dollar bills, and 3 — 2 ten-dollar bills is n+ 5 + 10) + 10(3n — 2) = 174,n =4 
$174. 4 dollar bills, 14 five-dollar bills, 


10 ten-dollar bills 
COMPLETE SOLUTION: BLENDING-COFFEE PROBLEM 
A coffee merchant blended coffee worth $0.93 a pound with coffee worth $1.20 a pound. The 


mixture of 30 1b was valued by her at $1.02 a pound. How many pounds of each grade of coffee did 
she use? 


Solutions: 

Method 1, using one letter Method 2, using two letters 
Value per No. of Total Value per No. of Total 
Pound (¢) Pounds Value (¢) Pound (¢ Pounds Value (¢ 


Cheaper 93 x 93x Cheaper 93 re 93x 
Better 120 30 — x 120(30 — x) | Better 120 y 120y 
Mixture 102 30 3060 Mixture 102 30 3060 
93x + 120(30 — x) = 3060 93x + 120y = 3060 93x + 120y = 3060 
93x + 3600 — 120x = 3060 Moz x + y = 30 93x + 93y = 2790 
x = 20,30 —x = 10 Subtract: 27y = 270 
Ans. 20 1b of $0.93 coffee and 10 1b of $1.20 coffee y = 10,x = 20 


COMPLETE SOLUTION: SELLING TICKETS PROBLEM 


At a game, tickets were bought at $3, $5, and $7.50 each. The number of $5 tickets was 3 times 
the number of $3 tickets and 10 less than the number at $7.50. The receipts amounted to $885.00. 
How many of each ticket were sold? 


Solution: 


Let n= number of tickets at $3 each 

3n = number of tickets at $5 each 
3n + 10 = number of tickets at $7.50 each. 
Hence, 3n + 5(3n) + 7.5(3n + 10) = 885 


18n+ 22.5n +75 = 885 
n = 20, 3n = 60, 3n + 10 = 70 


Ans. 20 at $3, 60 at $5, 70 at $7.50 
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10. INVESTMENT OR INTEREST PROBLEMS 
Annual interest J equals the principal P multiplied by the rate of interest R per year. 
I=PR 
Thus, the annual interest from $200 at 6 percent per year is (200)(0.06), or $12. 


NOTE: Unless otherwise stated, the rate of interest is the rate per year; that is, 5 percent means 5 percent 
per year. 


10.1. REPRESENTATION IN INTEREST PROBLEMS: J = PR 
Write the expression that represents the annual interest in dollars earned by each principal; then 
simplify it: 


Representation In Simplified Form 
a) $2000 at 5 percent and $(P + 200) at Ans. 0.05(2000) + 0.06(P + 200) 0.06P + 112 
6 percent 
b) $P at 5 percent and $2P at 5; percent 0.05P + 0.052P) 0.16P 
c) $P at 3 percent and $(2P — 400) at 6 0.03P + 0.06(2P — 400) 0.15P — 24 
percent 
d) $P at 7 percent, $2P at 5 percent, and 0.07P + 0.05(2P) + 0.03(3 P) 0.26P 


$3P at 3 percent 


10.2. TRANSLATION IN AN INTEREST PROBLEM 


Express each statement as an equation; then solve and state each principal. 


a) The total annual income from $500 at4 = Ans. a) 0.04(500) + 0.05P = 55, P=700 $700 at 5 


percent and $P at 5 percent is $55. percent 

b) The total annual income from $P at 3 b) 0.03P + 0.02(5000 — P) = 120, P = 2000 
cen and $(5000 — P) at 2 percent $2000 at 3 percent and $3000 at 2 percent 
is $120. 

c) The annual interest from $P at 3 percent c) 0.03P = 0.05(P — 2000), P =5000, $5000 
equals that from $(P — 2000) at 5 percent. at 3 percent and $3000 at 5 percent 

d) The annual interest from $2P at 5 percent d) 0.05(2P) = 0.03(3P) + 25, P = 2500, 
exceeds that from $3P at 3 percent by $25. $5000 at 5 percent and $7500 at 3 percent 

e) The total annual interest from $P at 6 e) 0.06P + 0.05(2P) + 0.04(2P — 300) = 180, 
percent, $2P at 5 percent, and $(2P —300) P = 800, $800 at 6 percent, $1600 at 5 
at 4 percent is $180. percent, $1300 at 4 percent 


10.3. COMPLETE SOLUTION: RATIO IN AN INTEREST PROBLEM 


Mr. Wong invested two sums of money in the ratio of 5:3. The first sum was invested at 4 
percent and the second at 2 percent. The annual interest from the first exceeds that of the second by 
$112. How much was each investment? 


Solution: Since the ratio is 5:3, let 5x = first investment in dollars 
and 3x = second investment in dollars 


Principal Rate of Annual 
($) Interest Interest ($) 
First investment DK 0.08 0.08(5x) 
Second investment 3x 0.04 0.04(3x) 


0.08(5x) = 0.04(3x) + 112 
0.4x = 0.12x + 112 
Ans. $2000 at 8 percent, $1200 at 4 percent 
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10.4. ALTERNATE METHODS IN AN INVESTMENT PROBLEM 
Mr. Wong invested $8000, part at 5 percent and the rest at 2 percent. The yearly income from 
the 5 percent investment exceeded that from the 2 percent investment by $85. Find the investment at 


each rate. 
Solution: 


Method 1, using one letter 


Principal Rate of Annual 
($) Interest Interest ($) 
First x 0.05 0.05x 
Second 8000 — x 0.02 0.02(8000 — x) 


Mioo 0.05x — 0.02(8000 — x) = 85 
5x — 2(8000 — x) = 8500 
5x — 16,000 + 2x = 8500 
7x = 24,500 
x = 3500, 8000 — x = 4500 


Ans. $3500 at 5 dollars, $4500 at 2 percent 


Method 2, using two letters 


Principal Rate of Annual 
($) | Interest Interest ($) 
First x 0.05 0.05x 
Second y 0.02 0.02y 
M, x +y = 8000 


Myjo9 0.05x — 0.02y = 85 
2x + 2y = 16,000 
Add: 5x —2y = 8,500 
7x = 24,500 
x = 3500, y = 4500 


10.5. ALTERNATE METHODS IN A PROFIT AND LOSS INVESTMENT PROBLEM 


Mrs. Mueller invested a total of $4000. On part of this she earned 4 percent. On the remainder 
she lost 3 percent. Combining her earnings and losses, she found her annual income to be $55. Find 


the amounts at each rate. 


Solution: Method 1, using one letter 


Principal Rate of Annual 
($) Interest Interest ($) 
First x 0.04 0.04x 
Second 4000 — x —0.03 —0.03(4000 — x) 


Mioo 0.04x — 0.03(4000 — x) = 55 
4x — 3(4000 — x) = 5500 
7x — 12,000 = 5500 


x = 2500, 4000 — x = 1500 


Method 2, using two letters 


Principal Rate of Annual 
($) Interest Interest ($) 
First x 0.04 0.04x 
Second y —0.03 —0.03y 
M3 x +t y = 4000 > 3x + 3y = 12,000 
Mico 0.04x — 0.03y = 55 > 4x — 3y = 5,500 
71x = 17,500 


x = 2500, y = 1500 


Ans. Earnings on $2500 at 4 percent, losses on $1500 at 3 percent 


10.6. COMPLETE SOLUTION: ADDING A THIRD INVESTMENT 


Mrs. Black has $3000 invested at 3 percent and $1000 at 4 percent. How much must she invest 
at 6 percent so that her annual income will be 5 percent of the entire investment? 


Let x = principal to be added at 6 percent 
4000 + x = entire principal at 5 percent 


0.03(3000) + 0.04(1000) + 0.06x = 0.05(4000 + x) 


90 + 40 + 0.06x = 200 + 0.05x 
x = 7000 Ans. $7000 at 6 percent 
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11. MOTION PROBLEMS 


The distance D traveled equals the rate of speed R multiplied by the time spent traveling 7. 
7 OD OD 
D = RT Other forms: R= T C= R 
Thus, the distance traveled in 5h at a rate of 30 mi/h is 150 mi, and the distance traveled in 5s ata 


rate of 30 ft/s is 150 ft. 


NOTE: Inusing D = RT, units for rate, time, and distance must be in agreement. Thus, if the rate is in 
miles per hour, use miles for distance and hours for time. 


Uniform and Average Rates of Speed 


Unless otherwise stated, rate of speed or simply rate may be taken to mean (1) uniform rate of speed 
or (2) average rate of speed. 


(1) A uniform rate of speed is an unchanging or fixed rate of speed for each unit of time. 
Thus, a uniform rate of 40 mi/h for 3h means that 40 mi was covered during each of the 
3h. 

(2) An average rate of speed is a rate that is the average per unit of time for changing rates of speed. 
Thus, an average rate of 40 mi/h for 3 h may mean the average rate in a situation where 30 mi 
was covered during the first hour, 40 mi during the second hour, and 50 mi during the third 
hour. 


11.1. REPRESENTATION OF DISTANCE 
Write the expression that represents the distance in miles traveled; then simplify it: 


Representation In Simplified Form 


a) In Sh at 20 mi/h and in 6h more at R mi/h Ans. 5(20) + 6R 6R + 100 
b) In 6h at 45 mi/h and in Th more at 50 mi/h 6(45) + 50T 50T + 270 
c) In That 40 mi/h and in (10 — 7)h more at 30 mi/h 40T + 30(10 ~ T) 10T + 300 
d) In 2h at Rmi/h and in 30 min more at 20 mi/h 2R + 3(20) 2R + 10 
e) In4hat Rmi/h and in 8h more at (R + 10) mi/h 4R + BR + 10) 12R + 80 
J) In 5 min at R mi/min and in | h more at 3 mi/min SR + 60(3) SR + 180 


D 
11.2. REPRESENTATION OF TIME: 7 = R 


Write the expression that represents the time in hours needed to travel; then simplify it: 


Representation | In Simplified Form 


a) 100 mi at 20 mi/h and 80 mi farther at R mi/h Base 28) a + ae 5 4 me 

b) 120 mi at 30 mi/h and D mi farther at 20 mi/h ee me 
30 20 20 

c) 60 mi at R mi/h and 80 mi farther at 2 mi/min ees aa 60 2 
R R 


11.3. SEPARATION SITUATION 


Two travelers start from the same place at the same time and travel in opposite directions. 

Two planes leave the same airport at the same time and fly in opposite directions. The speed 
of the faster plane is 100 mi/h faster than the slower one. At the end of 5h they are 2000 mi apart. 
Find the rate of each plane. See Fig. 9-21. 
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Solutions: 
Fig. 9-21 
ALTERNATE METHODS OF SOLUTION 
Method 1 Method 2 
Rate Time Distance Rate of Time of Distance of 
(mi/h) (h) (mi) Separation Separation Separation 
Faster planer + 100 5 5(r + 100) fauh hy (my) 
Slower planer =) Sr R 5 2000 
The sum of the distances equals 2000 mi. Here R is the rate at which the two planes are 
5r + 5(r + 100) = 2000 separating from each other! 
5r + 5r + 500 = 2000 
r = 150, r + 100 = 250 Hence, the rate of separation is 400 mi/h. 
Since 400 mi/h is the sum of both rates, 
r + (r + 100) = 400 
Ans. The rates are 150 and 250 mi/h. r = 150, r + 100 = 250 


11.4. SEPARATION SITUATIONS 


In each of the following, two travelers start from the same place at the same time and travel in 
opposite directions. See Fig. 9-22. Using the letter indicated, express each statement as an equation; 
then solve and find each quantity represented. 


Start 
Ny, 


Distance Apart 


Fig. 9-22 

a) After 5h, both are 300 mi apart, one Ans. a) 5R + 5(R + 40) = 300, R = 10 
going 40 mi/h faster. Find the rate of Slower rate is 10 mi/h. 
the slower, using Rin miles per hour. 

b) At speeds of 40 and 20 mi/h, both travel b) 40T + 20T = 420, T=7 
until they are 420 mi apart. Find time of Time for each is 7h. 
each, using T in hours. 

c) At speeds in the ratio of 7 : 3, both are ©) 3(7x) + 3(3x) = 360, x = 12 
360 mi apart at the end of 3 h. Find their Faster rate is 84 mi/h. 
respective rates in miles per hour, using Slower rate is 36 mi/h. 


7x and 3x for these. 
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11.5. CLOSURE SITUATION 


Two travelers start from distant points at the same time and travel toward each other until they 
meet. See Fig. 9-23. 


Start Meet Start 


Distance Apart (at start) 


Fig. 9-23 


A car leaves Albany en route to New York at the same time as another car leaves New York for 
Albany. The car from Albany travels at an average rate of 40 mi/h, while the other averages 20 mi/h. If 
Albany and New York are 150 mi apart, how soon will the cars meet and how far will each have trav- 
eled? See Fig. 9-24. 


ALBANY 


NEW YORK 


Fig. 9-24 


Solutions: 
ALTERNATE METHODS OF SOLUTION 
Method 1 Method 2 
Rate Time Distance Rate of Time of Distance 
(mi/h) (h) (mi) Closure Closure of Closure 
mi/h h mi 

From Albany 40 T 40T iia ) oy 
From New York 20 T 20T 40 + 20 or 60 T 150 
The sum of the distances is 150 mi Here, the cars are coming together at a rate of 


closure of 60 mi/h! 
40T + 20T = 150 


607 = 150 Hence, 60T = 150 
T=2; f=2; 


Ans. The cars will meet in 2>h. The Albany car will have traveled 100 mi and the New York car 50 mi. 
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11.7 


PROBLEM SOLVING AND MATHEMATICAL MODELING [CHAP. 9 


CLOSURE SITUATIONS 


In each of the following, two travelers start from distant places at the same time and travel 


toward each other until they meet. See Fig. 9-25. 


Start Meet 


Fig. 9-25 


Start 


Using the letter indicated, express each statement in an equation; then solve and find each quan- 


tity represented. 


a) Starting 600 mi apart, they meet in 10h, one 
traveling 20 mi/h faster. Find the rate of the 
slower in miles per hour, using R for this. 

b) Starting 420 mi apart, they travel at rates of 
27 and 33 mi/h. Find the time of each in hours, 
using 7 for this. 

c) Starting 560 mi apart, they travel for 4h, one 
rate being 4 times the other. Find the rate of the 
slower in miles per hour, using R for this. 

d) Starting 480 mi apart, they travel at rates in the 
ratio of 4:3. They meet in 5h. The slower is 
delayed for | h along the way. Find the rates 
of speed in miles per hour, using 4x and 3x 
for these. 


ROUND TRIP SITUATION 


Ans. 


a) 


b) 


c) 


10R + 10(R + 20) = 600, R = 20 
Slower rate is 20 mi/h. 


27T + 33T =420,T =7 
Time for each is 7 h. 


4R + 4(4R) = 560, R = 28 
Slower rate is 28 mi/h. 


4(3x) + 5(4x) = 480, x = 15 
Slower rate is 45 mi/h. 
Faster rate is 60 mi/h. 


A traveler travels out and back to the starting place along the same road. 

Henrietta drove from her home to Boston and back again along the same road in a total of 10h. 
Her average rate going was 20 mi/h while her average rate on the return trip was 30 mi/h. How long 
did she take in each direction, and what distance did she cover each way? See Fig. 9-26. 


Boston 


Out} Back 


Home 


Fig. 9-26 
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Solutions: 
ALTERNATE METHODS OF SOLUTION 
D 
Method 1, using D = RT Method 2, using T = R 
Rate Time Distance Rate Time Distance 
(mi/h) (h) (mi) (mi/h) (h) (mi) 
Going 20 T 20T Goi 50 D . 
Return 30 1o-T | 3000-7 ee 20 
The distance out equals the distance back. Return 30 = D 
207 = 3010 — T) The total time is 10 h. 
20T = 300 — 30T D D 
50T = 300 Moo a a0 LCD = 60 
T—6,10—~T=4 3D + 2D =600, 5D =600 
D=120 


Ans. 


11.8. 


Henrietta took 6 h going and 4h back in going 120 mi each way. 


ROUND TRIP SITUATIONS 


In each situation, a traveler travels out and back to the starting place along the same road. See 
Fig. 9-27. 


Back 
Eo) 


Fig. 9-27 


Using the letter indicated, express each statement as an equation; then solve and find each 
quantity represented. 


a) A traveler required a total of 12 h on a round trip, Ans. @) 
averaging 20 mi/h out and 30 mi/h back. Find the 
time in hours going, using T for this. 
b) A traveler took 2h more to travel back than to go b) 
out, averaging 50 mi/h out and 45 mi/h back. Find 
the time in hours going, using T for this. 
A traveler traveled to his destination at an average Cc) 
rate of 25 mi/h. By traveling at 5 mi/h faster, he took 
30 min less to return. Find his time in hours going 


out, using T for this. 


Time out was 7.2 h. 


50T = 45(T + 2), T = 18 
Time out was 18h. 


25T = 30(T — 3), T = 3 
Time out was 3 h. 


Cc 


Ne 


oor = dT = 7). 7 S72 


d) After taking 5h going out, a traveler came back in d) 5R=3(R + 20), R = 30 
3h at a rate that was 20 mi/h faster. Find the average Rate out was 30 mi/h. 
rate going in miles per hour, using R. D OD 

e) After taking 5h going out, a traveler came back in e) 37S + 20, D = 150 


3h at arate that was 20 mi/h faster. Find the distance 
either way in miles, using D for this. 


Each distance was 150 mi. 
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11.9. GAIN OR OVERTAKE SITUATION 


After a traveler has begun her trip, a second one starts from the same place and, going in the 
same direction, overtakes the first. See Fig. 9-28. 


First Messenger 


Second Messenger 
(starts 3h later) 


Fig. 9-28 


A messenger going at 30 mi/h has been gone for 3 h. Another messenger, sent to overtake her, 


travels at 50 mi/h. How long will it take the second messenger to overtake the first, and what distance 
will he cover? 


Solutions: 
ALTERNATE METHODS OF SOLUTION 
Method 1 Method 2 
Rate Time Distance Rate of Time of Distance to 
(mi/h) (h) (mi) Gain (mi/h) Gain (h) Gain (mi) 
First 30 T+3 30(T + 3) 50 — 30 or 20 T 3(30) or 90 
Seen at z auF Here the second messenger is gaining at the 
The distances are equal. rate of 20 mi/h. The first has a head start of 90 
mi since she started 3 h earlier and her rate was 
30(T + 3) = 50T 30 mish, 
30T + 90 = 50T, 90 = 20T 20T = 90 
cae T= 41 


Ans. To overtake the first, the second messenger must take 4h and cover 225 mi. 


11.10. GAIN OR OVERTAKE SITUATIONS 


In each of the following, after a traveler has begun his trip, a second traveler starts from the 
same place and, going in the same direction, overtakes the first. See Fig. 9-29. 


Start Overtake 
—_—— 


ee 


Fig. 9-29 


Using the letter indicated, express each statement as an equation; then solve and find each 
quantity represented. 
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a) Their speeds are 20 and 40 mi/h. The second starts Ans. a) 20(T + 3) = 407, T = 3 
3h later. Find the time of the second in hours, using Time of second is 3h. 
T. 

b) The second starts 3 h later and travels 6 mi/h faster b) 11R=8(R+ 6),R = 16 
to overtake the first in 8 h. Find the rate of the first in Rate of first is 16 mi/h. 
miles per hour, using R. 

c) The second travels 9 mi/h slower than twice the c) 6R =4(2R — 9),R =24 
speed of the first and starts out 2>h later, overtaking Rate of first is 24 mi/h. 
in 4h. Find the rate of the first in miles per hour, 
using R. 


11.11. MoTIon Prose: A TRIP IN Two STAGES 


In going 1200 mi, William used a train first and later a plane. The train going at 30 mi/h took 2 
h longer than the plane traveling at 150 mi/h. How long did the trip take? 


Solution: See Fig. 9-30 
Start Train Change Plane Finish 
1200 mi 
Fig. 9-30 
Rate (mi/h) Time (h) Distance (mi) The total distance is 1200 mi. 
Plane trip 150 T 150T 30T + 60 + 150T = 1200 
Train trip 30 T+2 30T + 60 1807 = 1140, T =6yh 


Ans. The trip took 14+h: 6} by plane and 8} by train. 


12. MATHEMATICAL MODELING 


One of the most important changes in the mathematics curriculum over the last 10 years is the 
introduction into that curriculum of mathematical modeling. Certainly it is the case that problems and prob- 
lem solving have been a significant part of that curriculum. How is modeling different? 

According to the National Council of Teachers of Mathematics’ publication, Mathematical 
Modeling in the Secondary School Curriculum, a mathematical model is “... a mathematical structure that 
approximates the features of phenomenon. The process of devising a mathematical model is called mathe- 
matical modeling” (Swetz and Hartzler, NCTM, Reston, Virginia, 1991). Thus, one can see that mathemati- 
cal modeling does not in any way replace problem solving in the curriculum. Instead, it is a kind of problem 
solving. 


Example: 


One of the most significant applications of modeling in mathematics is in the area of 
population growth. Table 9-1 gives the population for a culture of bacteria from time ¢ = 0 until 
t = Ssecs. 
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Table 9-1 


Time (t) Population (p) in millions 


AnRwWNF OO 
NUR N Ee 


See Fig. 9-31 for the graph of these data with x axis representing ¢ and y axis representing p. 


Sorenrnw hima ~1 


0 1 2 3 4 5 


Fig. 9-31 


Notice that for the times from 0 to 2, the graph in Fig. 9-31 is linear. In fact, it is approximately linear 
through t=4. Let us find the equation of the line that approximates these data. Since the data contains the 
points (1, 1) and (2, 2), a reasonable model for these data is the equation y=x. This equation, y=x or, in 
function form, 


p(x) =x 


is a linear model. We can use this linear model to predict the population of this community. 
For example, p(x) = x predicts that, 


p@G) = 3. 
Since p(3) = 4, our model is off by 25%. p(x) = x predicts that, 
pid) = 4 
but p(4)=5, so the model is off by 20%. 
Ask yourself whether the quadratic model, 
px) = x/2 


is a better model for these data. For example, what is the percent error for tf = 2, 3, 4, and so on. What do 
these two models predict in terms of growth for various larger values of f? If the population at time 10 is 35, 
which is the better model? 

Using the example above, we see that the critical steps in modeling are as follows: 


a) Conjecture what model best fits the data given (or observed). 
b) Analyze the model mathematically. 
c) Draw reasonable conclusions based on the analysis in b). 
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In the preceding example, we: 
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a) Conjecture that a linear model provided a reasonable fit for given data. 


b) Conjecture a model and analyze it mathematically. 
c) Draw conclusions which include testing an additional model. 


Supplementary Problems 


NUMBER PROBLEMS HAVING ONE UNKNOWN 


9.1. 


9.2. 


9.3. 


Express each statement as an equation; then find the unknown. 


a) The sum of n and 12 is 21. 

b) The result of adding m and 15 is 4m. 

c) When p is subtracted from 40, 27 is the difference 
obtained. 

d) Twenty increased by twice a is 32. 

e) Seven less than 3 times b is 23. 


Sf) Four times d exceeds 15 by d. 


g) The product of 3 and n + 6 equals 20. 

h) Five more than half of x equals 29. 

i) The difference between 15 and half of y is 6. 

Check each statement as indicated. 

a) Is 5 the correct number for “the result of adding a number 


and 15 is 4 times the number’? 


b) Is 11 the correct number for “7 less than 3 times the number 
is 23”? 


c) Is 2 the correct number for “the product of 3 and 6 more than 
a number equals 20°? 


d) Is 48 the correct number for “5 more than half a number 
equals 29’? 
Find the number in each of the following: 


a) Four times the number increased by 2 equals 30. 
b) Seven times the number less 6 equals 29. 
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c) The result of combining 5 times the number and the number is 24. 


d) If the number is added to 42, the sum is 8 times the number. 
e) If twice the number is subtracted from 13, the remainder is 8. 


4 times the number by 14. 


f) If twice the number is increased by 6, the result is the same as decreasing 


g) Five times the number minus 12 equals 3 times the number increased by 


10. 


(1.1) 
Equation Unknown 
a) nt+12=21 n=9 
b) m+ 15 =4m m=5 
c) 27 =40 —p p=13 
d) 20 + 2a = 32 a=6 
e) 3b —7 = 23 b= 10 
f) 4d —15=d = 
2 
g) 3(n +6) = 20 a 
h) - +5 =29 x = 48 
y 
15 -—= =1 
i) 15 > 6 y 8 
(1.2) 
Ans. a) 5 +15 24(5) 
20 = 20 Yes. 
b) 30.1) -7 223 
26423 No. 
c) 3(6 + 2) 2 20 
24 #20 No. 
48 
d) — +5229 
29 = 29 Yes. 
(1.3) 
Ans. a) 7 
b) 5 
c) 4 
d) 6 
e) 24 
f) 10 
gl 
h) 18 


h) The sum of one-half the number and one-third the number is 15. 
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NUMBER PROBLEMS HAVING TWO UNKNOWNS 


9.4. 


9.5. 


9.6. 


9.7. 


If n represents a number, represent another number that is: (2.1) 
a) 4 more than 3 times n e) The sum of 3 times n and 20 
b) 5 less than twice n f) 40 reduced by twice n 
c) One-half of 1 increased by 3 g) The product of n + 4 and 7 
d) Two-thirds of n decreased by 6 h) The quotient of n — 2 and 4 
2 
Ans. a) 3n +4 b) 2n —5 Cc) 5 3 d) 3” —6 e) 3n + 20 Sf) 40 — 2n 
a) 
gtn+4) hy — 
4 
Express each statement as an equation; then find the numbers. (2.2) 
a) Two numbers are represented by n and n — 8. The Ans. a) n =3(n — 8) — 16, 20, and 12 
first is 16 less than 3 times the second. 
b) Two numbers are represented by n and 30 — n. The b) n = 2(30 —n) + 6, 22, and 8 
first is 6 more than twice the second. 
c) Two numbers are represented by n and 8n. Half the c) 4n — 3n = 15, 15, and 120 


second exceeds 3 times the first by 15. 


Using s for the smaller number and / for the larger, obtain two equations for each problem; then find / 
and s. (2.3) 


a) The sum of two numbers is 20. Their difference is 11. 

b) The sum of two numbers is 12. Twice the larger plus the smaller equals 21. 

c) The difference of two numbers is 7. The larger is 1 less than twice the smaller. 
d) Separate 50 into two parts such that the larger is 9 times the smaller. 

e) Separate 42 into two parts such that the smaller is 3 less than one-half the larger. 


Ans. a) l+s =20 b) l+s =12 é) bo s=7 d) 1+s =50 e) 1+ s =42 

ims = 11 21s = 21 LS 23> 1 1= 9s f= 8 

1= 153,58 =45 1=9,s=3 1=15,5 =8 1=45,5s =5 l= 30,5 = 12 
Can you find two integers: (2.4) 


a) Whose sum is 15 and whose difference is 5? 
b) Whose sum is 20 and whose difference is 9? 
c) Whose sum is 40 and the larger is 10 more than the smaller? 


Ans. a) Yes, 10 and 5 b) No, the numbers 147 and 5; are not integers 
c) Yes, 25 and 15 


CONSECUTIVE-INTEGER PROBLEMS 


9.8. 


9.9. 


Using n for the first integer, represent: (3.1) 
a) Two consecutive odd integers and their sum Ans. n,n +2;sum =2n + 2 
b) Four consecutive even integers and their sum n,n +2,n +4,n + 6;sum = 4n + 12 
c) Five consecutive integers and their sum nen+1,n+2,n+ 3,n +4; sum = 5n + 10 
d) Six consecutive odd integers and their nn+2,n+4,n+6,n+8,n + 10; 

sum sum =6n + 30 
Using n for the middle integer, represent: (3.2) 
a) Three consecutive odd integers and their sum Ans. n-—2,n,n+2;sum =3n 


b) Five consecutive integers and their sum n-2,n—-l1,nn+1,n +2; sum = 5n 
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9.10. Usingn, n + 1, and n + 2 for three consecutive integers, express each statement as an equation; then 
find the integers. (3.3) 
a) Their sum is 3 less than 5 times the first. 
b) The sum of the first and second is 6 more than the third. 
c) The sum of the first and third is 11 less than 3 times the second. 
d) Twice the sum of the first and second is 16 more than twice the third. 
e) Twice the third is 21 more than 3 times the sum of the first and second. 
jf) The product of the second and third is 8 more than the square of the first. 
Ans. a) 3n +3 = 5n — 3;3,4,5 d) 22n + 1) = 2m + 2) + 16; 9, 10, 11 
b) n+ 1=( +2) +6:7, 8,9 e) 2(n + 2) = 3(2n + 1) + 21; —5, —4, -3 
c) 2n +2 =3(n + 1) — 11; 10, 11, 12 fp (n+ In +2) =n? +8; 2, 3,4 
9.11. Usingn, n + 2, and n + 4 for three consecutive odd integers, express each statement as an equation; 
then find the integers. (3.4) 
a) Their sum is 45. 
b) The sum of the first and second is 19 less than 3 times the third. 
c) Five times the sum of the first and third equals 18 more than 8 times the second. 
d) Twenty times the sum of the second and third equals 3 more than the first. 
e) Twice the sum of the first and second equals 4 times the sum of the second and third. 
Ans. a) 3n + 6 = 45; 13, 15, 17 d) 20(2n + 6) =n + 3; —3, —1,1 
b) 2n +2 = 3 + 4) — 19; 9, 11, 13 e) 2(2n + 2) = 4(2n + 6); — 5, —3, —1 
c) 5(Q2n +4) =8(n + 2) + 18;7,9, 11 
9.12. Can you find: (3.5) 
a) Three consecutive integers whose sum is 36? 
b) Three consecutive odd integers whose sum is 33? 
c) Five consecutive even integers whose sum is 60? 
d) Five consecutive odd integers whose sum is 50? 
Ans. a) Yes; 11, 12, 13 b) Yes; 9, 11, 13 c) Yes; 8, 10, 12, 14, 16 
d) No. If n is used for the middle odd integer, 5n = 50, n = 10, which is not odd. 
AGE PROBLEMS 
9.13. Represent the age of a person: (4.1, 4.2) 
a) Iny years if present age is 50 years. Ans. a) 30 + y 
b) In 5 years if present age is F years. by F +S 
c) In 5 years if age 10 years ago was S years. c) SF 10 #5orS + 15 
d) 10 years ago if present age is J years. d) J ~ 10 
e) y years ago if present age is 40 years. e) 40 —y 
9.14. Using 5S and S to represent the present ages of a parent and child, express each statement as an 


equation; then find their present ages. (4.3) 


a) In7 years, the parent will be 3 times as old as the child will be then. 

b) Two years ago, the parent was 7 times as old as the child was then. 

c) In 3 years, the parent will be | year less than 4 times as old as the child will be then. 
d) Nine years ago, the parent was 3 times as old as the child will be 3 years hence. 


Ans. a) 5S +7 =3(S + 7); 35,7 c) 5S +3 =4(S + 3) — 1; 40, 8 
b) 5S —2 =7(S — 2); 30, 6 d) 5S — 9 = 3(S + 3); 45, 9 
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9.15. 


9.16. 


9.17. 
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Obtain two equations for each problem, using J and C to represent the present ages of Juanita and 
Charles, respectively; then find their present ages. (4.4) 


a) The sum of their present ages is 45. Juanita is 5 years older than Charles. 

b) Juanita is 10 years older than Charles. Twelve years ago, Juanita was 3 times as old as Charles 
was then. 

c) In 5 years, Juanita will be twice as old as Charles will be then. Four years ago, Juanita was 3 times 
as old as Charles was then. 

d) At present Juanita is 6 times as old as Charles. Two years hence, Juanita will be 10 times as old as 
Charles was 3 years ago. 

e) In 5 years, Juanita will be 25 years older than Charles will be then. Two years ago, Juanita was 7 
times as old as Charles was last year. 


Ans. a) J+C=45 b) J=C+t10 c) JS = 20 +5) ad J=-6C 
J=C+5 J—12 = 3(C — 12) J—4=3(C —4) J +2 =10(C — 3) 
25, 20 27, 17 31, 13 48,8 


e) J +5 =(C +5) + 25 
J=2=7¢=1) 


30, 5 
George is now 8 years older than Harry. Find their present ages if: (4.5) 
a) 14 years ago, George was twice as old as Harry was then. Ans. a) 30, 22 
b) 2 years hence, George will be 3 times as old as Harry will be then. b) 10,2 
c) 5 years hence, George will be twice as old as Harry was 2 years ago. c) 25,17 


The sum of the present ages of Kathy and Samantha is 60 years. In 8 years, Kathy will be 5 years 
older than 3 times as old as Samantha was 3 years ago. (4.5) 


Ans. 42 and 18[W + S = 60 and W + 8 = 3(S — 3) + 5] 


RATIO PROBLEMS 


9.18. 


9.19. 


9.20. 


Express each ratio in lowest terms: (5.1) 
a) 20¢ to 5¢ Jf) 50 percent to 25 percent k) 1b to flb 
b) 5 dimes to 15 dimes g) 15 percent to 75 percent 1) 2;days to 3> days 
c) 30 1b to 25 lb h) 33 percent to 77 percent m) 5ft to ;ft 
d) 2gto 14g i) $2.20 to $3.30 n) +mto l>m 
e) 27min to 21 min J) $0.84 to $0.96 o) 16 cm to 53cm 
Ans. a) 4 b) oe d)7 e) 7 fy) 2 g)s h) > i) 3 Ds 
k) 2 I > m) 20 n) + o) 3 
Express each ratio in lowest terms: (5.2) 
a) 1 year to 2 months e) 2ydto2ft i) 1001b to 1 ton 
b) 2 weeks to 5 days fp 25yd to 2 ft J $2 to 25¢ 
c) 3 days to 3 weeks g) 1; ftto9in k) 2 quarters to 3 dimes 
d) +hto 20min h) 21b to 80z J) 1m?to2cm? 
Ans. a) 6 b) 12 c) + d) e) 3 aes g) 2 h) 4 as j) 8 
ky; -D 5000 
Express each ratio in lowest terms: (5.3) 
a) 20¢ to 30¢ to $1 f) 2hto zh to 15 min 
b) $3 to $1.50 to 25¢ g) 1 ton to 200 Ib to 40 Ib 


c) | quarter to 1 dime to | nickel h) 3 1b to 1 Ib to 8 oz 
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9.21. 


9.22. 


9.23. 


9.24. 


9.25. 


9.26. 
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d) | day to 4 days to | week i) 1 gal to 1 qt to 1 pt 
e) ; day to9hto3h 
Ans. a) 2:3:10 b) 12:6:1 ce) 5:21 d) 1:4:7 e) 4:3:1 J) 8:2:1 

g) 50:5:1 h) 6:2:1 i) 8:2:1 
Express each ratio in lowest terms: (5.4) 
a) 60 to 70 Ans. * g) 0.7 to 2.1 Ans. + m) 73 to 2+ Ans. 3 
b) 84to7 12 h) 0.36 to 0.24 7 n) 1s to 12 z 
c) 65 to 15 > i) 0.002 to 0.007 ; 0) 5toy 15 
d) 125 to 500 q j) 0.055 to 0.005 11 py = 10 3 x 
e) 630 to 105 6 k) 6.4 to 8 0.8 or + q) zto 1F 5 
f) 1760 to 990 rT l) 144 to 2.4 60 r) ttoy 14 
Express each ratio in lowest terms: (5.5) 
a) x to 8x e) Tab to fa” i) x to 4x to 10x 
b) 15c to 5 f) 48 to S? J) 15y to 10y to 5y 
c) 11d to 22 g) S° to 6S” k) x tox tox 
d) 2arto mD h) 9r°t to 6rt* 1) 12w to 10w to 8w to 2w 
1 d 2r b 4 S 3r 
Ans. a) 8 b) 3c Cc) ) d) D e) 4 oD) 5 g) e h) Tr i) 1:4:10, 
J) 3:2:1 ik) xxl 1) 6:5:4:1 

Using x as their common factor, represent the numbers and their sum if: (5.6) 
a) Two numbers have a ratio of 5:4 Ans. a) 5x and 4x; sum = 9x 
b) Two numbers have a ratio of 9 to 1 b) 9x and x; sum = 10x 
c) Three numbers have a ratio of 2:5:11 c) 2x, 5x, and 11x; sum = 18x 
d) Five numbers have a ratio of 1:2:2:3:7 d) x, 2x, 2x, 3x, and 7x; sum = 15x 
If two numbers in the ratio of 7 to 4 are represented by 7x and 4.x, express each statement as an 
equation; then find x and the numbers. (5.7) 


a) The sum of the numbers is 99. Ans. 
b) The difference of the numbers is 39. 
c) Twice the smaller is 2 more than the larger. 


d) The sum of the larger and one-half the smaller is 36. 


The perimeter of a triangle is 60 in. Find each side. 


a) 11x = 99, x =9, 63, and 36 

b) 3x = 39,x = 13,91, and 52 

c) 8x =7x + 2,x = 2, 14, and 8 
d) 7x + 2x =36, x = 4, 28, and 16 


(5.8) 


a) The sides are in the ratio of 5:4:3. 
b) The sides are in the ratio of 2:6:7. 
c) Two sides are in the ratio of 3 to 2, and the third side is 25 in. 


Ans. a) Using 5x, 4x, and 3x for sides: 12x = 60, x = 5. Sides are 25, 20, 15 in. 
b) Using 2x, 6x, and 7x for sides: 15x = 60, x = 4. Sides are 8, 24, 28 in. 


c) Using 3x and 2x for sides: 5x = 35,x = 7. Sides are 21, 14, 25 in. 


The ratio of Patti’s money to Lee’s money is 5:2. How much does each have according to the follow- 
ing? (5.9) 


a) They will have equal amounts if Patti gives Lee 24¢. 
b) Patti will have twice as much as Lee if Patti gives Lee 30¢. 


Ans. a) Using 5x and 2x: 5x — 24 = 2x + 24, x = 16. Amounts are 80¢ and 32¢. 


b) Using 5x and 2x: 5x — 30 = 2(2x + 30),x = 90. Amounts are $4.50 and $1.80. 
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9.27. 


9.28. 
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An estate of $8800 is to be divided among three heirs according to the conditions of a will. Find the 
amounts to be received: (5.10) 


a) The estate is to be divided in the ratio of 5:2:1. 
b) One heir is to get $4000, and the others are to get the rest in the ratio of 7 to 5. 


Ans. a) Using 5x, 2x, and x: 8x = 8800, x = 1100. Amounts are $5500, $2200, $1100. 
b) Using 7x and 5x: 12x = 8800 — 4000, x = 400. Amounts are $2800, $2000, $4000. 


The hourly wages of James and Stanley are in the ratio of 8:7. Find their hourly wages if: (5.11) 


a) In3h James earns 60¢ more than Stanley. 
b) In 5h their combined earnings are $22.50. 


Ans. a) Using 8x and 7x: 3(8x) = 3(7x) + 60, x = 20. Wages are $1.60 and $1.40 per hour. 
b) Using 8x and 7x: 5(8x + 7x) = 2250, x = 30. Wages are $2.40 and $2.10 per hour. 


ANGLE PROBLEMS 


9.29, 


9.30. 


9.31. 


If two angles in the ratio of 5:4 are represented by 5x and 4x, express each statement as an equation; 
then find x and the angles. (6.1) 


a) The angles are adjacent and form an angle of 45°. 

b) The angles are complementary. 

c) The angles are supplementary. 

d) The larger angle is 30° more than one-half the smaller. 

e) The smaller angle is 25° more than three-fifths the larger. 

jf) The angles are the acute angles of a right triangle. 

g) The angles are two angles of a triangle whose third angle is their difference. 

h) The first angle is one of two congruent angles of an isosceles triangle. The remaining angle of the 
triangle is half of the other angle. 


Ans. a) 5x + 4x = 45,x = 5, 25° and 20° e) 4x = 3x + 25, x = 25, 125° and 100° 
b) 5x + 4x = 90,x = 10, 50° and 40° fp) 5x + 4x = 90,x = 10, 50° and 40° 
c) 5x + 4x = 180, x = 20, 100° and 80° g) 5x + 4x + x = 180, x = 18, 90° and 72° 
d) 5x = 2x + 30,x = 10, 50° and 40° h) 5x + 5x + 2x = 180, x = 15, 75° and 60° 


If two angles are represented by a and b, obtain two equations for each problem; then find the 
angles. (6.2) 


a) The angles are adjacent, forming an angle of 75°. Their difference is 21°. 

b) The angles are complementary. One is 10° less than 3 times the other. 

c) The angles are supplementary. One is 20° more than 4 times the other. 

d) The angles are two angles of a triangle whose third angle is 50°. Twice the first added to 3 times 
the second equals 300°. 


Ans. a) atb=75 b) atb=90 c) at+b=180 d) at+b=130 
a—b=21 a=3b—10 a =4b + 20 2a + 3b = 300 
48°, 27° 65°, 25° 148° 32° 90°, 40° 


If three angles in the ratio of 7:6:5 are represented by 7x, 6x, and 5x, express each statement as an 
equation; then find x and the angles. (6.3) 


a) The first and second are adjacent and form an angle of 91°. 

b) The first and third are supplementary. 

c) The first and one-half the second are complementary. 

d) The angles are the three angles of a triangle. 

e) The sum of the second and third is 20° more than the first. 

f) The second is 12° more than one-third the sum of the first and third. 

Ans. a) 7x + 6x = 91,x = 7; 49°, 42°, and 35° d) 7x + 6x + 5x = 180, x = 10; 70°, 60°, and 50° 


b) 7x + 5x = 180, x = 15; 105°, 90°, and 75° e) 6x + 5x =7x + 20, x = 5; 35°, 30° and 25° 
c) 7x + 3x = 90, x = 9; 63°, 54°, and 45° f) 6x = 4x + 12,x = 6; 42°, 36°, and 30° 
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9.32. 


9.33. 


a) One of two complementary angles is 5° less than 4 times the other. Find the angles. (6.4) 


Ans. 19°, 71° [Ifx is the other angle, x + (4x — 5) = 90.] 
b) One of two supplementary angles is 10° more than two-thirds of the other. Find the angles. 
Ans. 78°, 102° [If x is the other angle, x + (x + 10) = 180.] 


In a triangle, one angle is 9° less than twice another. The third angle is 18° more than twice their sum. 
Find the angles. (6.5) 


Ans. 33°, 21°, 126° [If xis the second angle, x + (2x — 9) + 6x = 180.] 


PERIMETER PROBLEMS 


9.34. 


9.35. 


The length and width of a rectangle such as the one in Fig. 9-32 are represented by / and 2/ — 20, 
respectively. Express each statement as an equation; then find / and the dimensions of the rectangle. 


(7.1) 
B d C 
21—20 21—20 
A D 
Fig, 9-32 


a) The perimeter is 50 km. 

b) The semiperimeter is 22 cm. 

c) A fence around the rectangle but not including BC is 25 ft. 

d) If each dimension is increased 10 rd, the perimeter of the rectangle will be 72 rd. 

e) If the width is unchanged and the length is doubled, the perimeter will be 128 in. 

Sf) The rectangle is a square. 

g) The perimeter of a square having the width as a side exceeds the perimeter of an equilateral trian- 
gle having the length as a side by 10 ft. 


Ans. a) 61 — 40 =50,/ = 15; 15 and 10 km e) 2(21) + 2(21 — 20) = 128, 1 = 21; 21 and 22 in 
b) 31 — 20 = 22,1 = 14; 14 and 8cm f) | = 21 — 20, 1 = 20; 20 and 20 
c) 51 — 40 = 25, / = 13; 13 and 6 ft g) 4(21 — 20) = 31 + 10, J = 18; 18 and 16 ft 


d) 2(1 + 10) + 2(21 — 10) = 72,1 = 12; 12 and 4rd 


Using b for the base and a for each of the congruent sides of an isosceles triangle, obtain two equa- 


tions for each problem; then find AB and AC. See Fig. 9-33. (7.2) 
B 
a a 
A ; C 
Fig. 9-33 


a) The perimeter is 32, and AB is 4 more than AC. 

b) The perimeter is 42, and AB is 9 less than twice AC. 

c) The perimeter is 28. The sum of twice AB and one-half of AC is 24. 

d) If each of the congruent sides is doubled, the new perimeter will be 43. If each of the congruent 
sides is increased by 10, the new perimeter will be 45. 
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Ans. a) 2at+b=32 b) 2a +b =42 c) 2at+b=28 
b 
a=bt+4 a=2b—9 eg se 
AB = 12,AC =8 AB = 15, AC = 12 AB = 10, AC = 8 


d) 4at+b=43 
2(a + 10) +b = 45 
AB =9:AC-=7 


9.36. Ina trapezoid having equal sides, the bases and sides are represented as shown in Fig. 9-34. Express 
each statement as an equation; then find x, AB, and AD. (7.3) 


x+2 x+2 


ax—5 
Fig. 9-34 


a) The perimeter is 49 in. 
b) The combined length of the upper and lower bases is 28 ft. 
c) A fence around the trapezoid not including CD is 19 yd. 


Ans. a) 5x — 1 =49,x = 10, AB = 12in, AD = 15in 
b) 3x — 5 = 28,x = 11, AB = 13 ft, AD = 17ft 
c) 4x —3 = 19, x =54, AB =7+yd, AD = 6yd 


9.37. Three sides of a quadrilateral in the ratio of 2:3:5 are represented by 2x, 3x, and 5x, respectively. If 
the base is 20, express each statement as an equation; then find x and AB. See Fig. 9-35. (7.4) 


Fig. 9-35 


a) The perimeter is 95. 

b) AD is 40 less than the combined length of the other three sides. 

c) BCis 12 less than the combined length of AD and AB. 

d) The perimeter of triangle BCD exceeds that of triangle ABD by 22. 


Ans. a) 10x +20 = 95,x =75,AB = 15 c) 3x = (2x + 20) — 12,x = 8, AB = 16 
b) 20 = 10x — 40,x = 6, AB = 12 d) 8x + 18 = (2x + 38) + 22,x =7,AB = 14 


9.38. A piece of wire 72 in long is to be used to make a wire model of an isosceles triangle. How long 
should the sides be if: (7.5) 


a) The ratio of one of the congruent sides to the base is 3:2? 
b) The base is to be 6 in less than one of the congruent sides? 


Ans. a) 27,27, and 18 in b) 26, 26, and 20 in 
9.39. The side of one square is 7 km longer than the side of another. Find the sides of the squares. (7.6) 


a) The sum of the two perimeters is 60 km. 
b) The perimeter of the larger square is twice that of the smaller. 


Ans. a) 11 and4km b) 14 and 7 km. 
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COIN OR STAMP PROBLEMS 


9.40. 


9.41. 


9.42. 


9.43. 


9.44. 


9.45. 


Write the expression that represents the total value in cents of each; then simplify it: (8.1, 8.2) 


a) nnickels and n — 5 dimes Ans. a) 5n + 10(n — 5); 15n — 50 
b) n dimes and 3n — 10 quarters b) 10n + 25(3n — 10); 85n — 250 
c) n5-cent and (2n + 5) 10-cent stamps c) 5n + 10(2n + 5); 25n + 50 


Express each statement as an equation; then find n and the number of each coin or stamp. (8.3) 


a) The total value of n nickels and 2n dimes is $1.25. 

b) The total value of n two-cent and (n — 3) three-cent stamps is 91¢. 

c) The value of n quarters is $5.75 less than the value of (n + 10) half-dollars. 
d) The value of n six-cent stamps equals that of (2n — 7) ten-cent stamps. 


Ans. a) 5n + 10(2n) = 125, n = 5;5 nickels and 10 dimes 
b) 2n + 3(n — 3) = 91,n = 20; 20 two-cent and 17 three-cent stamps 
c) 25n = 50(n + 10) — 575, n = 3; 3 quarters and 13 half-dollars 
d) 6n = 10(2n — 7), n = 5; 5 six-cent and 3 ten-cent stamps 


Using x for the number of the first coin and y for the number of the second coin, obtain two equations 


for each problem; then find the number of each. (8.4) 
Equations Coins 

a) Hilary has 25 coins, nickels and half- Ans. x+y =25 13 nickels 
dollars. Their value is $6.65. 5x + 50y = 665 12 half-dollars 

b) The value of a number of dimes and 10x + 25y = 205 8 dimes 
quarters is $2.05. If the quarters were 10x + 5y = 105 5 quarters 
replaced by nickels, the value would be 
$1.05. 

c) The value of a number of nickels and 5x + 10y = 140 14 nickels 
dimes is $1.40. If the nickels were 10x + 5y = 175 7 dimes 


replaced by dimes and the dimes by 
nickels, the value would be $1.75. 

d) The value of a number of nickels and Sx + 25y =325 | 15 nickels 
quarters is $3.25. If the number of nickels 5(@@ + 3) + 25(2y) = 590 10 quarters 
were increased by 3 and the number of quar- 
ters were doubled, the value would be $5.90. 


Jack has a number of coins worth $4.05. The collection consisted of 5 more nickels than dimes, and 
the number of quarters was 3 less than twice the number of dimes. How many of each had he? (8.5) 


Ans. Using d for the number of dimes: 5(d + 5) + 10d + 25(2d — 3) = 405, d =7. 
12 nickels, 7 dimes, 11 quarters 


Is it possible to change a $20 bill into an equal number of nickels, dimes, and quarters? If so, how 
many of each would be needed? (8.6) 


Ans. Yes. Usingn for the number of nickels: 5n + 10n + 25n = 2000,n = 50. 
50 nickels, 50 dimes, 50 quarters 


At a show, the price of admission for a child was $1 and for an adult $2.50. Find the number of chil- 
dren and the number of adults if: (8.7) 


a) 40 were admitted and the total paid was $64.00 

b) Twice as many children as adults were admitted and the total paid was $40.50 

c) 10 more children than adults were admitted and the total paid was $62.50 

d) 15 more children than adults were admitted and the totals paid for each were equal 
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Ans. a) 24 children and 16 adults [c + 2.5(40 — c) = 64] 
b) 18 children and 9 adults [1(2a) + 2.5a = 40.5] 
c) 25 children and 15 adults (a + 10) + 2.5a = 62.50] 
d) 25 children and 10 adults [a + 15 =2.5a] 


COST AND MIXTURE PROBLEMS 


9.46. 


9.47. 


9.48. 


9.49, 


9.50. 


Write the expression that represents the total value in cents; then simplify it: (9.1) 


a) nb of tea valued at $1.25 per pound and 5 |b of tea valued at $1.40 per pound 
b) n stamps valued at 5O¢ each andn — 8 stamps valued at 75¢ each 

c) 2nnotebooks at 10¢ each and 3n — 5 notebooks at 15¢ each 

d) d dozen pens at $3.25 a dozen and 2d + 4 doz. pens at $2.80 a dozen 


Ans. a) 125n + 5(140); 125n + 700 c) 10(2n) + 15(3n — 5); 65n — 75 
b) 50n + 75(n — 8); 125n — 600 d) 325d + 280(2d + 4); 885d + 1120 
Write the expression that represents the total cost in dollars; then simplify it: (9.2) 


a) n souvenirs priced at $3 a piece andn — 2 souvenirs priced at $1.50 each 

b) 2n tickets at $3.30 each, n/2 tickets at $4.40 each, and n tickets at $1.60 each 
c) 12 chairs at $7 each, n chairs at $8.50 each, and 2n + 1 chairs at $10 each 
d) n boxes of cards at $2.50 a box and 5n — 4 boxes at $3.75 a box 


Ans. a) 3n + 1.50(n — 2); 4.5n — 3 c) 7112) + 8.50n + 10(2n + 1); 28.5n + 94 
b) 3.30(2n) + sa0( 5] + 1.60n; 10.4n d) 2.50n +3.75(5n — 4); 21.25n — 15 
Express each statement as an equation; then find n and the number of each kind: (9.3) 


a) The cost of n Ib of tea at 85¢ a pound and (10 — n) lb of tea at 90¢ a pound is $8.80. 

b) The value of n tickets at 90¢ each and 3n + 2 tickets at $1.20 each is $29.40. 

c) John’s earnings for 7h at $1.70 per hour and for (7 — 4)h at $2.40 per hour are $31.40. 
d) The cost ofn + 2 gifts at $8 each. 2n gifts at $10 each, andn gifts at $15 each is $231. 


Ans. a) 85n + 90(10 — n) = 880, n = 4, 4 lb at 85¢ and 6 lb at 90¢ 
b) 90n + 120(3n + 2) = 2940,n = 6, 6 tickets at 90¢ and 20 tickets at $1.20 
c) 170n + 240(n — 4) = 3140, n = 10, 10h $1.70 and 6h at $2.40 
d) 8(n + 2) + 10(2n) + 15n = 231,n = 5,7 gifts at $8, 10 gifts at $10, and 5 gifts at $15 


A coffee merchant blended coffee worth 75¢ a pound with coffee worth 95¢ a pound. How many 


pounds of each grade did he use to make: (9.4) 
75¢ Grade | 95¢ Grade 

a) A mixture of 30 lb valued at 85¢ a pound? Ans. a) 151b 15 1b 

b) A mixture of 12 1b valued at 80¢ a pound? b) 9lb 3 lb 

c) A mixture of 24 Ib valued at 90¢ a pound? c) 61b 18 Ib 


At a game, tickets were sold at $2.50, $5.00, and $8.00 each. The number sold at $5.00 was 10 more 
than the number sold at $8.00. The total receipts were $165.00. (9.5) 
Find the number sold at each price if: 


a) There were 20 sold at $2.50. 
b) The number sold at $2.50 equaled the sum of the other tickets. 
c) The number sold at $2.50 was 5 more than that at $5.00. 


Ans. a) 15 at $5.00, 5 at $8.00, 20 at $2.50 
b) 15 at $5.00, 5 at $8.00, 20 at $2.50 
c) 15 at $5.00, 5 at $8.00, 20 at $2.50 
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INVESTMENT AND INTEREST PROBLEMS 


9.51. Write the expression that represents the annual interest earned by each principal; then simplify it: 
(10.1) 
a) $1000 at 5 percent, $2000 at 3 percent, and $P at 4 percent 
b) $P at 2 percent, $2P at 5 percent, and $7500 at 6 percent 
c) $P at 3 percent and $(2P — 600) at 7 percent 
d) $P at 8 percent, $3P at 3 percent, and $(P + 2500) at 4 percent 
Ans. a) 0.05(1000) + 0.03(2000) + 0.04P; 0.04P + 110 
b) 0.02P + 0.05(2P) + 0.06(7500); 0.12P + 450 
c) 0.03P + 0.07(2P — 600); 0.17P — 42 
d) 0.08P + 0.03(3P) + 0.04(P + 2500); 0.21P + 100 
9.52. Express each statement as an equation; then solve and state each principal. (10.2) 
a) The total annual income from $800 at 3 percent and $P at 4 percent is $56. 
b) The total annual interest from $P at 2 percent and $(P + 2000) at 5 percent is $380. 
c) The annual interest from $P at 6 percent equals that from $(2P — 3000) at 5 percent. 
d) The annual interest from $2P at 35 percent exceeds that from $P at 5 percent by $40. 
Ans. a) 0.03(800) + 0.04P = 56, P = 800; $800 at 4 percent 
b) 0.02P + 0.05 (P + 2000) = 380, P = 4000; $4000 at 2 percent, $6000 at 5 percent 
c) 0.06P = 0.05 (2P — 3000), P = 3750; $3750 at 6 percent, $4500 at 5 percent 
d) 0.03 {2P) = 0.05P +40, P = 2000; $4000 at 3} percent, $2000 at 5 percent 
9.53. Ms. Horowitz invested two sums of money, the first at 5 percent and the second at 6 percent. State the 
amount invested at each rate if the ratio of the investments was: (10.3) 
a) 3:1 and the interest from the 5 percent investment exceeded that from the 6 percent investment by 
$180 
b) 4:3 and the total interest was $342 
Ans. a) Using 3x and x: 0.05(3x) — 0.06x = 180, x = 2000; $6000 at 5 percent and $2000 at 6 percent 
b) Using 4x and 3x 0.05(4x) + 0.06(3x) = 342, x = 900; $3600 at 5 percent and $2700 at 6 percent 
9.54. A total of $1200 is invested, partly at 3 percent and the rest at 5 percent. Find the amounts invested at 
each rate if: (10.4) 
a) The total interest is $54. Ans. a) $300 at 3 percent, $900 at 5 percent 
b) The annual amounts of interest are both equal. b) $750 at 3 percent, $450 at 5 percent 
c) The annual interest from the 3 percent investment c) $800 at 3 percent, $400 at 5 percent 
exceeds that from the 5 percent investment by $4. 
9.55. Ona total investment of $5400, Mr. Adams lost 4 percent on one part and earned 5 percent on the 
other. How large was each investment if: (10.5) 
a) His losses equaled his earnings? Ans. $3000 at —4 percent and $2400 at 5 percent 
b) His net income was $144? $1400 at —4 percent and $4000 at 5 percent 
9.56. Mrs. Howard has $400 invested at 2 percent and $600 at 3 percent. State the amount she must invest 
at 6 percent so that her annual income will be a) 4 percent of the entire investment, b) 5 percent of 
the entire investment. (10.6) 
Ans. Using x for the added investment: 
a) 0.02(400) + 0.03(600) + 0.06x = 0.04(1000 + x); $700 to be added at 6 percent 
b) 0.02(400) + 0.03(600) + 0.06x = 0.05(1000 + x); $2400 to be added at 6 percent 
MOTION PROBLEMS 
9.57. Write the expression, in simplified form, that represents the distance in miles traveled in: (11.1) 


210 


9.58. 


9.59, 


9.60. 


9.61. 


9.62. 
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a) 7h at 20 mi/h and in Th more at 42 mi/h Ans. a) 7(20) + 42T; 42T + 140 
b) 10h at Rmi/h and in 12h more at 10 mi/h b) 10R + 12(10); LOR + 120 
c) That 25 mi/h and in (T + 8) h more at 15 mi/h e) 257 + 15(7 + 8), 40T + 120 
d) Shat R mi/h and in 3+h more at (2R + 8) mi/h d) 5R + 33(2R + 8); 12R + 28 
Write the expression, in simplified form, that represents the time in hours needed to travel. (11.2) 
240 D D 
a) 240 mi at 40 mi/h and D mi farther at 27 mi/h Ans. a) “qo * 57397 + 6 
100 75 100 
b) 100 mi at R mi/h and 75 mi farther at 15 mi/h Oe Gg ae 
D 3D 2D 
c) Dmi at 15 mi/h and 3D mi farther at 45 mi/h 75 7 45° 15, 
40 50 50 1 
d) 40 mi at 4 mi min and 50 mi farther at R mi/h D0 R>R 6 


Two trains leave the same terminal at the same time and travel in opposite directions. After 8 h they 
are 360 mi apart. The speed of the faster train is 3 mi/h less than twice that of the slower train. Find 
the rate of each train. (11.3) 


Ans. Using R for speed of slower train in miles per hour: 8R + 8(2R — 3) = 360, rates are 16 and 29 mish. 


In each situation, the travelers start from the same place at the same time and travel in opposite direc- 
tions. Using the letter indicated, express each statement in an equation; then solve and find each 
quantity represented. (11.4) 


a) At speeds of 25 and 15 mi/h, they travel until they are 210 mi apart. Find the time of each, using T 
in hours. 

b) After 7h both are 707 mi apart, one going 39 mi/h slower. Find the faster rate, using R in miles per 
hour for this. 

c) At speeds in the ratio of 6:5, both are 308 mi apart in 14h. Find their respective rates, using 6x 
and 5x in mi/h for these. 


Ans. a) 25T + 15T = 210, time is 55h. b) 7R + 7(R — 39) = 707, faster rate is 70 mi/h. 
c) 14(6x) + 14(5x) = 308, x = 2, rates are 12 and 10 mi/h. 


Two planes leave from points 1925 mi apart at the same time and fly toward each other. Their average 
speeds are 225 and 325 mi/h. How soon will the planes meet and how far will each have traveled? 
(11.5) 


Ans. Using T for the time of travel: 225T + 325T = 1925. Planes will meet in 3+h. 
The distances traveled will be 7187; and 1137; mi. 


In each situation, the travelers start from distant places and travel toward each other until they meet. 
Using the letter indicated, express each statement in an equation; then solve and find each quantity 
represented. (11.6) 


a) Starting 297 mi apart, they travel at 38 and 28 mi/h. Find the time of each in hours, using 7. 

b) Starting 630 mi apart, they meet in 5h, one traveling 46 mi/h faster than the other. Find the rate of 
the faster in miles per hour, using R for this. 

c) Starting 480 mi apart, they meet in 6h, one traveling 5 times as fast as the other. Find the rate of 
the slower, in miles per hour, using R for this. 


Ans. a) 38T + 28T = 297, time is 45h. 
b) 5R + 5(R — 46) = 630, rate of faster is 86 mi/h. 
c) 6R + 6(5R) = 480, rate of slower is 135 mi/h. 
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9.63. 


9.64. 


9.65. 


9.66. 


9.67. 


A plane traveled from its base to a distant point and back again along the same route in a total of 8 h. 
Its average rate going was 180 mi/h, and its average rate returning was 300 mi/h. How long did it take 
in each direction and what was the distance covered each way? (11.7) 


Ans. Using T for the time in hours going, 1807 = 300(8 — 7), time going was 5h. 
The distance covered each way was 900 mi. 


In each situation, a traveler traveled out and back to the starting place along the same road. Using the 
letter indicated, express each statement as an equation, then solve and find each quantity represented. 
(11.8) 


a) A traveler traveled for 3 h at an average rate of 44 mi/h and returned in 5zh. Find the average rate 
returning in miles per hour, using R. 

b) A traveler took 3h less to return than to go. If he averaged 45 mi/h out and 54 mi/h back, find his 
time returning, using T for this. 

c) A traveler required a total of 8h for a round trip. If she averaged 24 mi/h out and 36 mi/h back, 
find her time returning, using T. 

d) After taking 3h going out, a traveler came back in 5 h, averaging 28 mi/h slower on the way back. 
Find the average rate going in miles per hour, using R for this. 


Ans. a) 3(44) = 55R, rate returning 24 mi/h c) 24(8 — T) = 36T, time back 3.2h 
b) 45(T + 3) =54T, time back 15h d) 3R =5(R — 28), rate going 70 mi/h 


A boat travels at 24 mi/h. A patrol boat starts 3h later from the same place and travels at 32 mi/h in 
the same direction. How long will the patrol boat need to overtake the first boat, and what distance 
will it cover? (11.9) 


Ans. Using T for the time of the patrol boat in hours, 32T = 24(T + 3). 
The time needed to overtake is 9 h and the distance to cover is 288 mi. 


In each situation, after a traveler has begun her or his trip, a second traveler starts from the same 
place along the same road and, going in the same direction, overtakes the first. (11.10) 


a) The second starts 2h later and travels for 6 h at 34 mi/h. Find the rate of the first in miles per 
hour, using R for this. 

b) Their speeds are 15 and 24 mi/h. The second starts 2 h after the first. Find the time of the first, 
using T. 

c) The first travels 18 mi/h slower than twice the speed of the second. If the second starts out 2 h later 
and overtakes the first in 5h, find the rate of the second in miles per hour, using R for this. 

d) The ratio of their rates is 4:5. The first was delayed 2 h along the way and also made a detour of 
10 mi extra. The second overtook the first in 6h, after starting 4h later. Find their rates in miles 
per hour, using 4x and 5x for these. 


Ans. a) 83R = 6(34); rate of first 24 mi/h 
b) 15T =24(T — 2); time of first 5;h 
c) 7.2R — 18) = 5R; rate of second 14 mi/h 
d) 8(4x) — 10 = 6(5x), x = 5; rates 20 and 25 mi/h 


On a trip, Phillip used a boat first and later a train. The boat trip took 3 h longer than the train ride. 
How long did the trip take if the speeds of the boat and train were: (11.11) 


a) 20 and 30 mi/h, respectively, and the trip was 210 mi? 
b) 10 and 40 mi/h, respectively, and the trip was 255 mi? 


Ans. Using T for the time of the train: 
a) 20(T + 3) + 30T = 210, T = 3, total time 9h 
b) 10(7 + 3) + 407 = 255, T = 45, total time 12h 
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9.68. For the following data from the U.S. Census: 


Year Population of U.S. 
1950 150,697,000 
1940 131,669,000 
1930 122,775,000 
1920 105,711,000 
1910 91,972,000 
1900 75,995,000 
1890 62,948,000 
1880 50,156,000 
1870 38,558,000 
1860 31,443,000 
1850 23,192,000 
1840 17,069,000 
1830 12,866,000 
1820 9,638,000 
1810 7,240,000 
1800 5,308,000 
1790 3,929,000 


(a) Graph these data, using the vertical axis for population (in millions). 
(b) For which years is the graph almost linear? Ans. From 1880 to 1900. 
(c) Find the equation of an approximating linear model for these data. 


(d) Use your model in (c) to predict the population in 1980. 
(NOTE. The actual population in 1980 was 227 million.) 


(e) What is the percent error in your model for 1980? 
(f) Construct a quadratic model for these data. 


(Hint: Review Chapter 13 before attempting this.) 
(g) Which is the better model: a linear function or a quadratic function for the above data? Why? 
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CHAPTER 10 


Products 
and Factoring 


1. UNDERSTANDING FACTORS AND PRODUCTS 


A Product and Its Factors 
A product is the result obtained by multiplying two or more numbers. 
The factors of the product are the numbers being multiplied. 
Thus, 2, x, and y are the factors of the product 2xy. 


To find the product of a monomial and a polynomial, multiply the monomial by every term of the 
polynomial. 
Thus, 3(4x + 2y) = 12x + 6y. 


Two factors of any number are | and the number itself. 
Thus, | and 31 are factors of 31, while 1 and x are factors of x. 
A prime number is a whole number which has no whole number factors except | and itself. 


Thus, 2,5, 17, and 31 are prime numbers. 
Note how products may be divided into factors or into prime factors: 


Product Factors Prime Factors 
36 = 4-9 = 2-2-3-3 
36 = 6:6 = 2-3:2-3 
10a? = 10-a = 2-5-a-a 
2ax + 6a = 2ax +3a) = 2a(x + 3) 


To factor a number or expression is to find its factors, not including | and itself. 
Thus, 2ax + 6a may be factored into 2(ax + 3a) or further into 2a(x + 3). 


To factor a polynomial (two or more terms) completely, continue factoring until the polynomial 
factors cannot be factored further. 


Thus, 2ax + 6a may be factored completely into 2a(x + 3). 
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NOTE: Monomial factors need not be factored further. 


Thus, 6ax* + 12:7 may be factored completely into 6x° (a + 2); 6 and x* need not be further factored. 


1.1. FINDING THE PRODUCT OF MONOMIAL FACTORS 


Find each product: 

a) 5-7-x Ans. a) 35x d) 4(3a)(10b) Ans. — d) 120ab 
b) —3xxx b) —3x3 e) (5x*)(—11y) e) —55x2y 
c) 8x7 -x3- x4 c) 8x° f) @ab)B3ac)(4ad) f) 24a*bcd 


1.2. FINDING THE PRODUCT OF Two FAcTors, 4 MONOMIAL AND A POLYNOMIAL 


Find each product 


a) 4(a + b) Ans. 4a + 4b f) PA + m) Ans. P+ Prn 

b) yw +z) wy + yz g) Tr(r + h) mr + trh 

c) 3(44y — 1) 12y —3 h) ax —y + 1) ax —ayta 
d) —Tx(x — 2) —T + 14x i) $34 + b= 2) 84 — 3b + 6 
e) 3a°(3a — 5) 9a* — 15a” 


1.3. FINDING PRODUCTS INVOLVING FRACTIONS AND DECIMALS 


Find each product: 


a) 6(5 + 4) Ans. a) 30 +3 = 33 ap) a5 + | Ans. f) 12x + 8x = 20x 
x x 
b) 124+ 4) b)4+9=13 g) 25-3) g) 4x —5x = —x 
; x 2x 
c) 1400-5 c) 140 — 2 = 138 h) 9 3. 9 h) 3x -2x =x 
d) 0.021000 — 40) d) 25 —1=24 1) 0.05(2000 — x) i) 100 — 0.05x 
e) 0.03(2000 + 250) e) 60 + 7.50 = 67.50 j) 0.033(4000 — 2x) J) 140 — 0.07x 


2. FACTORING A POLYNOMIAL HAVING A COMMON MONOMIAL FACTOR 


A common monomial factor of a polynomial is a monomial that is a factor of each term of the 
polynomial. 
Thus, 7 and a? are common monomial factors of 7a7x + 7a*y — 7a*z. 


The highest common (monomial) factor (HCF) of a polynomial is the product of all its 
common monomial factors. 
Thus, 7ab is the highest common monomial factor of 7abc + Tabd. 


To Factor a Polynomial Having a Common Monomial Factor 


Factor: Jax’ + 14bx* — 21° 
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Procedure: Solution: 

1. Use the highest common (monomial) 1. HCF is 722. 
factor (HCF) as one factor: 

2. Find the other factor by dividing each 2. Divide each term by HCF: 
term of the polynomial by the HCF: Tae + 14b2 — 21ce2 


72 =a+ 2b—3c 


Hence, by factoring 
Tax + 14bx —2lex? = Te (a4 + 2b — 3¢) 


NOTE: A fraction may be used as a common factor if it is the numerical coefficient of each term of the 
original polynomial. 


Thus, by factoring, 3x + sy =3@ + y). 
2.1. FACTORING POLYNOMIALS HAVING A COMMON MONOMIAL FACTOR 


Factor, removing the highest common factor: 


a) 5a — 5b Ans. 5(a — b) f) S — Snd Ans. S(1 — nd) 

b) th + +k sth + k) g) TR? — mr? mR? — r’) 

c) 2ay — 2by 2y(a — b) h) Sbx + 10by — 15b 5b(x + 2y — 3) 
d) 9x — 9x 9x(x — 1) i) 4x° + 8x? — 24x Ax(x° + 2x — 6) 
e) P+3x (x3 + 3) 


2.2. FACTORING NUMERICAL POLYNOMIALS 


Evaluate each, using factoring: 


a) 7(14) — 6414) Ans. a) 1477 — 65 = 144) =7 

b) 6(8 4) + 4(8) b) 846 + 4) = 8110) = 85 

c) 17410) — 15410) c) 107172 — 154) = 10(2) = 20 

d) 0.03(800) + 0.03(750) — 0.03(550) d) 0.03(800 + 750 — 550) = 0.03(1000) = 30 
e) 0.024(8500) — 0.027500) — 0.024(1000) e) 0.024(8500 — 7500 — 1000) = 0.024(0) = 0 
f) 8.4(3°) + 5.3(33) — 3.733) f) (8.4 +53 —3.7) = 3°00) = 270 


3. SQUARING A MONOMIAL 


The square of a number is the product of the number multiplied by itself. The number is used twice 
as a factor. 
Thus, the square of 7 or 7? =(7\(7) =49. 
Also, the square of —7 or ( TP =(-7)(-7) = 49. 


Opposites have the same square. 
Thus, both +7 and —7 have the same square, 49; that is, (+7)? =(—7). 


To square a fraction, square both its numerator and its denominator. 
2 2 \2 2\f2 2 4 

Thus, the square of — or = =a=— 
3 3 /\3 3 9 


; a\2) @ 
n general, {7~} = 75 


216 PRODUCTS AND FACTORING 


[CHAP. 10 


To square a monomial, square its numerical coefficient, keep each base, and double the exponent of 


each base. 


Thus, (Sab?) = (Sab*)(Sab*) = 25a7b°. 


3.1. SQUARING NUMBERS 


Find each square: 


a) (+8y Ans. 64 f) && Ans. 35 
b) (—8yY 64 aa ers os 
c) (0.3)? 0.09 h) GY o 
d) (—0.3)? 0.09 i) Gor (12% S 
e) (—0.07)7 0.0049 =f) (-13° ~ 


3.2. SQUARING MONOMIALS 
Find each square: 


a) (ry Ans. © 


b) (4? x8 
a® \2 q' 

_ (s) oe 
lt a pe 

oy F 
y y 

e) (2aby 4ab? 


fi (447 16x8 


3.3. FINDING AREAS OF SQUARES: A = S? 


Find the area of a square whose side is: 


a) 3ft Ans. 9 ft? 
b) +yd 7 yd? 
c) 1.3 mi 1.69 mi? 


ab? \2 

8) (-2") 
h) (—3w)? 
i) (—8a*b°cy 
Jy Oe? 

al 
k) {— 

uv 


1) (—tx7y 10)2 


4. FINDING THE SQUARE ROOT OF A MONOMIAL 


The square root of a number is one of its two equal factors. 


k) (0.002)? Ans. 
1) (-1.2)? 

m) (1.25)? 

n) (—0.125)" 

0) (—0.101)2 


Ans. 74 
100,40 
64a°b® 7 
0.01x200 
Per 
uv 


AoE ed 


Ans. 64x? 


Thus, the square root of 49 is either +7 or —7, since 49 = (+7)(+7) = (—7)(—7). 


0.000004 
1.44 
1.5625 
0.015625 
0.010201 


A positive number has two square roots which are opposites of each other; that is, they have the 


same absolute value but differ in sign. 


Thus, = has two square roots, ++ and —*. 


The principal square root of a number is its positive square root. 


Thus, the principal square root of 81 is +9. 


The symbol V _ is used to indicate the principal or positive square root of a number. 


Thus, V81 = 9, f= V0.09 = 0.3. 
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To find the principal square root of a monomial, find the principal square root of its numerical 
coefficient, keep each base, and use half the exponent of each base. 


Thus, V l6y!° = 4y*. 


The principal square root of a fraction is the principal square root of its numerator divided by the 
principal square root of its denominator. 


Th 100 xt 
us, 1 = 


4.1. FINDING PRINCIPAL SQUARE Roots 


Find each principal square root: 


a) V100 Ans. 10 e) Vas Ans. a i) V900a2b? Ans. 30ab 

b) V2500 50 fp) Vat ab’ ~—)- V0.09-” 0.3¢!° 

c) V0.0001 0.01 — g) V100s! 10s) V36°° 6r'8 
oo yf 2 fig 
400 20 y y x x 


4.2. FINDING SIDES OF SQUARES: S = VA 


Find the side of a square whose area is: 


a) 49 in? Ans. 7in c) ayd? Ans. syd e) 1.21b* Ans. 1.1b? 

b) 0.0004 ft 0.02ft  d) 169a* 13 — = 
i i a a 5 _——_ 
169x7y? 13xy 


5. FINDING THE PRODUCT OF THE SUM AND DIFFERENCE OF TWO NUMBERS 


(& + y)@ —y) =a —y” 
If the sum of two numbers is multiplied by their difference, the product is the square of the first 
minus the square of the second. 
Thus, (x + 5)@ —5) = 2? — 25. 
Note below how the middle term drops out in each case. 


(1) Multiply x + y by x —y: (2) Multiply a> + 8 by a® — 8: 

x+y @t+es 

x —y a —8 

x? + xy ad + 8a3 

Wass) dan __— 8a — 64 
Ans. x? -y Ans. a® — 64 
(3) Multiply 103 by 97: 

103 = 100 + 3 

97 = 100 — 3 
10,000 + 300 
— 300 —9 


Ans. 10,000 —9 = 9991 
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Note, in (3) above, a new method for multiplying 103 by 97. This process of multiplying the sum of 
two numbers by their difference is a valuable shortcut in arithmetic in cases such as the following: 


(a) 33 X 27 = (30 + 3)(30 — 3) = 900 — 9 or 891 
@) 2x = + 92 —3)=4—-10r32 
(c) 9.8 X 10.2 =(10 — 0.2)(10 + 0.2) = 100 — 0.04 or 99.96 


5.1. MULTIPLYING THE SUM OF Two NUMBERS BY THEIR DIFFERENCE 


Find each product: 


(First + Second)(First — Second) 1. (First)? 2. (Second)? 3. Product (Ans.) 
a) (m + 7m — 7) ne 49 ne — 49 
b) (8 + 3x)(8 — 3x) 64 9x? 64 — 937 
c) (Ila + 5b) 1a — 5d) 121a? 25b" 121a? — 250° 
d) (e +y’)Q? —y’) i y° ¥ =e 
e) dl + yt (1 — yz?) 1 ye? 1 — ybzl° 
J (ab + 3ab ~— § aly z ey —% 
g) (0.2 + 2p)(0.2 — 4p) 0.04 op? 0.04 — £p? 


5.2. MULTIPLYING TWO NUMBERS BY THE SUM-PRODUCT METHOD 


Multiply, using the sum and difference of two numbers: 


a) 18 X 22 Ans. 18 X 22 = (20 — 2)(20 + 2) = 400 — 4 = 396 

b) 25 X 35 25 X 35 = (30 — 5)(30 + 5) = 900 — 25 = 875 

c) 0.96 X 1.04 0.96 X 1.04 = (1 — 0.04)(1 + 0.04) = 1 — 0.0016 = 0.9984 
d) 7.1 X69 7.1 X69 =(7 + 0.17 — 0.1) = 49 — 0.01 = 48.99 

ey 27 619 2% 1 -OA+HC- 2 4-5 = 35 


5.3. MULTIPLYING A MONOMIAL BY SUM AND DIFFERENCE FACTORS 
Find each product. (First, multiply the sum and difference factors.) 


a) 2 + 5) — 5) b) x°(1 — 3y)(1 + 3y) ora wotr—w 
d) 24@m* + 3)(m* — 3) 


a) 2(x* — 25) b) x*(1— 9y’) co) f(t? —u’) d) 24m* — > 
Ans. 2x? — 50 Ans. x? — 9x?y? Ans. t* — Pu? Ans. 24m* — 6 


6. FACTORING THE DIFFERENCE OF TWO SQUARES 


x —y =(x— ya + y) 


The expression x y is the difference of two squares x and y. 
The factor x + y is the sum of the principal square roots of x and y, while the other factor, x — y, is 
their difference. 
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To Factor the Difference of Two Squares 


Factor: c? — 49 
Procedure: Solutions: 


1. Obtain principal square root of each square: 1. Principal square roots: Ve = c, V49 =7 
2. One factor is the sum of the principal square 2. Factors: 


roots. The other factor is their difference: Ane. fe De 


6.1. | PROCEDURE FOR FACTORING THE DIFFERENCE OF TWO SQUARES 


Factor: 


First — Second 


Square Square 1. \/ First Square 2. \/Second Square 3. Factors (Ans.) 


a) 36 — B 6 b (6 + b)\(6 — b) 

b) 1 — 25y" 1 Sy (1 +5y)(1 — 5y) 

c) ab — 100 ab 10 (ab + 10)(ab — 10) 

d) x8 = 7? xy" a yt + DYaxry4 = 2) 
e) fo 4° 4 - (4 +x°)(4 —x°) 

A i a5 w : (ask ue = s 

g) (at+byr -—c? at+b c (at+b+c\at+b-—c) 


6.2. COMPLETE FACTORING INVOLVING THE DIFFERENCE OF TWO SQUARES 


Factor completely. (Hint: Remove the highest common monomial factor first.) 


a) 10 — 40:7 b). T5y? = 2Ty ¢) 1R? = Tr? d) Sabc* — 80ab 
Solutions: 
a) 10 is HCF Cc) tT is HCF 
10(1 — 4x7) TR? — 7) 
Ans. 10(1 + 2x)(1 — 2x) Ans. WR +r)(R—r) 
b) 3y is HCF d) Sab is HCF 
3y(25y? — 9) 5ab(c* — 16) 
Ans. 3y(5y + 3)(S5y — 3) Ans. Sab(c? + 4)(c + 2)(e — 2) 


7. FINDING THE PRODUCT OF TWO BINOMIALS WITH LIKE TERMS 
Two Methods of Multiplying 3x + 5 by 2x + 4 


Method 1 (Usual Method) Using method 1, each separate option is shown. The middle term of the answer, 22x, is 
obtained by adding the cross products 12x and 10x. The arrows indicate the cross products. 


we 
2x +4 
6° + 10x 
+12x + 20 
Ans. 6x7 + 22x +20 
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Method 2 (Method by Inspection) Using method 2, the answer is written by inspection. The middle term of the 
answer, 22x, is obtained mentally by adding the product of the outer terms to the 
product of the inner terms. The arrows indicate the outer and inner products. 

12x 

(3x + 5) (2x + 4) 
10x 

Ans. 6x° + 22x + 20 


To Multiply Two Binomials by Inspection 


Multiply: (3x + 5)(2x + 4) 


Procedure: Solution: 
1. To obtain the first term of the product, 1. Multiply first terms: 
multiply the first terms: 2k) 
Key: First a a 
2. To obtain the middle term of the product, 2. Add outer and inner products: 
add the product of the outer terms to p12 x 
the product of the inner terms: (3x + 5)(2x + 4) 
Key: Outer + inner 10x 
12x + 10x = 22x 
3. To obtain the last term of the product, 3. Multiply last terms: 
multiply the last terms: _ 
Key: Last ee ae 
4. Combine the results to obtain answer: 4. Combine: 62° + 22x + 20 Ans. 


Since a mixed number is the sum of an integer and a fraction, it may be expressed as a binomial. 
Thus, 3; and 4; are mixed numbers. 
Two mixed numbers may be multiplied in the same way as two binomials. Thus, 
1-4 


3X 44=3+344+5=124+34++=15t Ans. 


Za 
7.1. | PRODUCTS OF BINOMIALS BY STEPS 
Multiply, showing each separate product: 
Binomial X< Binomial First Outer + Inner Last Product (Ans.) 
a) (x + 7\(x + 3) x2 (43x) + (47x) +21 x2 + 10x +21 
b) (x — 7)(x — 3) x (—3x) + (—7x) 421 x2 — 10x +21 
c) & + 7) — 3) x (—3x) + (+7x) =21 x +4x—21 
d) (3w — 5)(4w +7) 12w? (+21w) + (—20w) a fs) 12w? + w — 35 
e) (a + 3b\(a — 8b) a (—8ab) + (+3ab) —24b? a’ — Sab — 240° 
7.2. PRODUCTS OF TWo BINOMIALS MENTALLY 
Multiply mentally: 
a) «+ 7)@ + 7) Ans. x? + 14x + 49 


b) & — 3)@ — 3) x7 — 6x +9 
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c) By + 1I2y + 1) Ans. 6y°+5y +1 

d) (2c — b)(Sc — b) 10c? — Tbe + b? 

e) (3 — 7d)\(1 — d) 3 — 10d + 7d? 

f) r + 3s)(3r + 2s) 6r + 13rs + 6s” 

g) (ab + 4)(ab — 3) ah + ab= 12 

h) (p — ar\(p — 3qr) p> — 4pqr + 3q°r? 

i) (pqr — 7)(pqgr — 10) pag — 17pqr + 70 
PCr +9 f+ 14 2 45 

k) (10 — p?)(6 — v’) 60 — 16y? + v4 

1) (c*d — 5g)(cd + 3g) Od? = 2ede — ie" 


7.3. | REPRESENTING AREAS OF RECTANGLES: A = LW 
Represent the area of a rectangle whose dimensions are: 


a) 1+ 8and!—2 Ans. A=(l+ 8) —2)=P + @— 16 
b) 21—l1andI+5 A=(2—-1)0 +5) =2P +91 —-5 
c) wt 3andw +7 A=(w + 3)\w + 7) = w? + 10w + 21 
d) 2w — land 3w + 1 A= (Qw — 1)3w + 1) =6w2-w-I1 
e) 3s —Sands + 8 A = (3s — 5s + 8) = 3s* + 19s — 40 


8. FACTORING TRINOMIALS IN FORM OF x? + bx +c 


A trinomial in the form of x* + bx + c may or may not be factorable into binomial factors. If 
factoring is possible, use the following procedure. 


To Factor a Trinomial in Form of x + bx + c 


Factor: a) x7 + 6x +5 b) xt — 6° +8 

Procedure: Solutions: 
1. Obtain the factors x and x of x”. a) 1. Factor x’: b) 1. Factor x*: 

Use each as the first term of each (x, x) (x7, x?) 

binomial: 
2. Select from the factors of the last 2. Factor +5: 2. Factor +8: 

term c those factors whose sum = b, Select (+5, +1) Select (—4, —2) 

the coefficient of x. Use each as the since sum = +6. since sum = —6. 

second term of each binomial: Discard (—5, —1). Discard (+4, +2), 

(—8, —1) and (+8, +1) 

3. Form binomial factors from factors 3. (x + 5)(x + 1) Ans. 3. @ — 4)? — 2) Ans. 


obtained in Steps | and 2: 
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8.1. FACTORING TRINOMIALS IN ForM OF x° + bx +c 


Factor each trinomial: 
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Trinomial Form: 1. Factors of x’, 2. Factors of c 3. Binomial Factors (Ans.) 
vr tbx te Each = V °° Whose Sum = b (Combine 1 and 2) 
a x +4x +3 x, X #3, tell (x + 3)(x + 1) 
b) x7 —4x +3 XX =39. 1 (4=3)G¢= 1) 
c)y + 4y— 12 yoy +6, 2 (y + 6)\(y ~ 2) 
d) w7-w-—12 w,w —4, +3 (w — 4)(w + 3) 
e) r+ ors +58" rr +55, +s (r + 5s)\(r + 8) 
f) @P — 12ab +20 ab, ab —10, —2 (ab — 10)(ab — 2) 
g) x6 —5x° — 14 x, x —7, +2 (x? — 7)(x7 + 2) 


9. FACTORING A TRINOMIAL IN FORM OF ax? + bx + ¢ 


A trinomial in the form of ax* + bx + c may or may not be factorable into binomial factors. If this is 


possible, use the following procedure. 


To Factor a Trinomial in Form of ax? + bx + c 


Factor: a) 2° — 11x +5 

Procedure: Solutions: 

1. Factor ax’, the first term.* a) 1. Factor 23°: 
Use each as the first term of (2x, x) 
each binomial factor: 

2. Select from the factors of c, 2. Factor +5: 


the last term, those factors to be 
used as the second term of each 
binomial such that the middle 
term, bx, results: 


3. Form binomial factors from 3. 
factors obtained in Steps | and 2 
and test for middle term, bx: 


Select (—1, —5) to 
obtain middle term, 
—11x. Discard 


(+1, +5). 
bere 
(2x — 1)(x — 5) 
Tt —10x-T 


Middle term, — 11x, 
results. 


Ans. (2x — 1)(x — 5) 


b) 3a? + 10ab + 7b? 


b) 1. Factor 3a’: 
(3a, a) 


2. Factor +7b7: 
Select (+7b, +b) to 
obtain middle term, b 
10ab. Discard 
(—7b, —b). 
Ie 


3. (3a + Tb\(a + b) 


- 3ab + 
Middle term, 10ab, 
results. 


Ans. (3a + 7b)(a +b) 


* When the first term ax’ is positive, use positive factors. Thus, in x7 — lx + 5, do not use — 2x and — x as factors of 2x. 
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FACTORING TRINOMIALS IN ForM OF ax’ + bx + ¢ 


Factor each trinomial: 
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Trinomial Form: Factors Factors of c to Obtain Binomial Factors (Ans.) 
ax +bx tc of ax” Middle Term, bx (Test Middle Term) 
ey 
a) 5x7 + 11x +2 5X;.x +1, +2 (5x + 1)@ + 2) 
© 10x + 
‘Bu 
b) 4w? + Iw +3 4w, w decor l (4w + 3)w + 1) 
Discard (2w, 2) L+aw + 
Pr 
c) 4y? —8w +3 2y, 2y —3,-1 (2y — 3)2y —-1) 
Discard (4y, y) 2y 
X 
d) 4w? + 13wx + 3x? 4w, w +x, +3x (4w + x\(w + 3x) 
Discard (2w, 2w) TL +12wxt 
e) 8 + 15h — 2h? 8, 1 —h, +2h (8 — A + 2h) 
Discard (4, 2) T4647 


10. SQUARING A BINOMIAL 
(x tyP =x + dy by 
The square of a binomial is a perfect-square trinomial. 
Thus, the square of x + y or (x + y)? is the perfect-square trinomial x° + 2xy + y’. 
To Square a Binomial 


Square: 3x + 5 


Procedure: Solution: 


1. Square the first term to obtain the first term 1. Square 3x: (3x)* = 9x? 
of the trinomial: 

2. Double the product of both terms to obtain 
the middle term of the trinomial: 


2. Double (3.x)(+5): 
2(3x)(+5) = 30x 


3. Square the last term to obtain the last term 3. Square +5: 5* = 25 


of the trinomial: 
4. Combine results: 


4. Combine: 9x7 + 30x + 25 Ans. 
11. FACTORING A PERFECT-SQUARE TRINOMIAL 


xt+2yt+y=ot+ye ty =(x+ y)? 
r- w+ =C-—yeE-—y)=a-y 
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The factors of a perfect-square trinomial are two equal binomials 
Thus, the factors of the perfect-square trinomial x7 + 2xy + y* arex + yandx + y. 
A perfect-square trinomial has: 


(1) Two terms which are positive perfect squares. 
(2) A remaining term which is double the product of the square roots of the other two terms. 
This term may be positive or negative. 


Thus, x7 + 14x + 49 and x7 — 14x + 49 are perfect-square trinomials. 

The last term of each binomial factor has the same sign as the middle term of the perfect-square 
trinomial. 

Thus, x? — 14x + 49 = (x — 7? and x? + 14e + 49 = (~ + 7). 


To Factor a Perfect-Square Trinomial 


Factor: 4x? — 20x + 25 


Procedure: Solution: 


1. Find the principal square root of the first term. 1. Find V4’: 
This becomes the first term of each binomial: Vd4x2 = 2x 


2. Find the principal square root of the last term, 2. Find V 25 : 


and prefix the sign of the middle term. This 4 /> 8 Pesnix are bores anee 
becomes the last term of each binomial: : : ; 
middle term is negative. 


3. Form binomial from results in Steps 1 and2.The 3. Form 2x — 5. 


answer is the binomial squared: a 4x2 — 20x +25 =(2x —5) 


11.1. FACTORING A PERFECT-SQUARE TRINOMIAL 
Factor each perfect-square trinomial: 


Perfect-Square Sign of 

Trinomial V First Term Middle Term V Last Term (Binomial)? Ans. 
a) 25y° —10y +1 Sy = 1 (Sy — 1y 
b) 25y? + 10y +1 Sy fe 1 (Sy + 1P 
c) 9@ + 42a + 49 3a + 7 (a +7)? 
d) 9a” — 42a + 49 3a = 7 (Ga —7)’ 
e) 49 + 14ab + a°lr 7 ab (7 + aby 
fp) 16x° — 24% +9 4x? = 3 (4x? = 39° 
g) lor +4¢ +3 4t . a (4t +2) 
h) dbs = 2a2b* 3 +¢'0 a2b* = © (a bt = ey 


11.2. REPRESENTING THE SIDE OF A SQUARE: S = VA 
Represent the side of a square whose area is: 
a) (P — 14w + 49)in? sb) (W* + 20w + 100) fc) 427 + 454+1 — d) 95? — 305 + 25 
Ans. a) (1 —7)in b) (w + 10) ft c) 2s +1 d) 3s = 5 
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12. COMPLETELY FACTORING POLYNOMIALS 


To factor an expression completely, continue factoring until the polynomial factors cannot be factored 
further. Thus, to factor 5x* — 5 completely, first factor it into 5(x* — 1). Then factor further into 5(x — 1) 
(x + 1). 

If an expression has a common monomial factor: 


1. Remove its highest common factor (HCF). 
2. Continue factoring its polynomial factors until no further factors remain. 


Procedure to Completely Factor Expressions Having Common Monomial Factor 


Factor completely: a) 8a? — 50 b) 3y? — 60y? + 300y c) 10y? — 15xy? + 5x?y? 


Procedure: Solutions: 

1. Remove highest 1. HCF =2 1. HCF = 3y 1. HCF = 5y 
common factor 2(4a” — 25) 3y(? — 20y + 100) Sy2 = Bee) 
(HCP): 

2. Continue factor- 2, Factor 4a? — 25: = 2. Factory? — 20y + 100: 2. Factor 2 — 3x + 37: 
ing polynomial 2(2a + 5)(2a — 5) 3y(y — 10) — 10) sy(2 —-al = 2) 
HA: Ans. 2(2a + 5)\(2a —5) Ans. 3y(y — 10)? Ans. 5y°(2 — (1 — x) 


Procedure to Completely Factor Expressions Having No Common Monomial Factor 


Factor completely: a) xt —1 b) 16a* — 81 
Procedure: Solutions: 
1. Factor into polynomials: 1. («7 + 1)Q? — 1) 1. (4a? + 9) (4a? — 9) 
2. Continue factoring: 2. (x? + 1)(x + 1)(e— 1) Ans. 2. (4a* + 9)(2a + 3)(2a — 3) Ans. 


12.1. FACTORING COMPLETELY EXPRESSIONS HAVING COMMON MONOMIAL FACTOR 
Factor completely: 


Polynomial Remove HCF Continue Factoring 
a) 3b? —27 3(b? —9) 3(b + 3)(b — 3) Ans. 
b) @ — 16a? a(a@ — 16) @(a+4)(a — 4) Ans. 
c) @ — loa a(a* — 16) aa? + 4)(a2 — 4) =a(ae + 4)(a +2) (a — 2) Ans. 
d) 5x2 + 10x +5 5(x? + 2x + 1) Sa +1? Ans. 
e) © — Oxty + 9x3y? (x? — Oxy + Dy?) x(x — 3y)? Ans. 
fy —4y? + 3y yo" —4y? + 3) yQ” — 3)0? — 1) = yy? — 3)y +1) — 1) Ans. 
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FACTORING COMPLETELY EXPRESSIONS HAVING No COMMON MONOMIAL FACTOR 
Factor completely: 


Polynomial Factor into Polynomials Continue Factoring 
a1i-d (1 +a’)(1 — a’) (+a) +a) —a) Ans. 
b) x* — l6y* (x? + 4y’) (x? — 4y?) (x? + 4y*)(x + 2y) (x — 2y) Ans. 
c) p> —~q? p* + &)o ~ 4°) (p* + gp" + q*) (p? — @) Ans. 


13. THE VARIABLE: DIRECT AND INVERSE VARIATION 


A variable in algebra is a letter which may represent any number of a set of numbers under 
discussion when the set contains more than one number. 

Thus, in y = 2x, if x represents 1, then y represents 2; if x represents 2, then y represents 4; and if 
x represents 6, then y represents 12. These three pairs of corresponding values may be tabulated as 
shown. The set of numbers being discussed is the set of all numbers. 


y 2_| 4 12 
f 13 


x 6 
A constant is any letter or number which has a fixed value that does not change under discus- 
sion. 
Thus, 5 and 7% are constants. 
Throughout this chapter, as is customary in mathematics, the letter k is used to represent a 
constant while x, y, and z represent variables. 


Measuring the Change in a Variable 


As a variable x changes in value from one number x, to a second number x3, the change may be 
x 
measured by finding the difference x. — x, or by finding the ratio =. A change in value may be 
x1 
measured by subtracting or dividing. 
Thus, the change in the speed of an automobile from 20 to 60 mi/h may be expressed as follows: 


(1) The second speed is 60 — 20 or 40 mi/h faster than the first speed. 


(2) The second speed is , or three times as fast as the first speed. 


Any formula may be considered as a relationship of its variables. Mathematics and science 
abound in formulas which have exactly the same general structure: z = xy. To illustrate, study the 
following: 


Formula Rule 
D =RT Distance = rate X time 
A =LW Area = length X width 
T=PR Interest = price X rate of interest 
C=NP Cost = number X price 
F=PA Force =pressure X area 
M = DV Mass = density X volume 


Note, in each formula which has the form z = xy, that there are three variables. Furthermore, 
one of the variables is the product of the other two. In this chapter, we study the relation of these formu- 
las to the two basic types of variation. These types of variation are direct variation and inverse 
variation. 
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13.1. 


14. 


UsING DIVISION TO MEASURE THE CHANGE IN A VARIABLE 


Using division, find the ratio which indicates the change in each variable and express this ratio in 
a sentence. 


a) The price of a suit changes from $100 to $120. 

b) The speed of an automobile changes from 10 to 40 mi/h. 
c) A salary changes from $300 per week to $400 per week. 
d) Length of a line changes from 12 to 4 ft. 


$120 A ee te i 
a) —__~ = ~. Hence, second price is six-fifths of first price. 
$100 35 
40 mi/h 
~ — 4. Hence, second rate is 4 times (quadruple) the first rate. 
10 mi/h 


$400 per week 4 
3 $300 per week 3 
4 ft 1 


d) Dit 3° Hence, second length is one-third of first length. 


. Hence, second salary is four-thirds of first salary. 


MULTIPLYING OR DIVIDING VARIABLES 
Complete each: 


a) If xis doubled, it will change from 13 to( ) or from (_) to 90. 

b) If y is tripled, it will change from 17 to (_) or from (_) to 87. 

c) If z is halved, it will change from 7 to( ) or from (_) to 110. 

d) If sis multiplied by 3, it will change from 16 to(_) or from (_ ) to 55. 


Ans. a) 26, 45 b) 51,29 c) 34, 220 d) 20,44 


UNDERSTANDING DIRECT VARIATION: § y = kx or * = k 
x 
Direct Variation Formula with Constant Ratio k 
y=kx or a k 
x 
Direct Variation Formula without Constant 


If x varies from x, to x. while y varies from y, to y>, then: 


2 _ 2 


Rule l. Ify =kx or = = k, then: 


(1) x and y vary directly as each other; that is, x varies directly as y, and y varies directly as 
x. 


: . . 2 2 : 
(2) x and y are directly proportional to each other; that is, — = »? as x varies from xX, tO %, 
and y varies from y, to yp. i 


Thus: 


1. If y = 4x, then y and x vary directly as each other. 

2. If J = 0.06P, J and P vary directly as each other. 

3. The perimeter of a square equals 4 times its side; that is, P = 48. For a square, P and S$ 
vary directly as each other. 
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Multiplication and Division in Direct Variation 


Rule 2. If x and y vary directly as each other, and a value of either x or y is multiplied by a number, then the 
corresponding value of the other is multiplied by the same number. 
Thus, if y = 5x and x is tripled, then y is tripled, as shown. 


y=5x 
y is tripled > y | 5 | 15 | 45 | 135 
xis tripled > x 1 3 9 27 


Rule 3. Ifx and y vary directly as each other, and a value of either x or y is divided by a number, then the 
corresponding value of the other is divided by the same number. 
Thus, if y = 10x and x is halved (divided by 2), then y is halved, as shown. 


y = 10x 


yis halved > y | 2a Nl No So 
6 3 


xis halved > x 24 12 


Direct Variation Applied to a Rectangle 
To understand direct variation more fully, note how it applies to a rectangle: 
If the length of a rectangle is fixed and the width is tripled, then the area is tripled. As a result, 
the new area ABCD is 3 times the area of the old (shaded) rectangle, as shown in Fig. 10-1. 


B C 


Fixed length 
Fig. 10-1 
14.1. RuLE 1. DIRECT VARIATION IN FORMULAS 


(1) Express each equation in the form y = kx. 
(2) State the variables that vary directly as each other. 


a) 120R=P c) 0.05 = Pp e) A = bhwhen bis constant 
Cc n 2 
ba d) f=", whenf =~ f) V = %R’H when R = 8 


Ans. a) (1)P = 120R, (2) PandR 
b) (1) C = BD, (2) C and D 
c) (1) I = 0.05P, (2) Iand P 


d) (1) n = 3d, (2)n and d 
e) (IVA =kh, (2)A and h 
f) GQ) V = 64nH, (2) V and H 


14.2. RULES 2 AND 3. MULTIPLICATION AND DIVISION IN DIRECT VARIATION 
Complete each: 


a) If y = 8x and x is tripled, then Ans. y is tripled. 


[CHAP. 10 


b) If C = mDand D is quadrupled, then 

c) If C = BD and C is halved, then 

d) If D=RT, T = 12 and R is divided by 4, then 
e) If A = LW, Lis constant and W is doubled, then 


C is quadrupled. 
Dis halved. 

D is divided by 4. 
A is doubled. 
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14.3. 


14.4. 


APPLYING DIRECT VARIATION TO STATEMENTS 


PRODUCTS AND FACTORING 
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(1) Complete each statement, and (2) state the formula to which direct variation applies. 


a) Ata uniform speed, doubling time will 


b) If the time of travel is constant, tripling rate will ... 
c) Ifa rectangle has a fixed width, to multiply its area by 5 ... 
d) If the value of a fraction is constant, and the numerator is halved,... 


Ans. 


a) (1) Double distance, (2) D = kT since D = RT and R is constant. 


b) (1) Triple distance, (2) D = kR since D = RT and T is constant. 
c) (1) Multiply its length by 5, (2) A = kL since A = LW and W is constant. 


n 
d) (1) The denominator is halved, (2) n =kd since f = a and f is constant. 


FINDING VALUES FOR DIRECTLY VARYING VARIABLES 


a) Ify and x vary directly as each other, and 
y = 36 when x = 9, find y when x = 27. 


Solution: Proportion Method 


If y and x vary directly, 


x 
y2 X2 
= Second values 27 
al xy 
ye 27 First values 9 36 
36 
Ans. 108 
27 
y = —(36) = 108 
9 
a) Ratio Method 
(Note the equal ratios in the table.) x y 
27 y 
S d val —F] | — 
econd values 9 Al 36 


First values 


If 2nd x value is three times Ist x value, 
then 2nd y value is three times Ist y value. 
Hence, y = 3(36) = 108. Ans. 108 


Equation Method 
If y and x vary directly, kx = y. 
Since y = 36 when x = 9, 9k = 36,k = 4. 
Since k = 4, y = 4x. 
When x = 27, y = 4(27) = 108. Ans. 108 


1 


b) If y and x vary directly as each other, and 
y = 25 when x = 10, find x when y = 5. 


Solution: Proportion Method 
If y and x vary directly, 
x |) 
anor Second values x 5 
x1 YI 
x 5 First values 10 |} 25 
10 25 
Ans. 2 
10) 2 
XxX = =. 
25 
b) Ratio Method 
(Note the equal ratios in the table.) x|]y 
S d val . iL = L 
econd values 0 fas 


If 


First values 


second y value is one-fifth of first y value, 


then second x value is one-fifth of first x value. 
Hence, x = =(10) =2. Ans. 2 


Equation Method 


If y and x vary directly, kx = y. 

Since y = 25 when x = 10, 10k = 25, 
k =2r. 

Since k = 27, y = 25x. 

When y = 5,5 =25x,x=2. Ans. 2 
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14.5. APPLYING DIRECT VARIATION TO A MOTION PROBLEM 
Henry traveled a distance of 124 mi at 40 mi/h. If he had taken the same amount of time, how far 
would he have traveled at 50 mi/h? 


Solution: Proportion Method 


Rate (mi/h) Distance (mi) Since D = RT and the time T is constant, D and R 
vary directly as each other. 
D, Ry D 50 D = 5 


= 2 Hence, — = —, = =. 
ss i D,; R, 124 40 124 4 


5 
D = 7 (124) = 155 Ans. 155 mi 


Second trip 


First trip 40 


Ratio Method 
(Note use of the equal ratios in the table.) If the second rate is five-fourths of the first rate, then 
the second distance is five-fourths of the first distance. Hence, D = 4 (124) = 155. 


Ans. 155 mi 


14.6. APPLYING DIRECT VARIATION TO AN INTEREST PROBLEM 
In a bank, the annual interest on $4500 is $180. At the same rate, what is the annual interest on 


$7500? 
Solution: Proportion Method 
Principal ($) |Annual Interest ($) | Since J = PR and the rate R is constant, J and P 
; ra ee, qui j vary directly as each other. 
econ 
pene : : LP, I 7500 I 5 
3 Hence, 7 Pp," 180 4500" 180 3° 
First principal 4500 180 ! : 


5 
I= ao = 300 Ans. $300 


Ratio Method 


If the second principal is five-thirds of the first principal, then the second interest is five-thirds 
of the first interest. Hence, J = +(180) = 300. 


Ans. $300 


15. UNDERSTANDING INVERSE VARIATION: xy = k 
Inverse Variation Formula with Constant Product k 
xy =k 
Inverse Variation Formula without Constant 
If x varies from x; to x2, while y varies from y, to ys, then: 
X.Y yz XM 
42 _ J ai 22 _ A 


Xx} y2 1 X2 


Rule 1. Ifxy =k, then: 


(1) x and y vary inversely as each other: that is, x varies inversely as y, and y varies inversely as x. 
MO VA. VO. MA 


(2) x and y are inversely proportional to each other; that is ~ = — or —~ = — as x varies 
from x; to x2, and y varies from y, to yr. “20 MR 
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Thus, 
1. Ifxy = 12, then y and x vary inversely as each other. 
2. If PR = 150, then P and R vary inversely as each other. 
3. For a fixed distance of 120 mi to be traveled, the motion formula D = RT becomes 120 = 
RT. In such a case, R and T vary inversely as each other. 


Multiplication and Division in Inverse Variation 


Rule 2. [fx and y vary inversely as each other, and a value of either x ory is multiplied by a number, then the 
corresponding value of the other is divided by the same number. 
Thus, if xy = 24 and y is doubled, then x is halved, as shown. 


xy = - NON 
y is doubled > y |= bets |-8 = 16 


3 


xis halved +x 


Rule 3. [fx and y vary inversely as each other and either x or y is divided ae a number, then the other is multi- 
plied by the same number. 
Thus, if xy = 250, and y is divided by 5, then_x is multiplied by 5, as shown. 


y is divided by 5 > y | 250 | 50 | 10 | 2 
xis multiplied by 5 > x i | 5 5 25 
Inverse Variation Applied to a Rectangle 


To understand inverse variation more fully, note how it applies to a rectangle: 
If the length of a rectangle is doubled and the width is halved, its area remains constant. As a 
result, the new area ABCD, equals the old (shaded) area. See Fig. 10-2. 


D width 
A Length Length 
Fig. 10-2 


15.1. INVERSE VARIATION IN FORMULAS 


(1) Express each equation in the form xy = k. 
(2) State the variables that vary inversely as each other. 


a) 5RT = 500 Ans. (1) RT = 100, (2) Rand T 
b) sPV=7 (1) PV = 14, (2) Pand V 
eo f= when n=3 (1) fd = 3, (2) fand d 

d) A = bh when A is constant (1) bh =k, (2)b andh 


15.2. RULES 2 AND 3: MULTIPLICATION AND DIVISION IN INVERSE VARIATION 
Complete each: 


a) Ifxy = 25 and x is tripled, then Ans. y is divided by 3. 

b) If 50 = RT and R is divided by 10, then T is multiplied by 10. 
c) If BH = 5 and B is multiplied by =, then H is divided by $. 

d) IfA =LW, A is constant and L is doubled, then W is halved. 


e) If PV =k and V is quadrupled, then P is divided by 4. 
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15.3. APPLYING INVERSE VARIATION TO STATEMENTS 


PRODUCTS AND FACTORING 


(1) Complete each statement. 


[CHAP. 10 


(2) State the formula to which inverse variation applies. 


a) Over the same distance, doubling the speed ... 

b) For a fixed area, multiplying the length of a rectangle by 5 ... 

c) For an enclosed gas at a constant temperature, dividing the pressure by 7 ... 
d) If the total cost is the same, tripling the price of an article ... 


Ans. a) (1) Halves the time, (2) RT =k since RT = D and D is constant 
b) (1) Divides the width by 5, (2) LW = k since LW = A and A is constant 
c) (1) Multiplies the volume by 7, (2) PV = k (Boyle’s law) 
d) (1) Divides the number of these articles purchased by 3, (2) NP =k since NP = C and Cis 


constant 


FINDING VALUES FOR INVERSELY VARYING VARIABLES 
a) If y and x vary inversely as each other and y 


y= 10 when x = 6, find y when x = 15. 


Proportion Method 
a) If yand x vary inversely, 
Ocean 
V1 x2 
ans 
10.15 


6 
y= 75 (10)=4 Ans. 4 


x y 
Second values 15 y 
First values 6 10 
Ratio Method 


(Note the inverse ratios in the table.) 


x y 
Im | 9p 
ray iol 


If second x value is five-halves of first x 
value, then second y value is two-fifths of first 
y value. 

Hence, y = (10) = 4. 


Second values 


First values 


Ans. 4 


Equation Method 


If x and y vary inversely, k = xy. 

Since y = 10 when x = 6, 

k = (6)(10) = 60. 

Since k = 60, xy = 60. 

When x = 15, IS5y = 60,y =4. Ans. 4 


b) If y and x vary inversely as each other and 
y = 12 when x = 4, find x when y = 8. 


Proportion Method 
b) If y and x vary inversely, 
x2 _ Ya 
xX; V2 
x 12 
4 8 


12 
x= @ =6 Ans. 6 


x y 
Second values x 8 
First values 4 12 
Ratio Method 


(Note the inverse ratios in the table.) 


x ¥. 
Second values “[F] SE 


First values 


If second y value is two-thirds of first y 
value, then second x value is three-halves 
of first x value. 

Hence, x = + (4) =6. Ans. 6 


Equation Method 


If x and y vary inversely, k = xy. 
Since y = 12 when x = 4, 
k = (4)(12) = 48. 

Since k = 48, xy = 48. 
When y = 8, 8x = 48, x 


6. Ans. 6 


CHAP. 10] 
10.1. Find each product: 
a) 3-x-4-x c) (—2)5xy3x* 
b) (—3)4xyy ay (Ba Tey 
Ans. a) 12x? c) — 10x°y3 
b) — 12xy? d) 21¥8y 
10.2. Find each product: 
a) 3(x — 3) d) ab + c) 
b) —S(a + 4) e) —3c(d — g) 
c) — &8r —7) f) 2ghBk —5) 
Ans. a) 3x —9 d) ab + ac 
b) —S5a — 20 e) —3cd + 3cg 
c) —8r +56 f) 6ghk — 10gh 
10.3. Find each product: 
a) 4(8 — 3) 
b) 20(5 — 0.7) 
5 
c) 36(14 + 2) p (2 = ) 
Ans. a) 32 — 2 = 30 
b) 100 — 14 = 86 
c) 45 +8 =53 J) 140 — 25r 
10.4. Factor, removing highest common factor: 
a) 3a — 21b e) p + prt 
b) — 5c — 15d Sf) Thm — Th 
c) xy + 2xz g) 6V? + 3V 
d) 5RS — 10RT hyt+y 
Ans. a) 3(a — 7b) e) pl +rt) 
b) — S5(c + 3d) Jf) Tham — 1) 
c) x(y + 22) g) 3V2V +1) 
d) 5R(S — 27) h) YQ +1) 
10.5. Evaluate each, using factoring: 


a) 6(11) + 4(11) 


b) 8015) + 12115 


c) 21(2;) — 12(23) 


. a) 11(6 + 4) = 11010) = 110 
b) 118 + 12) =115(20) = 230 
c) 2121 — 12) = 239) = 21 


PRODUCTS AND FACTORING 


Supplementary Problems 


e) (—Sab?)(2a°b) 
A) GBa*b)(10ac*) 


e) — 10a3h 


f) 30a%bc* 


a) eG = 3) 
h) — 3x(2x° — 5x) 
i) Ta(5a’ — 8a) 


g) © — 3x 


h) —3x% + 15x? 
i) 35a — 56a! 


d) 20x — 15x = 5x 
e) 3x + 4x — 6x =x 


i) wh + mr 
j) WR? + ar 
k) ‘bh + 1b’ 
1) 4mnr — {mn 
i) Th +1) 

j) WR + 1’) 

k) b(b + b’) 


1) imn(r — 1) 


d) 2.7(0.3) — 0.7(0.3) 
e) 18(77) + 2(77) 
A) 20D — 4G) 


d) 0.3(2.7 — 0.7) = 0.3(2) = 0.6 
e) 718 + 2) = 720) = 980 
f X11 ~3) = 18) =6 
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(1.1) 
1. 1 
8) — 3° 
y 
rey 
8) ~ 
ay 
5c 
h) wep 
(1.2) 
j) (b—c + d) 


k) — 3x(x° — 2x + 5) 
1) 2b*c(b — 3c — 10c”) 
J) ab — ac + ad 

k) — 3x3 + 6x? — 15x 

1) 2bc — 6b?c? — 20Bc3 


(1.3) 
g) 0.06(2000 + 500 + 25) 


h) 0.03(7000 — x) 


i) 0.05 43000 + 2x) 


g) 120 + 30 + 1.50 = 151.50 
h) 210 — 0.03x 
i) 165 + O.1 1x 


(2.1) 


ny BE Abe + 32 
n) 10x23 + 202 — 55x 
0) a’be + ab*c — abc? 


p) xy —xy + xy 


m) 8(x2 — 2x +4) 
n) 5x(2x7 + 4x — 11) 
0) abc(a +b —c) 
p) wy? ~y +1) 


(23) 


g) 10(8*) — 7(8°) 
h) ~(13)(6) + (7)(6) 
i) 5°28) — 5°25) 


g) 8°(10 — 7) = 8 (3) = 192 
h) (6)(13 + 7) = 6)(20) = 60 
i) 53(28 — 25) = 5303) = 375 
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10.6. 


10.8. 


10.10. 


10.11. 


PRODUCTS AND FACTORING (CHAP. 10 
Find each square: (3.1) 
a) © d) 600? i= 7 ey 
b) (— 6)? e) GY eae ky 3.57 
c) (0.6)? GP yy 1) (=0.35)" 
Ans. a) 36 d) 360,000 g) a jf) 1225 
b) 36 é) h) 85 k) 1225 
c) 0.36 fe i) or 12 D) 0.1225 
Find each square: (3.2) 
a) &P d) (Sa°P g) osey 
b) wy e) (— 10b!°)? h) (—0.1r'9°? 
1 \2 0.3 \2 5r \2 
oi Nee O38 
Ans. a) b d) 25a'° g) rs't® 
b) w!® e) 100b°° h) 0.01r8s'8 
ws 0.09 Read 
yi Cc "Of 
Find the area of a square whose side is: (3.3) 
a) 5yd c) 2.5 mi e) 0.7 y° 
7 x. 5m? 
b) a d) 7 in 3p3 
Ans. a) yh c) 6.25 mi? e) 0.49y* 
b 49 ? x eo 25m" 
at D 9m 9p 
Find each principal square root: (4.1) 
a) V144 d) Ves eg) V36x%° i Vo.0001n° 
b) V1.44 e) Vp*g'® h) V 16a*b'® k) V0.0144m'4 
900 i 0.01 25° 
9 49 De Df gio Da) ants 
Ans. a) 12 dc g) 6x!8 j) 0.01h?> 
b) 1.2 e) p*@? h) 4a*b® k) 0.12m’ 
» 30 @. ot she 
7 gl &° 8ks 
Find the side of a square whose area Is: (4.2) 
a) 100 ft? Ans. 10 ft d) 9x? ir? Ans. 3xin g) 100x?° Ans. 10x!° 
b) 0.25 mi? O5mi ee) -2.25b8 yd? 1.5b+ yd h) 169(a + by 13(a + b) 
16 4 4x7 2 
o) — 1 id f) 2500c!cm? 50cm i) ——— — 
81 9 9 3 
Find each product: (5.1) 
a) (s + 4\(s —4) Ans. s° ~ 16 g) (a +b ya—b) Ans. a —b* 
b) (10 — 10 + £) 100 — h) (ab + &\(ab ~ c’) ab —c° 
ee De 4x1 DwtHe 9 ye 
d) By — 7z)By + 72 9y° — 4927 Pp d-1H4 +12) a* — 144 


CHAP. 


10.12. 


10.13. 
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2 2 4 
e) (rs + 1)(rs — 1) Ans. rs? —1 k) [se = Ilse ae Ans. 9x4 — —> 
y y ye 
f) (i — 8x°)(1 + 8x?) 1 — 64x4 l) Be + 0.13c — 0.1) 9c° — 0.01 
Multiply, using the sum difference of two numbers: (5.2) 
a) 21X19 c) 10; X 9} e) 89 X91 2) 3X 2 
b) 3.4 X 2.6 d) 17 X23 f) 10.3 X 9.7 h) 7.5 X 8.5 


a2 — CY =8, $8.75 
h) 8 — (G)° = 633 = 63.75 


e) 90° — 1? = 8099 
f) 10° — 0.37 = 99.91 


Ans. a) 207 — 17 = 399 
b) 3° — 0.4" = 8.84 


c) 10° ~ Gy’ = 995 
d) 20 — 3° = 391 


Find each product: (5.3) 
a) 3(x + 2)(x — 2) d) x(x — 3)(x + 3) g) 36? — 3)w* + 3) 
b) av(b + cb — cc) e) ¢ (10 — g)(10 + q) h) ab(c? + 1)? — 1) 


pf 160{1 7 10 + 4 


c) 5 — AL + d) 4 


Ans. a) 3x° — 12 d) x —9x g) 36wt — 4 
b) ab —ac* e) 1007 — ¢ h) abc’ — ab 
c) 5 -5a f) 160 — 10g? 
10.14. Factor: (6.1) 
9 
a) r —25 gx —9 m) “zy — 0.25 
b) 64 — Ww h) 25 — l6y'® ee 
= 4 ” 81 49 
2 r 
81 -cde i) 2 —001e ae ee 
qd 16 
d) 9x° — 1600 j) 0.09A? — 49 p) k& — 25m!'° 
ary k) B? — 0.0001 
f) 10017 — 225s? 1) R°S? — 1.21 
3 3 
Ans. a) (r + 5)(r —5) g) (x +3)(x? — 3) m) + as}| - 0s] 
v v 
b) (8 + u(8 —u) h) (5 — 4y8\(5._ + 4y%) n) ae Lae 
° 9 7K\K9 7 
©) (9 +edX9 — cd) ) (2+ 01 ed —0.1e) 0) (2 ms “(2 nt " 
q 4/\q 4 
d) (3x + 40)(3x — 40) j) (0.3A + 7)(0.3A — 7) p) (ke + 5m?) — 5m?) 
e) ¢+4t-4) k) (B + 0.01)(B — 0.01) 
f) (Or + 15s)(10t — 15s) 1) (RS + 1.1)(RS — 1.1) 
10.15. Factor completely: (6.2) 
a) 3° —3 djy-y g) 12x+- 12 
b) 5x° — 45x e) TR? — 25nR h) 15x* — 240 
e175 = Ty f) FAR*h — <trrh i) x’ — 81xe 


Ans. 


a) 3(x + 1)x — 1) 
b) 5x(x + 3) — 3) 


c) 75 + y)S — y) 


Ayvtho-b 
e) TR(R + 5\(R — 5) 


Th 
A 3 OR + rR —r) 


2): 1266 De HDG = 1) 
h) 15(x? + 4)(x + 2)(x — 2) 


i) OQ? + 9 + 3) — 3) 
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10.16. Multiply, showing each separate product: (7.1) 
First Outer + Inner Last Combine (Ans.) 
a) (x + 5)(x + 1) x x + 5x +5 x + or t5 
b) (x + 8)(x — 2) x —2x + 8x —16 x + ox — 16 
c) (&« — 7)(x — 6) x —6x + (— 7x) +42 x — 13x + 42 
d) (x — 10)(x + 9) x +9x af (— 10x) —90 x — x 90 
e) (3a — 1)(4a + 1) 12a? + 3a al (—4a) —1 12a -—a-1 
f) (5b +2)(5b — 2) 25h —10b + 10b —4 25h —4 
g) (c — 3)(2c + 8) 2? +8e + (—6c) —24 2c? + 2¢ — 24 
h) (r—4s(r— 11s) =lne & (~4rs) +445? r — 15rs + 445° 
i) (3s +22(3s — 2t) Qs? — 6st + 6st — 4f° 9s? — 4° 
A) (Of +5)? + 8) x + 8x? a 5g +40 x 1c? +40 
k) (w? + 2x)(w? — x) 3wt — 3w?x Se 2wx —2x? 3wt — wx — 2x? 
) 2Qw? —3)(6w +9) 12w® + 18w3 + (— 183) —27 12w® — 27 
10.17. Multiply mentally: (7.2) 
a) (3c + 1)(4e + 5) d) (pq — 8)(pq * 11) g) @ + 6d? +1) 
b) (2+ 7c)(1 — c) e) (2AB + 7)(2AB — 7) hy) (8 = 296 = 29°) 
c) (c + 3d)(c + 12d) i) Bx — 2y)\(4x — 9y) i) (4c3 + 1)(c3 — 2) 
Ans. a) 12c? +19¢ +5 d) pq? + 3pq — 88 g) d+ + 7d* +6 
b) 2 +5c — 7c? e) 4A2B? — 49 h) 24 — 19g? + 2¢4 
c) & + 15ced + 36€ f) 12x? — 35xy + 18y? i) 4c° —7c3? —2 
10.18. Represent the area of a rectangle whose dimensions are: (7.3) 
a) l—3and/—8 c) w+ 10 and w — 12 e) 13 —2s and2 —s5 
b) 21+ 5 and 3/ — 1 d) 6 —wand 8 —w f) 7s + Land 9s + 2 
Ans. a) ? — 111+ 24 c) w — 2w — 120 e) 26 — 17s + 2s* 
b) 617 +131 —5 d) 48 — 14w + w? f) 638° +235 +2 
10.19. Factor each trinomial: (8.1) 
a) a +7at+10 Ox -x—2 m) ab + 8ab + 15 
b) b° + 8b + 15 h) y' —3y —4 n) de — 15def + 36f7 
or = r+ 27 ) wo +2w-8 o) x +5x +4 
d) s — 145 + 33 jw +7w — 18 p)y -6y -7 
e) h’ — 27h + 50 k) xX + 14xy + 24y? gq) x + 8x y? + 16y* 
fp m + 19m + 48 ) c —17Ted + 30d r) x'y* — 10x°y* + 25 
Ans. a) (a+ 5)a +2) g) (x — 2)(x + 1) m) (ab + 5)(ab + 3) 
b) (b + 5\(b +3) h) (y-4y + 1 n) (de — 12f\(de — 3f) 
c) (r — 9\(r — 3) i) (w + 4\(w — 2) 0) (° +4)? + 1) 
d) (s — 11)(s — 3) JD) (w + 9\(w — 2) P) ( — TG? + 1) 
e) (h — 25)(h — 2) k) (x + 12y)(x + 2y) Q (x + 4y*)\(Q? + 4y’) 
fp (m + 16)(m + 3) D (ec ~ 15d)\(c — 2d) r~ Oy — 5)? ¥ —5) 
10.20. Factor each trinomial: (9.1) 


a) 5x2+6x+1 Ans. (5x + 1)(x +1) g) Th2 + 10h +3. Ans. (7h + 3)(h +1) 
b) 5x2 —6x +1 (5x —1)(x — 1) h) Th2 — 10h +3 (Th — 3)(h —1) 
c) 5x2 + 4x — 1 (5x — I(x + 1) i) Th2 — 20h —3 (Th + 1)(h —3) 
d) 5x2 —4x —1 (5x + 1)(x — 1) p) Th? — 22h +3 (Th — 1)(h —3) 
e) 5+ 8x + 3x (5 + 3x(1 + x) k) Th4 — 15h2 + 2 (Th2 — 1)(h2 — 2) 


f) 5+ 14x — 3x° 


(5 — x1 + 3x) 


) 3 + 4h? — Tht 


(3 + 7h?) — h?) 
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10.21. Factor each trinomial: 


Ans. 


a) 4a? +5at+1 
b) 2a +3a+1 
c) 3a + 4a + 1 
d) 5+ 7b + 2b" 


e) 4+ 16b + 15b° 


a) (4a + 1)(a + 1) 
b) (2a + 1)(a + 1) 
c) Ga + Iya +1) 
d) (5 + 2b)(1 + b) 
e) (2 + 3b)(2 + 5b) 


10.22. Find each square: 


Ans. 


a) (b + 4)” 
b) (b — 4)” 
aj 6-—c 
d) (5 —2cy 
e) Bd + 2 


a) b> + 8b + 16 
b) b*> — 8b + 16 
c) 25 - 10c + c* 
d) 25 —20c + 4c? 
e) 9 + 12d +4 


~ Ie — 15x42 

g) Ie + 13x —-2 
h) 3 — 10y + Ty” 
i) 3 ay Ty 

j) 3x + 10xy + 7y° 


f) (Ix — I — 2) 
g) (7x — 1) + 2) 
h) (3 — Ty) ~y) 
i) (3 + Ty) — y) 
J) Bx + Ty\x + y) 


f) Qd ~ 3y° 

g) & — 4y)y 

h) (5x + 4yy 

i) (Ixy + 2y° 

j) Qxy — Ty 

fp) 4d? — 12d +9 

g) x 8xy + l6y* 

h) 25x° + 40xy + 16y 
i) 49x7y? + 28xy + 4 
j) 4x7y? — 28xy + 49 


10.23. Find each square by expressing each number as a binomial: 


a) 31° 
b) 42° 
c) 29° 
d) 55° 
e) 5.5° 


Ans. (30 + 1)? = 961 f) (6.5) 
(40 + 2)? = 1764 g) (81) 
(30 — 1)? = 841 h) (193)? 
(50 + 5)? = 3025 i) 9.8" 
(5 + 0.5)? = 30.25 
10.24. Represent the area of a square whose side is: 
a) @ +7) ft d) (2w — 3) cm 
b) @ —2)in e) (10 — w) mi 


Ans. 


c) (21+ 9) rd 


a) (P + 141 + 49) tt? 
b) (P — 41 +4) in? 
c) (42 + 361 + 81) rd? 


f) 7— 5w 


d) (4w* — 12w +9) cm? 
e) (100 — 20w + w’) mi? 
fp) 49 —70w + 25w? 


10.25. Factor. [In (g) to (i), rearrange before factoring. | 


a) d? + 10d + 25 
b) 9 — 6h + h? 
@ 14 = 24 e P 


a) (d+ 5y 
b) 3 — hy 
c) (2 - 


d) a*b* — 40ab + 400 
e) 25x? — 30x + 9 
f) 49x? + 28xy + 4y? 


d) (ab — 20)? 
e) (5x — 3)° 
f) (Ix + ayy 


10.26. Represent the side of a square whose area is: 


a) (8117 + 181 + 1) in? 
by. = 301 + 25) tr 


a) (91 +1) in 
b) (3 — Sl) ft 


c) (4w? — 36w + 81) mi? 
d) (9 + 42s + 495s?) cm? 


c) (2w — 9) mi 
d) (3 + 7s) cm 


k) 5c? + led + 2d? 
1) 5d’ + 7cd +2 
m) 2x* — 9x7 +7 

n) 35 — 17r° + 2r* 
0) 3f° + 8f — 3 


k) (5c + d\(c + 2d) 
1) (S5cd + 2)(cd + 1) 
m) (2x° — 7)(% — 1) 
n) (5 — F\(7 — 2r?) 
0) (8 +3)38 — 1) 


k) (6ab — cy 

1) (8 — 3abc)* 

m) (¢ + 2y°y° 

n) (x? — 8)” 

0) (1 =5x)" 

k) 36a*b? — 12abe + c? 
1) 64 — 48abe + 9a7b* c? 
m) x + 4x7? + 4)" 

n) x®° — 16x? + 64 

0) 1 — 10x + 25x!° 


(6 + 0.5) = 42.25 
(8+)? = 68% 

(20 — )* = 390% 
(10 — 0.2) = 96.04 


Ans. 


gs)atb 

h) c + 2d 
15-5 

g) a +2ab +h 
h) c —4cd + 4d? 
i) 225 — 30S? + S4 


g) x + 100y? + 20xy 
h) 16ab + a2b? + 64 
i) x4 + 4y4 — 43752 


g) x 


e) * — 125 + 36 
f) s* — 24s? + 144 
e)s —6 


fp 2-12 
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(9.1) 


(10.1) 


(10.2) 


(10.3) 


(11.1) 


+ 20xy + 100y? = (x + 10y)? 
h) @b + 16ab + 64 = (ab + 8)? 
i) x* —4x°y" ae 4y* =(x°- 2y" y 


(11.2) 


10.27. 


10.28. 


10.29. 


10.30. 


10.31. 


10.32. 
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Factor completely: (12.1) 
a) b> — 16b d) 2x3 + 8x? + 8x g) r —2r? — 15r 
b) 3b? — 75 e) x4 — 12x3 + 36x? h) 24 — 2r — 27 
c) 3abc? — 3abd? f) 100 — 40x + 42? i) x*y*z — lOxyz + 64z 
Ans. a) b(b + 4)(b — 4) d) 2x(x + 2yP g) Hr —5)(r + 3) 
b) 3(b + 5)(b — 5) e) x(x — 6) h) 23 —ry\4+n 
c) 3ab(c + dc — d) fp 465 —x)? i) axy — 8 
Factor completely: (12.2) 
a) at — bt c) 81 — at e) a1 
b) 1 —c? d) 16 — 81b* fi-a® 
Ans. a) (a +B )a+ bya ~ b) d) (4 + 9b*)(2 + 3b)(2 — 3b) 
b) 14+) +c) — c3) e) (at + 1a + 1\(a+t 1a —-1) 
c) 9 + a%B + a3 — a) fp d+ + a) + a7) +a —a) 


Using division, find the ratio which indicates the change in each variable and express this ratio in a 
sentence. (13.1) 


a) The speed of a plane changes from 200 to 100 mi/h. 
b) A salary changes from $50 per week to $60 per week. 
c) The length of a line changes from 2 ft to 1 ft 6 in. 

d) The price of a radio set changes from $100 to $175. 
e) John’s monthly income remains at $275 per month. 

jf) The bus fare changes from 25¢ to 40¢. 


Ans. a) 5; second speed is one-half of first. d) 4; second price is seven-fourths of first. 

b) 5; second salary is six-fifths of first. e) 1; second income is equal to first. 

c) 7; second length is three-quarters of first. f) % second fare is eight-fifths of first. 
Complete each: (13.2) 
a) If xis tripled, it will change from 7 to(_) or from (_ ) to 72. Ans. 21, 24 
b) If y is multiplied by 5, it will change from 12 to(__) or from (_ ) to 48. 18, 32 
c) If z is divided by 5, it will change from 35 to(_) or from (_) to 75. 7,315 
d) If k which equals 5.7 remains constant, the new value is (_ ). 5,7 
e) If r is divided by ¢, it will change from 40 to (__) or from (_) to 30. 100, 12 
(1) Express each equation in the form y = kx. (2) State the variables that vary directly as each other. 

(14.1) 
Cc P 
a) ~=20h c) 24 =— e) V=3Bh whenh = 60 
R T 
b) 8s =p d) f = 7 When d=5 f) [= PRT when R and 7 are constant 
1 

Ans. a) (1) C=2R, (2) Cand R dad) A) f= 5M (2) fand n 

b) (1) p = 8s, (2)pand s e) (1) V = 208, (2) Vand B 

c) (1) P = 24T, (2) P and T f) () L= KP, 2) Land P 
Complete each: (14.2) 


a) If b =5c and c is doubled, then... Ans. bis doubled. 
b) ee = 1.5 andd is halved, then... Ans. c is halved. 


c) If h = and p is divided by 5, then... Ans. his divided by 5. 
d) If LW =A, Lis constant and W is multiplied by 7, then... Ans. A is multiplied by 7. 
e) If NP = C, P = 150 and C is multiplied by 35, then... Ans. N is multiplied by 35. 
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10.33. 


10.34. 


10.35. 


10.36. 


10.37. 


10.38. 


10.39. 


10.40. 
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(1) Complete each statement. (2) State the formula to which direct variation applies. (14.3) 


a) If the time of travel remains fixed, halving rate will ... 

b) Doubling the length of a rectangle which has a constant width will ... 

c) If one-third as many articles are purchased at the same price per article, then the cost is ... 
d) At the same rate of interest, to obtain 3 times as much annual interest ... 

e) If the circumference of a circle is quadrupled, then its radius ... 


Ans. a) (1) halve distance, (2) D = kR since D = RT and T is constant 
b) (1) double area, (2) A = kL since A = LW and W is constant 
c) (1) one-third as much, (2) C = kN since C = NP and P is constant 
d) (1) triple principal, (2) / = kP since / = PR and R is constant 
e) (1) is quadrupled, (2) C = 2"R 


Find each missing value: (14.4) 
a) Ify varies directly as x and y = 10 when x = 5, find y when x = 15. Ans. 30 

b) Ifr varies directly as sand r = 80 whens = 8, find r when s = 6. 60 

c) If L varies directly as A and L = 6 when A = 21, find L when A = 28. 8 

d) If D varies directly as T and D = 100 when T = 2, find T when D = 300. 6 

e) If N varies directly as C and C = 25 when N = 10, find C when N = 16. 40 

A pilot flew 800 mi at 120 mph. In the same time, (14.5) 
a) how many miles would she have traveled at 150 mi/h? Ans. 1000 mi 

b) how fast must she go to fly 1200 mi? 180 mi/h 

A motorist finds in traveling 100 mi that he is consuming gas at the rate of 15 mi/gal. If he uses the 


same number of gallons, find: (14.5) 


a) how far he could travel if gas were consumed at the rate of 12 mi/gal? = Ans. 80 mi 
b) the rate of consumption if he covers 120 mi? 18 mi/gal 


A saleswoman earned $25 in commission when she sold $500 worth of tools. If her rate of 
commission remains fixed, (14.6) 


a) how much would her commission be if she sold $700 worth of tools? Ans. $35 
b) how much must she sell to earn $45 in commission? $900 


The annual dividend on $6000 worth of stock is $360. At the same dividend rate, what is the annual 


dividend on $4500? Ans. $270 (14.6) 
(1) Express each equation in the form xy = k. (2) State the variables that vary inversely as each other. 
(15.1) 
a) 3LW =27 d) f ~~ when n = 25 
PV ‘ 
b) 0 =7 e) A = Dd when A is constant 
1 
(ee f) A = Tab when A = 30 
y 
Ans. a) (1) LW =9, (2) L and W d) (1) fd =25, (2) fandd 
b) (1) PV = 70, (2) P and V e) (1) Dd = k, (2)D and d 
c) (1) xy = 1, (2) xand y f Gd) ees (2) aandb 
™ 
Complete each: (15.2) 


a) If pv = 20 and pis doubled, then... Ans. v is halved. 

b) If RT = 176 and R is tripled, then .... Ans. T is divided by 3 or multiplied by 3. 

c) If 240 = RP and P is multiplied by + then... Ans. R is divided by + or multiplied by > 
d) If IR = E, Eis constant, and / is divided by 15, then... Ans. Ris multiplied by 15. 
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10.41. 


10.42. 
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(1) Complete each statement. (2) State the formula to which inverse variation applies. (15.3) 


a) For a fixed area, tripling the width of a rectangle ... 

b) Taking twice as long to cover the same distance requires ... 

c) If the pressure of an enclosed gas at constant temperature is reduced to one-half, then its volume ... 
d) Quadrupling the length of a triangle with a fixed area ... 

e) If the numerator remains the same, halving the denominator will ... 


Ans. a) (1) divides the length by 3, (2) LW = k since A = LW and A is constant 
b) (1) half the rate, (2) RT = k since D = RT and D is constant 
c) (1) is doubled, (2) PV = k (Boyle’s law) 
d) (1) divides the height by 4 (2) bh =k since A = tbh and A is constant 


e) (1) double the fraction, (2) fd = k since f = “and n is constant 


Find each missing value: (15.4) 
a) If y varies inversely as x, and y = 15 when x = 2, find y when x = 6. Ans. 5 

b) If t varies inversely as r, and t = 15 when r = 8, find t when r = 24. 5 

c) If b varies inversely as h, and b = 21 when h = 3, find b when h = 9. 7 

d) If R varies inversely as T, and R = 36 when T = 2;, find R when T = 2. 45 


e) If P varies inversely as V, and P = 12 when V = 40, find Vwhen P = 10. 48 


Fractions 


1. UNDERSTANDING FRACTIONS 


The terms of a fraction are its numerator and its denominator. 


The Various Meanings of “Fraction” 


Meaning 1. A fraction may mean division. 
Thus, } may mean 3 divided by 4, or 3 = 4. 
When a fraction means division, its numerator is the dividend and its denominator is the divisor. 
Thus, if ‘4 means 14 +5, then 14 is the dividend and 5 is the divisor. 


Meaning 2. A fraction may mean ratio. 
Thus, + may mean the ratio of 3 to 4, or 3:4. 
When a fraction means the ratio of two quantities, the quantities must have a common unit. 
Thus, the ratio of 3 days to 2 weeks equals 3:14, or 3. This is found by changing 2 weeks to 14 days 
and eliminating the common unit. 


Meaning 3. A fraction may mean a part of a whole thing or a part of a group of things. 
Thus, }may mean three-fourths of a dollar, or 3 out of 4 dollars. 
Zero Numerators or Zero Denominators 
(1) When the numerator of a fraction is zero, the value of the fraction is zero provided the denomina- 


tor is not zero also. 


Thus, > = 0. Also, + = Oif x =0. 


3 
0 
suppose that 0 = x. Then 0- x = 0, which is true for all x. 


la 


. : 0. : . 
, if x = 5, then the fraction equals zero. However, 0 is meaningless. To see this, 
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(2) Since division by zero is impossible, a fraction with a zero denominator has no meaning. 
3 3 
Thus, 3 + 0 is impossible. Hence, — is meaningless. To see this, suppose that o =x, 
Then 0- x = 3 or O = 3, which is impossible. 


Also, if x = 0, 5 + x is impossible and = is meaningless. 


x 
1.1. MEANING 1: FRACTIONS MEANING DIVISION 
Express each in fractional form: 

- 10 x +5 

a) 10 divided by 17 — Ans. 7 c) (x +5) +3 Ans. 3 

ne 5 

b) 5 divided by a = d) The quotient of x and x — 2 5 

a poe 


1.2. MEANING 2: FRACTIONS MEANING RATIO 


Express each in fractional form. [In (d) to (f), a common unit must be used.] 


5 a 
a) Ratio of 5 to 8 Ans. 8 d) Ratio of aft to 5 yd Ans. 15 

15 7 
b) Ratio of 15 to t Ss e) Ratio of 7 min to lh 60 

a 3 
c) Ratio of a ft to b ft b Sf) Ratio of 3¢ to one quarter 25, 


1.3. MEANING 3: FRACTIONS MEANING PARTS OF A WHOLE OR OF A GROUP 


Express each in fractional form: 


3 5 
a) 3 of 32 equal parts of aninch Ans. 32 d) 5 members out of ateam of 21 Ans. oT 
: 3 n 
b) 3 of n equal parts of a circle % e) n students out of a group of 30 30 
a s 
c) a out of b dollars mn f) s squads out of t squads 3 
1.4. FRACTIONS HAVING ZERO NUMERATORS 
State the value of: 
a A 0 hi == 0 A 0 
a) 10 ns. d) x when 5 ns. 
a ia 7 
) Jo when x =0 0 e) x when 10 =0 
x—-—2 ; = ; on 2% 
Cc) 19 When x = 0 J) x when 75 =0 
1.5. FRACTIONS HAVING ZERO DENOMINATORS 
For what value of x is the fraction meaningless? 
3 x+4 


a) = Ans. When x = 0 d) 16. Ans. When 4x — 16 =O orx =4 
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10 8x 
b) a Ans. When 3x = 0 orx = 0 e) sx t5 Ans. When 5x +5 =Oorx = —1 
= When x ~— 3 = = cad When 2x + 12 = = -~6 
3 enx — 3 =Oorx =3 Day 442 en 2x = 0orx = 


2. CHANGING FRACTIONS TO EQUIVALENT FRACTIONS 


Equivalent fractions are fractions having the same value although they have different numerators and 
denominators. 


20 20x 2 20 20x 


4 wv 4X ‘ F . B60 AUK #0). 
Thus, 3° 30° and 30x are equivalent fractions, since 3 30 30x (so long as x #0) 
To obtain equivalent fractions, use one of the following fraction rules: 


Rule 1. The value of a fraction is not changed if its numerator and denominator are multiplied by the same 
number except zero. 


3 30 
Thus, 4. 40° Here both 3 and 4 are multiplied by 10. 
5 5x 2, 
Also, 7 ay Here both 5 and 7 are multiplied by x, where x # 0. 


Rule 2. The value of a fraction is not changed if its numerator and denominator are divided by the same 
number except zero. 


400 4 
Thus, 500 = 5° Here both 40 and 50 are divided by 100. 


2 
7 
Also oe 9 Here both 7a” and 9a? are divided by a’, where a # 0. 


2.1. UsING MULTIPLICATION TO OBTAIN EQUIVALENT FRACTIONS 


Change each to equivalent fractions by multiplying its numerator and denominator (terms) by 2, 
5,.x, 4x, x — 3,27, andx? + x — 3 (assume that the multipliers are non-zero): 


Multiply Both Numerator and Denominator by 


2 5 x 4x x3 x r+tx-3 


, 2.4 10 2% 8 2-6 2 2+2-6 
3 ™ 3° 6 #15 3x Ide 3x-9 3 3xe+3x—9 


a 2a Sa ax 4ax ax-—3a ax ax +ax-—3a 


a 
b)T 7 14 35 Tx 28% %Wm-21 7 %W+7-21 
a 6. Se Ie 3e=9 3 . ox 432 =9 
°) x x 2x 5x 2 4x? x2?-3x 8 47? —3x 


2.2. USING DIVISION TO OBTAIN EQUIVALENT FRACTIONS 


Change each to equivalent fractions by dividing its numerator and denominator (terms) by 2, 5, x, 
4x, x°, and 202°, where x #0. 
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Divide Both Numerator and Denominator by 


2 5 x 4x x 20x" 

20x? 20x 10x? 4x? 20x 5x 20 1 
®) g0x2 4 go? 402 162 80x 20x 80 4 

40x? 40x? 20° 8x? 40x? 1022 40x 2x 
os) 60x? 60x? 30x 123° 60x 15x 60 3 


2.3. OBTAINING MISSING TERMS 


Show how to obtain each missing term: 


3 30 ; 3. 30 
a) 7. 9 To get 30, multiply 3 by 10. a) 7 70 Ans. 70 
‘ Hence, multiply 7 by 10 to get 70. 
b Bis T divide 27 b ee Z 11 
133° 9 Deela ewice ar ay 33° 
Hence, divide 33 by 3 to get 11. 
3a =3ab ; 3a 3ab 7 
Cc) 7 To get 3ab, multiply 3a by b. c) ho b 
: Hence, multiply b by b to get b’. 
6ac 2 er ee ee “) 6ac 2a 5 
z= 0 get c, divide 3c” by 3c an a 
ae Hence, divide 6ac by 3c to get 2a. 3c . 
5 25 : 5 25 
e) y-5. 9 To get 25, multiply 5 by 5. e) = 5x — 25 


Hence, multiply x — 5 by 5 to get 5x — 25. 


3. RECIPROCALS AND THEIR USES 


Reciprocal of a Number 


The reciprocal of a number is 1 divided by the number. Thus, the reciprocal of 5 is a and the recip- 
1 
rocal of ais as long as a #0. 
pe ea oe 
Also, the reciprocal of 3 is > since a= 1+ 3° 


Rules of Reciprocals 


. a . . , Pane 
Rule 1. The fractions — and ~ are reciprocals of each other; that is, the reciprocal of a fraction is the frac- 
tion inverted. 


Rule 2. The product of two reciprocals is 1. 


Rule 3. To divide by a number or a fraction, multiply by its reciprocal. 


This, 8+ = 8-1 7 S57 or 
us, 8 2 = 8-5, or 12,7 = 5 = 7-5 ors: 


Rule 4. To solve an equation for an unknown having a fractional coefficient, multiply both members by the 
reciprocal fraction. 


2 3 3 2 3 
Thus, if 3x = 10, multiply both sides by 2" Then x5" 10 and x = 15. 


7-3 
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a b 
RULE 1: —AND “ ARE RECIPROCALS OF EACH OTHER (as long as a, b #0). 
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b 
State the reciprocal of each: 
= A = 15 el A = i) 0.5 A = 2 
a) 15 ns. 1 or e) 3] ns. m1 i) 0. ns. 5 or 
ie ; ox DS 3 ord; J) O. qo 
e) 20 8) toy 3x ) 45 14 
iL : x +3 y— 10 iy BOdie 1000 
d) y ri 10 x+3 a x 
RULE 2: THE PRopuct oF Two ReEcrProcALs Is 1 
Supply the missing entry: 
27) gga a\(w\f2\_ ae 2 
a) a Hho]! ns. d) whalhs]~ (?) MS. *s 
b - ?”)=1 is 2 < sa eS 4 
)gO= 3 ITN = 
10| — = = 10 3 . +|-+1Q) =4 = 
To | 5) DASN3 15 JO) = 8 
RULE 3: USING RECIPROCALS TO CHANGE DIVISION TO MULTIPLICATION 
Show how to change each division to multiplication by using the reciprocal of a number: 
@) "5 ) x > q) rt d) x 
5 2 1 2 1 ¢ t 3 7 21 
Ans. a) 8-—- = 10 b) —-—=— ec) ET d) —-—-=— 
4 x yxy ros 1s x yxy 
RULE 4: USING RECIPROCALS TO SOLVE EQUATIONS 
Solve: 
3 f ax 
a) qe 7? b) 23y = 70 c) 30% of P = 24 d) 3 74 
Solutions: 
3 ‘ ax 
4 =21 2;y = 70 30% of P = 24 374 
aa = oi M aa LG M ee he 4 M ae 
Ma 3°43" a a? a 1013 3 gP = 3 ar rr 
Ans. x = 28 y = 30 P=80 x = 15 
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4. REDUCING FRACTIONS TO LOWEST TERMS 


A fraction is reduced to lowest terms when its numerator and denominator have no common factor 
except 1. 


x, : : : 
Thus, _ is not in lowest terms because x is a common factor of the numerator and denominator. After x 
x 


has been eliminated by division, the resulting fraction + will be in lowest terms. 
To reduce a fraction to lowest terms, use the following rule: 


RULE: The value of a fraction is not changed if its numerator and denominator are divided by the same 
number except zero. 


To Reduce a Fraction to Lowest Terms 


Ms 2 3ab°c b) 8a + 8b 2a? — 2b? 
ees: © 3 abd a+ 12b © Sa+ 5b 

Procedure: Solutions: 

3ab*c 8(a + b) 2(a + b\(a — b) 

1. Factor its terms: a) zo Sara i 

(Numerator and denominator) 3ab"d 12(a + 8) 3(a + b) 

2. Divide both terms by every 1 2 (1) 1 7 
common factor: (This is Sac BaP) 2(a+ bya — b) 
commonly called canceling.) 2abd Wad) S(a+F) 

A dp nee 
ns. ns. 3 ns. 5 


Rule 1. If two expressions are exactly alike or have the same value, their quotient is 1. 


4 1 
a ae ee Se) 
* 5abc , bta , B2+*%— 5) , 


Binomials Which Are Negatives of Each Other 


Binomials such as x — y and y — x are negatives of each other if x and y have different values. 
Thus, if x =5 and y = 2, then x —y = +3 andy — x = —3. 


Hence, eitherx — y = —(y ~x)orx ~y=~—(@~ y). 
Rule 2. If two binomials are negatives of each other, their quotient is —1. 
1 =I -1 =I 
et Ya. Cem .. 4 GDE-O _, 
am (45)(@—5S) (b= @)(e-7) 


Warning! How Not to Reduce a Fraction to Lowest Terms 


1. Do not subtract the same number from the numerator and denominator. 


5 
Thus, 3 does not equal 


5—4 Sg me ra 1 
6 —4 % 9: Also, 75 oes not equa ae or >. 


2. Do not add the same number to both numerator and denominator. 


1 1+3 4 bee! ak 
Thus, 7 does not equal 243% 5" Also, y does not equal ——; or — 


—3 yrs oy 


* Note: In answers, algebraic factors which remain need not be multiplied out. 
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REDUCING FRACTIONS WHOSE TERMS HAVE COMMON MONOMIAL FACTORS 
Reduce to lowest terms: 
39rs 32a°b* 5x — 35 21a? 
a) = b) 3 Ce Sa 3 
52rs 64a“b 15x 14a“ — Tab 
Solutions: 
35s inf, ! 3a 5 
i —— b) ao? ec 24-7) ua 
4 (1) ode 15x 70a ~ 2) 
3 ab xa7 3a 
Ans. 4 2 3x 2a —b 
RULE 1: REDUCING FRACTIONS WHOSE TERMS HAVE A COMMON BINOMIAL FACTOR 
Reduce to lowest terms: 
2x + 6 er+x 3x + 3y (b + cP 
a) * eS b) Cc) — 
3ax + 9a 2+ 2x By? — 3x" —acx — abx 
Solutions: 
2(x + 3) i x + 1) 3 + y) (b + c\b +c) 
®) 3a + 3) ) 20 Fx) Y 265 n0—s —axc +b) 
1 1 yY (OD i 
2243) x(¢+t) B(x +s) (b + c\(b+a) 
3a(e+3) 21-+-%) Aly aNy — x) —ax(e+d) 
e3 x 1 = bre 
a 3a 2 yx ax 
RULE 2: REDUCING FRACTIONS HAVING BINOMIAL FACTORS WHICH ARE NEGATIVES OF EACH 


OTHER 
Reduce to lowest terms: 
eee ae 
ayo 
Solutions: 
-1 
4 oD 
304) 
A a di 
ns. 3 


Td +7) 


2(2--@) 


dt+7 


2 


FRACTIONS HAVING AT LEAST ONE TRINOMIAL TERM 


Reduce to lowest terms: 


b? + 3b 
b* + 10b + 21 


a 


= Sr 
10rt — 10t 


(w — x)? 


ew 


(s=W)(x + w) 
w-x x—w 
x +w o x +w 
y? + 2y— 15 


2? — 13 + 18 
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Solutions: 
1 =i 1 
é b(b4+S) p  & A) 4 5)\e—<3) 
(b4+3)(b + 7) x(4-%) Ay — 3)\y—3) 
b x75 57x yt5s 
Ans. b+7 or ay 3) 
5. MULTIPLYING FRACTIONS 
To Multiply Fractions Having No Cancelable Common Factor 
Multiol ) 7 b) x 5 ) a9e 7 
: a) =: —.— (6) eee 
—— 5 3 Fr 4/2 date 
Procedure: Solutions: 

1. Multiply numerators to obtain numerator 3(7) (5) : a(9)(c)(7) 
of answer: 5(11) 3(~) 4(2)(d)(a + c) 

2. Multiply denominators to obtain denominator — 4), 21 ne 5x er! 63ac 
of answer: "355 * 3r * 8da +c) 

To Multiply Fractions Having a Cancelable Common Factor 
Multiply: yoga Tx 2a ) 5x 3a + 3b 
me 5 7 6 a 7+ 7x ab x 
Procedure: Solutions: 

1. Factor those numer- a) eI TE. b) Tx 2a 0) 5x 3a + b) 
ators and denominators 5 7 6 a Tir 2) (a + bya — b) x 
which are polynomials: a | 1 1 1 1 

2. Divide out factors 3 WO, wt BK _ 2 we : 34+) 
common to any numera- 5 7 6 a Z (L + 3) (g+tK(a — 5) x 
tor and any denominator: 

7 a 2x 15 
3. Multiply remaining Ans. 11 Ans ase Ans a 
factors: 
5.1. MULTIPLYING FRACTIONS HAvING No CANCELABLE COMMON FACTOR 
Multiply: 
124 ,2e% x 8 a3rts 
ae 5y sassy ae: DV a2 
Solutions: 
1(2)(4) 2(c)(x) 5xy -3c a(3)(r + 5) 
Dea ae ae Di Gaga 
5(5)(7) d(5)(y) ab A(r)(a — 2) 
x 8) 2cx 15cxy 3a(r + 5) 
a 175 Sdy ab 4xa — 2) 
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5.2. MULTIPLYING FRACTIONS HAVING A CANCELABLE COMMON FACTOR 


Multiply: 
9 7 15 ‘ 12c h & c S5a+5b 9x (x — 5? 
Ds aa og se | Gee 2222 Opes JG=a) 
Solutions: 
2 l 3 4 1 1 \ 3 -1 =] 
yi tB py Veh he Sat 3) 5) 
Idec +1 2 
5 3 \4 d FA ye (a+b) 2Ac + 1) BL— Sy (SXF 
- acd a _ 3x 
AS h 2c + 1) 2 


5.3. More DIFFICULT MULTIPLICATION OF FRACTIONS 


Multiply: 
y toy + 5 Ty + 21 ‘ at+4 2a-8 a&-4 4a 
a TP-63 = (5 + y? ) “Ya 44a M-12a 4-a 
Solutions: 


2) OS ot+1) ers) s art Wa) (4+ 2e=2) 4a 
Ty —3)+3y S75 + y) Ar Fa) Yea) 4—a 


yt1 y+1 aa +2) 
Gy —3)6 ty)" GV — 30 +5) 6 


6. DIVIDING FRACTIONS 


Rule. To divide by a fraction, invert the fraction and multiply. 


To Divide Fractions 
2 9 a 14 a a 
Divide: gro ) Cae ae oe thea * 
ivide a) 3 ) a 3 c) 7 7 d) BP OD 
Procedure: Solutions: 
. 5 a ,.7 7 a 
1. Invert fraction a) Invert b) Invert > c) 2;=7-Invert> d)_ Invert — 
boarea aed 1 3 3 3 b 
which is divisor: 
21 9 3 4 3 Zé P 
2. Multiply resulting aS Ag x 7 ead 
‘ . 1 b 1 
fractions: , 2 ; 27 ; 6 ; a 
ns, 1 5 ns. 4a ns. - ns. b 
6.1. DIVIDING FRACTIONS HAVING MONOMIAL TERMS 
Divide: 
8 12 7 Sy 2x x” 


3 Soe, se) Br oes Ra og ener: eis, 
a) 2, + 22 at c) b= a3 7 y 42 
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Solutions: 
—— >, W 1 2 ¢& 
Ha ie > Fe pt KH 
a) “SS Bi cee se paibemnpes ae Be ce la 
4°28 2 17 Ty # 
x 3 1 1 x4 
1 2 Lv 60 
ala 8 3x 7 x 
6.2. DIVIDING FRACTIONS HAVING POLYNOMIAL TERMS 
Divide: 
a@—100 2a+20 ; Sa Sab — 25a 42-1 22?-m-4 
a) ~~ 3 * 99 LF F-bs6 Oe Foes 
Solutions: 
a’ — 100 20 b 5a? b* —7b + 6 
) 394 +20 YP 36 Gab = 050 
1 5 (Da 1 1 
+10) (a= 10) 36 Sf 6) (b-T) 
8 2(a-+t07 (b+ Ob) 25ab-T) 
5(a — 10) a 
Ans. 4 5b +6) 616 
4x? —1 x* —Tx + 12 
) Gear Ie SA 
1 = 1 
(Qe T) (2x — 1) GS eA 
3x(3-—-%) (Qx+* T(x aty 
A _ 2x = 1 1 — 2x 
ns. 3x or 3x 


7. ADDING OR SUBTRACTING FRACTIONS HAVING THE SAME DENOMINATOR 


To Combine (Add or Subtract) Fractions Having the Same Denominator 


Conibins: oe ge oe ye 2a —9 7 54+x 
ombine: a) i! 5 15 ) 3 3 c) Sg ag 
Procedure: Solutions: 
1. Keep denominator a) 2a t Ta 4a b) Sa ~ (2a ~ 9) F 7—6 +) 
and combine numerators:* 15 3 x—2 
1 a -1 
2. Reduce resulting 5a 3a +9 _ xa + 3) 2x 
fraction: b 3 3 Se ae 
3 1) 
Ans. 2 Ans. at+3 Ans. —l 


* Note: In combining numerators, enclose each polynomial numerator in parentheses preceded by the sign of its fraction. 
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7.1. COMBINING FRACTIONS HAVING SAME MONOMIAL DENOMINATOR 


Combine: 
see ‘3 ; 8 1 11 5x x4 Aor 5S 1 =x Tx +4 
i ma a Pe 8 3x 3x 3x 
Solutions: 
1444+4-8 6 Lee TI Sx — (x — 4) (x +5) - (1 — x) — (7x + 4) 
a) 5 ») 3c ¢) 8 d) 3x 


1 
4x +4 A(x +1) x+5-1lt+x-7x-4 5x 


6 
3¢ 8 8 3x Be 


2 1 


6 
; 


6 od 
Cc 


| 
Wl n 


7.2. COMBINING FRACTIONS HAVING SAME POLYNOMIAL DENOMINATOR 


Combine: 
) 10x 9x + 3 b) 2b _ 2a ) 5 “ 7x —8 3x+1 
OTe Ge G a@-b a—-b ~ @F3R—-4 2 +3x—-4 + 3x—4 
Solutions: 

10x — (9x +3) yy 2b = 2a ie Nera eee a 
a) Ix —6 ned Ss) x2 + 3x —4 

1 -1 1 

—s bay 4x —4 4@—tT 

2a—37 ar e+3x—-4 fete +4) 

1 4 
Ans. > <9 eer 


8. ADDING OR SUBTRACTING FRACTIONS HAVING DIFFERENT DENOMINATORS 
The Lowest Common Denominator 
The lowest common denominator (LCD) of two or more fractions is the smallest number divisible with- 


out remainder by their denominators. 
Thus, 12 is the LCD of ; and ;. Of the common denominators 12, 24, 36, and so on, the lowest or small- 


est is 12. 


To Find the LCD 


Rule 1. If no two denominators have a common factor, find the LCD by multiplying all the denominators. 
1 1 


1 
Thus, 3ax is the LCD of —, —, and —. 
3° a x 


Rule 2. If two of the denominators have a common factor, find the LCD by multiplying the common factor 
by the remaining factors. 


1 1 
Thus, for 3 and Su the LCD, I5xy, is obtained by multiplying the common factor xy by the 
xy xy 


remaining factors, 3 and 5. 
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Rule 3. If there is a common literal factor with more than one exponent, use its highest exponent in the 


LCD. 
. 1 1 1 
Thus, 3y° is the LCD of —, -, and -. 
3y’ y y 
To Combine (Add or Subtract) Fractions Having Different Denominators 
eae 4.83, eee 
ombine: a) 3 4 D ) ae 4 
Procedure: Solutions: 
1. Find the LCD: a) LCD=12 b) LCD = xy 
2. Change each fraction to an equivalent 14,33 1 3 y i 3x 
fraction whose denominator is LCD: 3 4 4 3 12 x y yx 
(Note how each fraction is multiplied 4 9 1 Sy 3x 
by 1.) O° 2 xy oxy 
3. Combine fractions having the same 12 
denominator and reduce, if necessary: 1 
Sy + 3x 
1 Ans. Ans. 
xy 
8.1. RULE 1. COMBINING FRACTIONS WHOSE DENOMINATORS HAVE No COMMON FACTOR 
ee 2,3 peek 3 Kg d 
ombine: a) ae) ) o ol c)r ay 
Procedure: Solutions: 
1. Find LCD LCD = (5)(4) = 20 LCD = x(x + 1) LED = 37 
Peete 24 35 3 t+) 3 x @+2) 2 4r-1 
pene 2 5°4.4°5 orl Gh % i - oe ae 
equivalent frac- 
tions having oF 4 A> 3x +3 3x or + 4r 4r—-1 
same LCD: 20 20 xx +1) x@+1) 2r 2r 
3. Combine 23 3 or? 1 1 
aera fea a a 
fractions: a9 OF ly Ans. rer Ans. Op Ans. 
8.2. RULE 2. COMBINING FRACTIONS WHOSE DENOMINATORS HAVE A COMMON FACTOR 
Satie wate pee )at4 2-40 
an as wee Sa Sa t+ 5 ° 3a 6a 
Procedure: Solutions: 
1. Find LCD LCD = 12 LCD = 5aa + 1) LCD = 6a 
(rule 2): 
oo i 26 2 (atl) 7 a (a+4) 2 2-4a 
2. Change to . je, : 4 . : 
emivalentfrac- 6 2 12° 2°6 Sa Gt 5@+1) a 3a 2 6a 
tions having 10 1 7 18 2a +2 : Ta 2a+8 2-4a 
same LCD: 2 2° 2 Sala +1) Sala + 1) 6a 6a 
3. Combine 27 «9 9a + 2 6a+6 atl 
fractions: DD = a Ans. Sala 0. Ans. 6a = a Ans. 
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RULE 3. COMBINING FRACTIONS WHOSE LCD INCLUDES BASE WITH HIGHEST EXPONENT 


253 


Combine: 
j 245 oeos45 5 jas 
x Xx x x x” Or 12r° ab ab? 
Solutions: 
a) LCD=x  »b) LCD =x’ c) LCD = 36r° d) LCD = ab” 
5 x 7 3 x 2 x? s* 4r sv 3 2 b 3 a 
xx x ef x? 2 ge 2 Or?” Ar 2r 3 ae oe 
5x 7 3x4 2 x? Ars? 35° 2b 3a 
eo x XT %6P 36F cP ah 
‘ais 5x +7 3x° +x? —2 4rs* — 353 2b + 3a 
x? x! 367° eh 


COMBINING FRACTIONS HAVING BINOMIAL DENOMINATORS 


Combine: 
3x 5x 3 5 2a — 3 7 
b 
=a 4a ery aa f= bases 
Solutions: (Factor denominators first) 
3 5 
a) b) 
2y +2) 3(y + 2) 
LCD = (« — 2)@ + 2) LCD = 6(y + 2) 
3x wr 2 - Dy a come 3 3 5 2 
AOD. KD. Dae Aly + 2) 3 3(y + 2) 2 
3x7 + 6x 4 5x° — 10x 9 10 
(x — 2)x +2) (x + 2)(x — 2) 6y +2) 6(y + 2) 
yi 8x — 4x 1 
Ge — 2x + 2) 6 +2) 
2a — 3 7 
c) 
(a + 5)(a — 5) S(a — 5) 
LCD = 5(a + 5)(a — 5) 
24-73, 5 7 at+5 
(a+ 5\a—5) 5 S(a—5) at5 
10a — 15 (7a + 35) rr 3a — 50 
ns. > 
S(a + 5)a — 5) S(a + 5)(a — 5) S(a + 5)(a — 5) 


SIMPLIFYING COMPLEX FRACTIONS 


A complex fraction is a fraction containing at least one other fraction within it. 


1 
5 x+y : 
, 2, and are complex fractions. 


2 


Thus, 


Nae 


= : i 
3) x—- fF 
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To Simplify a Complex Fraction: LCD — Multiplication Method 


z 2 3 X73 
Simplify: a) — b) Cc) 
3 5 Ea eee 
4 10 
Procedure: Solutions: 
LCD = 12 LCD = 6 LCD = 30 
1. Find LCD of ; 
fractions in com- 2 1 fs OK x—-F 30 
plex fraction: 2 12 5 6 +2 8 
2. Multiply both numerator y 8 3-2 _ 1. 30x — 10 30x — 10 
and denominator by LCD “”* 9 0 30 1i8+21 39 


and reduce, if necessary: 


To Simplify a Complex Fraction: Combining — Division Method 


oa vee i t= 
Simplify: a) 7 b) = —*. c) d) y 
ae x+Ht Sip es 3x. ieee 
10 y 
Procedure: Solutions: 
1. Combine terms Pee ase “ joes x x _h (oe 
of numerator: 2 3 6 3 2 5 10 y y 
2 
2. Combine terms 1 ,1_s fade jer atl 4 fpr ane: 
of denominator: 2 3 6 3 10 10 y yr 
3. Divide new 1.5 3x1, 3x tl od , Ix Ve, go se 
numerator by 6 6 3 3 10 10 y y 
sas ceaial 16 3x1 3 Tx 10 y+2 _y? 
“ee 65 3. 3x+1 10 17% y y—4 
d 3x "1 Ae y 
Hm 3x +1 if y—2 
9.1. SIMPLIFYING NUMERICAL COMPLEX FRACTIONS 
Simplify: 
4-5 54 ie bats 
a) —% b) ° c) —— a 
3 1 2 
736 st 16 ae eae 
a) LCD=3 b) Division method c) LCD = 16 d) LCD = 18 
4—) 3 27 69 —a) 16 Q-s+%) 18 
5 3 5 10 G+ +) 16 G +3 ae 18 
12-1 y 6 8-4 i¢—-3 +12 
15 6+1 4+ 54-9 
(1) 23 
i 18 as 27 
ae 233 7 49 
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9.2. SIMPLIFYING COMPLEX FRACTIONS 
Simplify: 
aati) x x i, # i. 4 
25 a 5 oe Oy 
a) - b) ry c) d) 
2 4 1.24 
= et aa 
Solutions: x x  3y 
a) LCD=2 b) Division method c) LCD =x3 d) LCD = 6xy 
roa 14 
x72 2 ae xo x ax iy Oxy 
4 2 is.” 2 4° = 1 2. 6xy 
ac x  3y 
= 2 2 4x eee By — 24x 
Ae 8 is°1 15 4 6y + 4x 
Supplementary Problems 
11.1. Express each in fractional form: (1.1 to 1.3) 
a) 10+ 19 d) Ratio of 25 to 11 g) 3 of 8 equal portions of a pie 
b) n + (p + 3) e) Ratio of 7¢ to a dime h) 3 out of 8 equal pies 
c) 34 divided by x f) Quotient of r — 7 and 30 i) Ratio of 1s to lh 
10 n 34 25 7 rod 3 3 1 
a ae ee D7 % 0 P30 2g Ms » 3600 
11.2. State the value of x when: (1.4 to 1.5) 
=~ =0 Ans. 0 2 Aetieaniusl A 0 
a) 10 ns. A 3, 1S meaningless ns. 
23 5 
b) as 5. 0 3 g) ip is meaningless 10 
Ax+5 9 94 h) x ‘ | —4 
c a 5 ht) 4 20 18 Meaningless 
3x — 12 | P 2x41. 4 iL 
Crear a i) dx — 1 18 meaningless 5 
3x + 12 
—__“=9 —4 
oa =i 
11.3. Change each to equivalent fractions by performing the operations indicated on its numerator and 
denominator (terms): (2.1, 2.2) 
a) Multiply terms of 5 by 5. d) Divide terms of ;} by 5. 
2 3x 
b) Multiply terms of 3 by 5x. e) Divide terms of Ge by 3x. 
Multipl f bya +2 Divid (as 
c) Multiply terms o 7 ya . jf) Divide terms o Hae 2) ya : 
a 10x aa +2) a? +2a 2 a 5(a 2) 
BRS AY es ares ec a eer a) 3 ) 7 
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x 
11.4. Change 5 to equivalent fractions by multiplying its terms by: (2.1) 
a) 6 b) y c) x d) 3x —2 eyvatb 
A 6x , xy x 3x° — 2x ax + bx 
mS Dap Sy ) 52 15x — 10 eer 
12a? 
11.5. Change 36a to equivalent fractions by dividing its terms by (2.2) 
a) 2 b) 12 c) 4a d) @ e) 12a? 
me ie ) 3a ) oF ) 36 *) 3a 
11.6. Obtain each missing term: (2.3) 
oe Ans. 12 ae A b aes A 2d 
a) 7 58 ns. d) _ oo ns. abx g) l4cd? ns. 
979 : ©) 3 ~ 30be mabe 1) 5542p OD “ 
Ta ? x+2 ? 24(a + 2) ? 
) 2 — — j = 
o-3 ~ 8a ie D3 “ww. © 9 UP eeara sae: 
11.7. State the reciprocal of each: (3.1) 
a cs a ma o,f ” 
a) 100 Ans. 100 d) - Ans. 3 g) ) Ans. 3x J) 10%x Ans. ; 
b) 1 = = te h = = k) 2 4 or 4 
) 100 100 e) 7 5 or 35 ) 3 x om ) 25% or 400% 
= 3 1; 2. i) 0.3 ae 1) 100% 1 or 100% 
Cc) 3x Be Al 4 i) 0. 3 ) 0 or fy 
11.8. Supply the missing entry: (3.2) 


Q— oQ)GHB «G0 
wor aloo sal) 


Ans. a) 1 b) : c) ° d- ey Pf 2 
8 2 2. “ “6 
11.9. Show how to change each division to multiplication by using the reciprocal of a number: (3.3) 
a) 2:2 eee °) Ga — 6b) +> 
7 x 2 
b) 12 Hap ee f) (2+ 82 — 1a) + 
7 y 10 
ee shige ais eee é 2(*] = 20x d) se(2) = 3xy 
6 7 12 14 y x 


2 
e) 334 6b) =2a — 4b f) —@? + 8x* — 14x = 10x? + 80x — 140 
x 
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11.10. Solve for x, indicating each multiplier of both sides: 


2) 
—x = 35 
a) 9 x 
8 
b) a = 20 
Ans. a) Moys,x = 63 
b) M3g,x = Ty 
11.11. Reduce to lowest terms: 
, 2 42 
ot 35 24 
7 
Ans. 4) 5 b) ra 


11.12. Reduce to lowest terms: 
5(x + 5) 

11l(x + 5) 
8ab(2c — 3) 
4ac(2c — 3) 


a) 


b) 


11.14. Reduce to lowest terms: 
C+ 5c 
C2 126s 35: 
b* + 6b—7 
b? — 49 
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(3.4) 
bx 
c) lx = 20 e) 5 — 7b 
9 3 
d) 0.3x == f\ — =6¢ 
5) c 
c) Mgya,x = 15 e) Mow,x = 14 
d) Mio, x = 6 D) Men, x = 22 
(4.1) 
3ab d 15d” ) 8¢ — 4h 10rs 
— e 
9ac 5d* 12g 5s* + 20s 
b 2 2g—h 2r 
c) 3c d) d € 3g s+4 
(4.2) 
yea ee » dy y oe 
” 6a — 6b * 81 — 40 8 e+ nm 
e—9 2 — d cd + 5d 
| i 
7040 Dap DY Bag 
1 L535 k 
Cc) a e) ar 8) a 
a—3 ctd d 
a | Dora Dy 
(4.3) 
¥ a4 1—2p ac’ — ad’ 
a — eae | a 
2a — ay 2p" —p dad — cd 
2b — 3ab 3w — 3x (r — sy 
h 
@) 9¢ —4 # 2x? — 2w" ) ror 
y+2 1 a(c +d) 
() a €)) 
a Pp d 
7 b 7 3 _f ss SF 
a) 3a +2 J 2(x + w) h) rts s4r 
(4.4) 
) 4a? — b* ) 2x? —2 ) 2w? — 14w + 24 
) oo qos ag e) 3 
OP Ae he tape —4e—5 © J2W? — 32w —12 
) 9238 yteyti2 | 2? 9a -5 
V2 =a re y —3y— 10 ) Ga? = a FD 
2at+b 2(x — 1) w4 
2a —b x5 8) 23w +1) 
3 y +6 ar) 
ere Ls ) 3a42 
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11.15. Multiply: 


a)+X5 
b) 2X2X 11 


Ans. a) b) $ ey: ae e) 1 dD 7 
11.16. Multiply: 
3b bh a+b a-—b 
a) —:-—> e) : 
e 5 dL. 2 
a 3 atb 15 
b) Tab-—-— ; 
ae ae )s  Tes 1p 
xr 3 x a" 
Cc) 5 es 98 g) —— . 
yo 3 ya ae 
mtn mtn poo Ts — 14 
3 mn 2rs —4r 3r+ 6s 
36° ee 
Ans. a) 5c e) 14 
2la’b Be 
2¢ A 11 
3x 2 
c) > eee 
3mn 
11.17. Multiply: 
' a—-4 a—9at+14 
" a—2 a8 + b? 
(x + 3Y 7x — 700 
Dee d) 
= 9e = 30 a 3 
a~T (x + 10) 15 1s 
Ans. a) 2 b) 2 ) b d) 4 
11.18. Divide: 
wee ae ab BP 
a) . 3 Cc) Xx 7 e) 4 6 
1 5 3a 
Ans. a) 15 b) 48 a d) 7 e) Ob Nh - 
11.19. Divide: 
Sx Se ay Oy 
Dee” go 8) 2 4p 
2(y +3) . 8 + 3) s? + st 
7 63 rs — st 
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(5.1, 5.2) 
e) >Xext 
DEGREES GE 
(5.1, 5.2) 
15b + 15c 8x +6 


16x79 5b + 5c 
(v + w)? b? 

by + bw 3v + 3w 
r— 25 

5r+ 5s 2? + 2s? 
Sax + 10a 200 — 2a? 
ab —10b ax +2a 


dD 


k) 


_ 10110 +a) 


b 


(5.3) 
5be — 10c* 


26-1. 3b" = 3b 
c) 


r—s r+ 3r 


be +22 B —3be + 22 


rs — 3s 


3—r 49—4r r+ drs + 39 


(6.1) 
rs : rs” 
= ee” BP 
2x 10y 
y 3x. 
8) 5 h) - 
(6.2) 
x ty 
x + 2y 
s=F 
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24-10. @—S _ @-64a a —9a+8 
) 35-21 4b —28 e+ 16a @t+4a —5 
3(a’ + 5) ; 18(a? + 5) vw =a : a? — 4ab + 3b? 
*) We —3) Uae —3) D Cat & 12a — 36b 
f=-1  dh=h r 3p + p? 9p — p? 
) 3d+9  dh+3h 0 7124+3p 12—p—p? 
c-cd. Ie—Td c+ 16c+64 — 3c? + 30c + 48 
A 32+ 3d 2 —-# 2c? — 128 c — be — 16 
ae pe 8 L 2 ee 
ne Ye 03 )3 Yay o> 3 
2 eo oe ES . L 
4 De 21 Weg py ee a 
11.20. Combine: (7.1) 
ayes ores oe as 
a ) ee h) 10; — 8; 
aa i: ae Dee ae 
Ans. a) $=} b) a C) Sie d) $ e) is /) 2 g) 5S h) 27 i) 1 
11.21. Combine: (7.1) 
x Se woe i714 Sx x 3 
Caer 6” 6 3s 3s a 
7 3 10 3 5a 3a 4 8 2 
j= eae — 5S 
5 5 r r b b 3q 3q 3q 34 
x 4y ‘7 13 1 2a 6x —3 pt+2 
Ans. a) ~ =2x b) == c) = d) — é) pi p> g) a 
3 ) Ss b- q 
11.22. Combine: (7.1) 
ete. Ta=2 2y-7 2y—10 b+8 4b+7 
1) 3 8 Oa 5 Ba 5 
pg eS 8 2 3x +10 x+3 3x — 3 
) 7 7 d) x x x 2x? 2x? 
, a » des 3, *__y Sb+15  b+3 4a 2 
ns. a) 3 a ) 7 c) ) — e 5a a ~~ 
11.23. Combine: (7.2) 
5 x72 2 9 3a a + 4b 
a ee ro are 8) a+b) 2a +b) 
i 2x ay 7 i, a i 7a —2 a—-2 
) Py ey 2 P4+7) P+T  Wb+o a(b + c) 
Sp 5q 6 4x ; 3x x +4 
) a re dD = = i) 2 os 
P-q p~q 24-3 2x — 3 x -4 x 4 
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A foe 3 = 1 =e 3 = =] 4a + 4b = 2 
me HD eG c+3 8) a +b) 
agreraee e) a re 
Sp — 5q _ 6-4 xw-4 2. 
c) P-4q =9 D3 2 ak eo 
11.24. Combine: (8.1) 
2,1 ok ab 4s a,b 
a a) 475 ae) 3x 2y Oe a 
4 7 wan 2a —7b 8y + 15x ath 
ns. 4) 6 )) 70 c) 14 d) a e) a 
11.25. Combine: (8.1) 
4 - 2 8c ak xX x 
Oe gag OSee to y=. 2x 
ee De Be, Wg? 
a 5—a ad yl DG+s at+l 
4x + 22 15 —a Bc -1 Sy +1 2x 6a + 14 
a Osea seg Casey 8 =1 “Waar 7 wr nasi 
11.26. Combine: (8.2) 
Pig ae ae Se P48 
Oa a 6 © ig 5° 2 “3 2B 313 6 
i ae 2 aS ae ae 
) 8 2 4 3 12 A 6 9 ) 3x 2x 6x 
4 ; 6 ae 13x Tc 3p +8q—4r a 
a 8 a 5 gn 8% is «= S 2A ) 
11.27. Combine: (8.3) 
34 1 ee 8 
a) a a d) 3 Be xr 8) rs rs? 
Pees Pe Pie he 
) b> ob e) x x 9 ) ab ab*~ ab 
te ee es ft 
op oP D a8 TP 3x )e 2°P 
3a +4 5 —2b 21b +4 x +6x +3 Qn? — 5x +3 
Ans. a) 5 b) be? c) 6h d) oe e) ae 
5 + 30x — 14x° 8s + 4r 10-4a+5b 143 +2 
J 10x? 8) rs h) ah } ab? 
11.28. Combine: (8.4) 
7 = 8 2 7 2 4x 4 
D> he 3 O58 pt+3 2-36 e6 
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4a 


b) 


10 


S565 


ag 


Th +5 


) Xh +3) 
1 


Ans. a 


A 5a +y) 


11.29. Simplify: 


11.30. Simplify: 
1 


+ — 
o" 3 


a) 


b) ——— 
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a 3a a i 8 8y 
b+2 G48 a8 lay 49-9 
2 2 3 31° t 
3x? + 3x D Gea 3) Sx -e Sy ) OP — 16s 3¢+ 4s 
b a 32 d 2 4a — 4a 
ab eb ° 3 +x) Ye + Dia = 3) a —4 
24 Ast 
8) 2 —36 49 —y¥ ) OF — 16s? 
(9.1) 
ae? je Qe 
2 5 10 
5 By fee, a 
8 16 
d) > ay aD) + h) 444 
13 7 Si; ue. 3 59 es 
11 oy ®) ) 79 D4 8) 500 ) 34 
(9.2) 
2g A 
5p +2 5h ae 
c) P= e) g) 25 
2 1st — 
3 2 5 3x 
x 2x rn 24,2 
49 xa 
os ae er 
8 2 x a 
ie gd 15p +6 ; x 50h 2r 
8 9 tos = 9-3 7 —4r 
+x 
h) > _ 2 
a x 


Roots and Radicals 


1. UNDERSTANDING ROOTS AND RADICALS 


The square root of a number is one of its two equal factors. 
Thus, +5 is a square root of 25 since (+5)(+5) = 25. 
Also —5 is another square root of 25 since (—5)(—5) = 25. 


RULE. A positive number has two square roots which are opposites of each other (same absolute value but 
unlike signs). 
Thus, +10 and —10 are the two square roots of 100. 
To indicate both square roots, the symbol +, which combines + and —, may be used. 
Thus, the square root of 49, +7 and —7, may be written together as +7. 
Read + 7 as “plus or minus 7.” 


The principal square root of a number is its positive square root. 
Thus, the principal square root of 36 is +6. 


The symbol V" indicates the principal square root of a number. 
Thus, V9 = principal square root of 9 = +3. 
To indicate the negative square root of a number, place the minus sign before ae 


Thus, — V16 = —4. 


NOTE: Unless otherwise stated, whenever a square root of a number is to be found, it is understood that 
the principal or positive square root is required. 


Radical, Radical Sign, Radicand, Index 


(1) A radical is an indicated root of a number or an expression. 


Thus, V5, V 8x, and 7x2 are radicals. 
(2) The symbols \~, V , and V are radical signs. 
(3) The radicand is the number or expression under the radical sign. 


Thus, 80 is the radicand of V0 or W80. 
(4) The index of a root is the small number written above and to the left of the radical sign V . The 
index indicates which root is to be taken. In square roots, the index 2 is not indicated but is 
understood. 


Thus, V8 indicates the third root or cube root of 8. 
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1.1. 


1.2. 


1.3. 


1.4. 


The cube root of a number is one of its three equal factors. 
Thus, 3 is a cube root of 27 since (3)(3)(3) = 27. 


This is written 3 = 27 and read, “3 is a cube root of 27.” 
Also, —3 is a cube root of —27 since (—3)(—3)(—3) = —27. 


Square and Cube Roots of Negative Numbers: Imaginary Numbers 
The cube root of a negative number is a negative number. For example, V—8 = —2, since 


(—2)(—2)(—2) = —8. However, the square root of a negative number is not a negative number. For 
example, the square root of —16 is not —4, since (—4)(—4) = 16, not —16. Numbers such as V —16 
or V —100 are called imaginary numbers, an unfortunate name given their great importance in 


science, engineering, and higher mathematics. 
In general, the nth root of a number is one of its m equal factors. 
Thus, 2 is the fifth root of 32 since it is one of the five equal factors of 32. 


OPPOSITE SQUARE ROOTS OF A POSITIVE NUMBER 


State the square roots of: 


25 b) 25x? ) x4 d) 81a7b? ee eo 
a) ): 2X c) x ) 8la e) 64 16b2 

2 7 3a 
Ans. a) +5 b) £5x c) =x d) £9ab e) = a) ab, 


PRINCIPAL SQUARE ROOT OF A NUMBER 


Find each principal (positive) square root: 
25 x b° 
a) V36 b) V0.09 c) V 1.44x? ad) .j— e) |/— P .i= 
4 


Ans. a) 6 b) 0.3 é) T2% d) 


NTN 
i) 
o/s 
roy 


NEGATIVE SQUARE ROOT OF A NUMBER 


Find each negative square root: 


1 
a) —V 100 b) —V0.16 c) —V400c? d) iP e) — = / - 


r q 

Solutions: 
3 9 p 
Ans. a) —10 b) —0.4 c) —20c 7) eos ey -— p= 
2 r q 


EVALUATING NUMERICAL SQUARE Root EXPRESSIONS 
Find the value of: 

a) 3V4 + V25 —2V9 b) f+ ff 04 fe d) ‘V36 + =V 100 
Solutions: 

a) 3(2) + 5 — 2(3) b) 


Ans. =5 = 


+8 c) 4G) d) (6) + 310) 
=18 =6 


cs 
= 
B 
3 
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2. UNDERSTANDING RATIONAL AND IRRATIONAL NUMBERS 
Rational Numbers 


A rational number is one that can be expressed as the quotient or ratio of two integers. (Note the 
word ratio in rational.) 
Thus, + and —2 are rational numbers. 


Kinds of Rational Numbers 


1. All integers, that is, all positive and negative whole numbers and zero. 
Thus, 5 is rational since 5 can be expressed as #. 
2. Fractions whose numerator and denominator are integers, after simplification. 


L.5 3 
Thus, ca is rational because it equals a when simplified. However, + is not rational. 


3. Decimals which have a limited number of decimal places. 
Thus, 3.14 is rational since it can be expressed as 7*. 
4. Decimals which have an unlimited number of decimal places and the digits continue to repeat 
themselves. Thus, 0.6666... is rational since it can be expressed as =. 
NOTE: ... is a symbol meaning “continued without end.” 


5. Square root expressions whose radicand is a perfect square, such as V 25; cube root expressions 


' 
whose radicand is a perfect cube, such as V 27; etc. 


Irrational Numbers 


An irrational number is one that cannot be expressed as the ratio of two integers. Thus, 


(1) V2 is an irrational number since it cannot equal a fraction whose terms are integers. However, 
we can approximate V2 to any number of decimal places. For example, V2 = 1.4142 to the 


nearest ten-thousandth. Such approximations are rational numbers. 
(2) 1 is also irrational. An approximation of 7 has been carried out to thousands of places. 


(3) Other examples of irrational numbers are es Ve and 2 + V7. 


Number 


./25 2 2 gfb8| 
3] amos foe 0 a ve 
Positive 
me titty? | FT | ET yt 


Negative 
Integer v Vv 


Rational 
Number 


Expressed as 
Ratio of Two 
Integers 


Irrational 
Number 
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Surds 
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A surd is either an indicated root of a number which can only be approximated or a polynomial involv- 


ing one or more such roots. A surd is irrational but not imaginary. 


Thus, V5, 2+ V5, and 10 + WT —2V3 are surds. V5 is a monomial surd; 2 + V5 is a binomial 


surd. However, V —4 is not a surd since it is imaginary. 


2.1. CLASSIFYING RATIONAL AND IRRATIONAL NUMBERS 


Classify each number in the table in Fig. 12-1. If rational, express it as the ratio of two integers. 


2.2. EXPRESSING RATIONAL NUMBERS AS THE RATIO OF TWO INTEGERS 


Express each of the following rational numbers as the ratio of two integers: 


<i Ans, 2 100 Ans, 2 ? 
a nS. ~ ee) ns. ~__ lL) ns 
! 7 7 V121 
7 8 8 18 
b) —7 a — = = 
) i u) as 4 De 
63 15 
c) 63 — g) 3V25 = k) [6 
10 l 
=11 3 
d) —5: =o h) tV0.81 a ) V0.0001 


3. FINDING THE SQUARE ROOT OF A NUMBER BY USING A GRAPH 


Approximate square roots of numbers can be obtained by using a graph of x = Vy. 
The table of values used to graph x = Vy from x = 0 to x = 8 is in Fig. 12-2. 


Table of values used to graph x= \/y from x=0 to x=8: 


fo} 1| 24 6¢ 124 ate 


| then y =| ¥ 
Fig. 12-2 


[ela l7]a[e] 
‘304 | 6/420 a0 [568 [oa 


— 


_ 
fo) 
Oo 


In the table, each x value is the principal square root of the corresponding y value; that is, x = Vy. 


On the graph, the x value of each point is the principal square root of its y value. See Fig. 12-3. 
To Find the Square Root of a Number Graphically 


Find V 27 graphically. 

Procedure: Solution: 

1. Find the number on the y axis: 1. Find 27 on the y axis. 

2. From the number proceed horizontally 2. From 27 follow the horizontal line to 
to the curve: point A on the curve. 

3. From the curve proceed vertically to 3. From A follow the vertical line to the x 
the x axis: axis. 

4. Read the approximate square root value 4. Read 5.2 on the x axis. 


on the x axis: Ans. V27 = 5.2 approximately. 
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y GRAPH of x= Vy 


Teper 
EAE 


_——— 


SRR ReE 46 


meee ooo Oe 


aa 
ASE 
HEHE 


0 1 2 3 4 5 6 7 8 


Fig. 12-3 


To find the square of a number graphically, proceed in the reverse direction; from the x axis to the 
curve, then to the y axis. 


Thus, to square 7.2, follow this path: x = 7.2 to curve, then to y = 52. 


Ans. 7.2 = V52 approximately. 
Alternately, you may use a graphing calculator to sketch x = Vy. 


3.1. FINDING SQUARE ROOTS GRAPHICALLY 


From the graph of x = Vy, find the square root of each number to the nearest tenth, indicating 
the path followed: 


Number Square Root Path 
a) 13 3.6 y=13to Btox =3.6 
b) 21 4.6 y=21toCtox =4.6 
c) 35 5.9 y =35 to Dtox =5.9 


4. FINDING THE SQUARE ROOT OF A NUMBER BY USING A TABLE OR CALCULATOR 


Approximate square roots of numbers can be obtained by using a calculator. The square root values 
obtained from a calculator are more precise than those from the graph of x = Vy. 


Multiplying or Dividing the Radicand in a Square Root by 100 


Rule 1. If the radicand of a square root is multiplied by 100, the square root is multiplied by 10. 
Rule 2. If the radicand of a square root is divided by 100, the square root is divided by 10. 


Thus, apply rule 1. Thus, apply rule 2: 
Vo =3 Vo =3 
V500 = 30 Vo. = 
V9 00 00 = 300 ‘V0.00 09 = 0.03 
V9 000000 = 3000 0.000009 = 0.003 


NOTE: Each underlining above indicates a multiplication or division of the radicand by 100. 
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4.1. 


4.2. 


4.3. 


4.4. 


FINDING SQUARE Roots By USING A CALCULATOR 
Find the approximate value of each square root, using a calculator. 


a) V5 Ans. 2.24 c) V500 Ans. 22.36 e) V562 Ans. 23.71 


b) V50 7.07 dy V262 1619 =f) V862 29.36 


EVALUATING BY USING A SQUARE ROOT TABLE 
Find the value of each to the nearest hundredth, using a calculator. 


3V2 Vas, 


a) b) 2 V300 — 25 c) —— + 


a) Since V2 = 1.414, b) Since V300 = 17.32, Cc) Since V 45 = 6.708 and 


V45 
3V2 = 3(1.414) 2300 — 25 se ee ee 
30 Vo 
= 4242 = 2(17.32) — 25 ORs 
On) 3 ‘LALA 
Ans. 4.24 = 9.64 = 2.236 + 0.707 
Ans. 9.64 = 2.943 
Ans. 2.94 


RULE 1. MULTIPLYING THE RADICAND OF A SQUARE ROOT BY A MULTIPLE OF 100 
Using a calculator and applying rule 1, find the approximate value of each square root. Round calcu- 
lator values to the nearest thousandth. 


a) V50,000 and V5,000,000 b) ‘V4000 and V'400,000 c) V53,400 and V5,340,000 


Solutions: 
a) Since V5 = 2.236, b) Since V40 = 6.325, c) Since V 534 = 23.108 
V5 0000 = 223.6 Ans. V40 00 = 63.25 Ans. V 534 00 = 231.08 Ans. 


V5 0000 00 = 2236. Ans. V4000 00 = 632.5 Ans. V 534 0000 = 2310.8 Ans. 


RULE 2. DIVIDING THE RADICAND OF A SQUARE ROOT BY A MULTIPLE OF 100 
Using a calculator and applying rule 2, find the approximate value of each square root. Round calcu- 
lator values to the nearest thousandth. 


a) V2.55 and V0.0255 b) V0.37 and V 0.0037 c) V0.05 and V 0.0005 


a) Since V 255 = 15.969, b) Since V 37 = 6.083, c) Since V5 = 2.236, 


V2.55 = 1.5969 Ans. V0.37 = 0.6083 Ans. V0.05 = 0.2236 = Ans. 
V0.02 55 = 0.15969 Ans. V 0.00 37 = 0.06083 Ans. V 0.00 05 = 0.02236 Ans. 


SIMPLIFYING THE SQUARE ROOT OF A PRODUCT 


Vab=VaVb — Vabe = VaVoVe 
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Rule 1. 


Rule 2. 


Rule 3. 


5.1. 


5.2. 


ROOTS AND RADICALS 


(CHAP. 12 


The square root of a product of two or more numbers equals the product of the separate square roots of these 


numbers. 


Thus, V3600 = V(36)(100) = V36V100 = (6)(10) = 60 


To Simplify the Square Root of a Product 


Simplify V 72. 


Procedure: Solution: 

1. Factor the radicand, choosing perfect-square factors: 1. V(4)9)) 
2. Form a separate square root for each factor: 2. V4aVov2 
3. Extract the square roots of each perfect square: 3s (2)(3)V2 
4. Multiply the factors outside the radical: 4. 6V2 


Simplifying Square Roots of Powers 
To find the square root of a power, keep the base and take one-half of the exponent. 


Thus, V.x° =x since x7-x° =x°. 


To find the square root of the product of powers, keep each base and take one-half of the exponent. 


Thus, Vx?y* = xy’ since Veyt = V2 Vy4 = xy’. 


RuLeE 1. FINDING Exact SQUARE ROOT THROUGH SIMPLIFICATION 


Find each square root through simplification: 


u) 


a) V 1600 b) V 256 c) V225 d) V324 é) 
Solutions: 
a) V(16)(100) b) V(4)(64) c) V(25)9) d) V(9)(36) e) 
V16V 100 Vaves V25V9 V9V36 
(4)(10) (2)(8) (5)(3) (3)(6) 
Ans. 40 16 15 18 
RULE 1. SIMPLIFYING SQUARE Roots OF NUMBERS 
Simplify: 
a) V75.—sib) V90 . Vi12 d) 5V288 e) £V486 
Solutions: 
a) -V (25)(3) c) V(16)(7) e) 3V(81)6) 
V25V3 V16V7 1\/31V6 


Ans. 5V3 4V7 3V6 


1V576 


7V (4)(144) 
1/4144 
3(2)(12) 


12 


+V'1200 
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b) V (9)(10) d) 5V(144)(2) f) 3V(400)(3) 
VoV10 5V144V2 1V/400V3 
Ans: 3710 60V2 10V3 


5.3. | EVALUATING SIMPLIFIED SQUARE Roots 


Using V2 = 1.414 or V3 = 1.732, evaluate to the nearest tenth: 


a) V72 b) 4V243 c) 3V.450 d) *V4800 e) 1.2V363 


Solutions: 


a) V36-2 by £V81-3 oc) 3V9-25-2 sd) *V¥16-100-3. se) 1.2V121-3 
V36V2 1V/31V3 3VoV25V2 2V/16V100 V3 1.2V121V3 


ApRO Al 


6V2 Loy V3 3(3)(5) V2 44)(10)V3 12d1yV3 
6(1.414) 3(1.732) 45(1.414) 30(1.732) (13.2)(1.732) 
Ans. 8.5 5:2, 63.6 52.0 22.9 


5.4. RULES 2 AND 3. SIMPLIFYING SQUARE ROOTS OF POWERS 


Simplify: 

a) Vaob® b) V900c'°d'® c) Voge d) V58 
Solutions: 

a) VaoVo® by) Voo0VeoVate c) VaoV2Vb° dy 2V285VEVi 
Ans. 7b4 30c%d° wv 2 10rVr 


6. SIMPLIFYING THE SQUARE ROOT OF A FRACTION 


a_ Va 
b Vb 


RULE. The square root of a fraction equals the square root of the numerator divided by the square root of 
the denominator. 


5 05 8 


Thus, /—— 
64 V64 8 
To simplify the square root of a fraction whose denominator is not a perfect square, change the 
fraction to an equivalent fraction which has a denominator that is the smallest perfect square. 


Thus, 
1 2 2 WwW 
or “V2 
i fz ie 4 


6.1. FINDING EXACT SQUARE Roots INVOLVING FRACTIONS 


Simplify: 


mn pry ae Py eased 8 (225 a ae 
a) 2 ) 9 ©) 9,1 695 *) 5 256 ©) 49 400 


270 


6.2. 


6.3. 


6.4. 


ROOTS AND RADICALS 


9 6V 1600 5V144 8 V295 
oO y4 Vo 9 Ves 5° W256 
Vo 6(40) 5(12) 8 (15) 
vr . 3 5° d6) 
Ans. 3 80 a 2 
2 5 2 
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es 
0 


N 


SIMPLIFYING SQUARE ROOTS OF FRACTIONS WHOSE DENOMINATORS ARE PERFECT SQUARES 


Simplify: 

6 7 p) 2 dt 1 [7 200 
@) 6.19 34) 100 Sai 16 ae ee 
Solutions: 

’ 6V7 is 2Vi1 ' V'95V3 xV100 V2 
a —$ = Cc — ——————— 
Vo 3V100 5V16 V2 
6V7 Vil 5V3 10xV2 
3 3(10) 5(4) x 
Vii V3 
Ans. 2V7 oH 10V'2 


e) 10 


SIMPLIFYING SQUARE ROOTS OF FRACTIONS WHOSE DENOMINATORS ARE NOT PERFECT SQUARES 


Simplify: 
1 a a a 
aN ae aE: ah ) Ix 
Solutions: 
135 Jo a3 3 
@) 5 5 fs 2 O alas ) 73 
5 6 3a 3x" 
25 16 9 81 
V5 V6 V3.0 ax? 
V5 V16 Vo V/31 
am NS Vo V3 “V3 
ns. 5 4 3 9 


EVALUATING SQUARE ROOTS AFTER SIMPLIFICATION 


Using V3 = 1.732 or V5 = 2.236, evaluate each to the nearest hundredth: 
2, b = 30 = 10 ad 
Wald yN3 c) 9 a 5 


Y| 
oO} 
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Solutions: 
Ne » [43 3020 1 [45 49 5 
V4 ) 3°3 9) Vo q 55 9) 20° 5 
V3 V4V3 10VaVs5 V49V5 
_ 1oVaV's —— — 
2 V9 5 V 100 
a 2 1732 20(2.236 A(2.236 | 9936 
5 3 ( .732) (2.236) (2.236) 10 .236) 
Ans. 0.87 1.15 44.7 8.94 1.6 


7. ADDING AND SUBTRACTING SQUARE ROOTS OF NUMBERS 


Like radicals are radicals having the same index and the same radicand. 


Thus: Like Radicals Unlike Radicals 
5V3and 23 5V3and 2V5 
8Vx and —3Vx 8Vxand — 3Vy 
TWeand 365 TV6 and 3V6 
RULE: To combine (add or subtract) like radicals, keep the common radical and combine their coeffi- 
cients. 


Thus, 5V3 + 2V3 —4V3 =(5 +2 —4)V3 =3V3. 


NOTE: Combining like radicals involves the same process as that for combining like terms. Hence, to 
combine 5'V3 and 23, think of combining 5x and 2x when x = V3. 


Unlike radicals may be combined into one radical if like radicals can be obtained by simplifying. 


Thus, V50 + V32 =5V2 + 42 =9V2. 


7.1. COMBINING LIKE RADICALS 
Combine. (Keep radical and combine coefficients.) 


a) 3V2+2V2 d) 5V5 +1,V5 g) V7 + 3xV7 
b) 5V3 — 10V3 e) 72V'10 — 58V10 h) 20Va — 13Va 
o) V6 +9V6 fp Vox + 3V2x i) 5aVy — 2aVy 
Solutions: 
Ans. a) 3 +2)V2 =5V2 d) (&+19V5 =2V5 2) (2x +3x)V7 = 5xV7 
b) (5-10) V3=-5V3 ss &) (2 —5V10 =2V10 ) (20 — 13)Va =7Va 
©) (1 + 9)V6 = 10V6 f 0 +3)V2x =4V2x ) Ga — 2a)Vy = 3aVy 


7.2. COMBINING UNLIKE NUMERICAL RADICALS AFTER SIMPLIFICATION 
Combine after simplifying: 


a) V5 + V20+V45 by V274+3V12— sc) V8— 6VE ) Via + Vi50+ |e 
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Solutions: 


a) V5 +2V54+3V5 »B) 3V34+30V3) 9 2V2-64V2) @ 2Vat+5VatiVa 
3V3 + 6V3 2V2 —3V2 
Ans. 6V5 9V3 —~V2 Na 


8. MULTIPLYING SQUARE ROOTS OF NUMBERS 


Nie Va Ve V ae | 


Rule 1. The product of the square roots of two or more nonnegative numbers equals the square root of their product. 


Thus, V2V3V6 = V36 = 6. However, V—-5V—5= —5. V—-5V—5 #V25or 5. 


Rule 2. The square of the square root of a number equals the number. 


Thus, (v7) = (VI\(V7) = 7. In general, (Vx)? = x. Hence, when you are squaring the 


square root of a number, merely eliminate the radical sign. 


To Multiply Square Root Monomials 


Multiply; a) 3V2-2V6 —-b) 2V2x-6V2y 


Procedure: Solutions: 
1. Multiply coefficients and radicals a) 3- 2V2V6 b) + -6V2xV2y 
separately: . 6V12 A /4xy 
2. Multiply the resulting products: 
3. Simplify, if possible: 6(2V3) 4.2V xy 
Ans. 12V3 Ans. 8Vxy 
8.1. © MULTIPLYING SQUARE Root MONOMIALS 
Multiply: 
a) V2V5V6VI15 by) 2V3\3V5\5V10) ec) fe Vix d) (4Vm)(2V25m) 
Solutions: 
x 
a) V2-5-6-15 b) 2-3-5V3-5-10 c) (5 Jos d) 4-2V(m)(25m) 
V900 30V 150 = 30(5 V6) ae 8 V 25m = 8(5m) 
Ans. 30 150V6 xV2 40m 


8.2. RULE 2. SQUARING LIKE RADICALS 


Multiply: 


a) QVINBVIT) by (3 ey c) (vs) d) Qa 20)? °) (: °F 


CHAP. 12] ROOTS AND RADICALS 
Solutions: 
2 \2 5 \2 
a) 2-3(V172 sb) 3? 5 ce) | (V3)? 
6(17 9 2 = 8 
(17) : 78) 
Ans. 105 6 50 
8.3. | MULTIPLYING A MONOMIAL BY A POLYNOMIAL 


8.4. 


Multiply: 

a) V3(V3 + V27) b) 3V2(V2 + V5) 

a) V3V3 + V3V27 b) 3V2V2 +3V2V5 
3+ V31 3(2) + 33V10 

Ans. 12 6 +3V10 


MULTIPLYING BINOMIALS CONTAINING RADICALS 


Multiply: 
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d) (2a)(V2a)2 ee) I ( Ey 
2 


2 x {3 
4a?(2a) A () 


x 
3 
8a 


» | 


av 
6) avs — 6V20) 


0) (“Slavs = (“Sova 


2V15 — 3V100 
W15 —30 


ay 8+ V6 -—V9 by (V10 + V3)(V10 — V3) oc) (V7 + Vay(V7 + V2) 


Procedure: Solutions: 


1. Multiply first terms: a) 5-5 =25 b) V10V10 = 10 c) VIV7=7 
2, Add products ofouter 53/7 5V/2=0 V30—-V30=0 Vi14+ Vi4=2V14 


and inner terms: 


3. Multiply last terms: (V2)(-V2) =—2 (V3\-V3) an, V2V2 =2 


4. Combine results: Ans. 23 Ans 


9. DIVIDING SQUARE ROOTS OF NUMBERS 


7 Ans. 9 +2V 14 


ae ee 
Vb pe 


RULE: The square root of a number divided by the square root of another number equals the square root 
of their quotient. 


Vo |6 
Thus, I = rp = V3. 


To Divide Square Root Monomials 


Divide: a 


14V40 ‘i 6V 4 
V5 3Vx 
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Procedure: Solutions: 
4 
1. Divide coefficients and radicals a) pee ee, b) eae. 
separately: 2 5 3 
2. Multiply the resulting quotients: V8 V8 
3. Simplify, if possible: 1(2'V2) 2Vx2V'x) 
Ans, 14V2 Ane 245 
9.1. DivipING SQUARE RooT MONOMIALS 
Divide: 
F gV3 6V2 10V'56 9V53 ») 3aVSa 
2V2 12V8 4V7 3Vx 10aV 10a 
8 [8 » & [2 10/56 9 fe 5a | 5a 
D 50) 9 ) 2/8 a7 a a © tax 1a 
1 1 1/1 2 5 1 1 1/1 
4V4 = 42) = Vg =-eVn 3V2 2 = — [= {=v2 
2 4 22 2 2 2 2 2\2 
Ans. 8 us 5V2 3x IW 
4 4 
9.2. DIVIDING A POLYNOMIAL BY A MONOMIAL 
Divide: 
a) V50 + V98 jos V 96 ) 18 V40 — 10 V80 d) SV 6 
V2 Ee) 2V'10 3Vy 
P POU: V 98 b) 2V24 V 96 6 18V¥40 1080 isV 6 Vy? 
V2 V2 V3 (V3 2V10 ©. 2V10 3Vy ay 
5 3 
V25 + Va9 2V8 + V32 9V4 —5V8 ee ee 
y y 
547 222) + 4V2 18 —5(2V2) sv fooVe 
Ans. 12 sV2 18 — 10V2 Sy — 2y 


10. RATIONALIZING THE DENOMINATOR OF A FRACTION 


To rationalize the denominator of a fraction is to change the denominator from an irrational number 
to a rational number. To do this when the denominator is a monomial surd, multiply both terms of the frac- 


tion by the smallest surd which will make the denominator rational. 


4 
Thus, to rationalize the denominator of Ve multiply by 
8 


V2 
4 V2 _4V2_4V2 aR 
Vevo Vie 4 
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ROOTS AND RADICALS 


Rationalizing the denominator simplifies evaluation. 


Thus, vi = V2 = 1.414. Otherwise, ie = ae 
RATIONALIZING THE DENOMINATOR 
Rationalize each denominator: 

yy A 
V6 V8 

. oo a 
V'10 Vx 

Solutions: 

a Ne >» v2 
Vo Vo V3 V2 
12V6 v2 

6 V 16 

Ans 2V6 Ans 6V2 

b) V3 __¥10 d) ., Ve 
Vi0 V410 Ve Vx 

Ans V30 Ans ave 

10 x 


EVALUATING FRACTIONS WITH IRRATIONAL DENOMINATORS 


Evaluate to the nearest tenth, after rationalizing the denominator: 


aa ») -20 
V7 50 
Solutions: 
yee ee 
V7 V7 50 V2 
V7 20V2 
7 10 
V7 V2 
2.646 2(1.414) 
Ans. 2.6 2.8 


e) 


2) 


Ans. 


thus leading to a lengthy division. 


3(2.236) + 5 
3 


2.3 
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11. SOLVING RADICAL EQUATIONS 


Radical equations are equations in which the unknown is included in a radicand. 
Thus, Vx +5 =9 is aradical equation. 


but 2x + V5 = 9 is not a radical equation, 


To Solve a Radical Equation 
Solve: V2x + 5 =9 


Procedure: Solution: 

1. Isolate the term containing the radical: 1. V2x +5 =9 
V2x =4 

2. Square both sides: 2. By squaring, 2x = 16 

3. Solve for the unknown: 3. x=8 

4. Check the roots obtained in the original equation: 4. Check for x = 8: 


Vox +5 29 
Vie+529 


9=9 Ans. x =8 


NOTE: In the solution of equations, the symbol “Sq” means “square both sides.” 


An extraneous root of an equation is a value of the unknown which satisfies, not the original 
equation, but a later equation obtained from the original equation. It must be rejected. 


Thus, if V 2x = —4, when both sides are squared, 2x = 16 or x = 8. 
However, x = 8 does not satisfy V 2x = —4, the original equation. 


Hence, 8 is an extraneous root of V2x = —4 and must be rejected. 


11.1. SOLVING SIMPLE RADICAL EQUATIONS 


Solve and check: 


a) V5x = 10 » fe a VELs=% a Vx—- 3 = 3 
3 


Solutions: 
a) By squaring, b) By squaring, 
5x = 100 . =4 
x = 20 x= 12 


Check: V5x = 10 


V100 2 10 Check: ft =2 
3 
V4 
2 
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c) By squaring, d) By squaring, 
Ix +5=9 4(x — 8)=9 
_4 _ 4i 
x= x= — 
7 4 
Check: V7x +5 =3 Check: 2Vx —8= -—3 
V4 +5 23 2 aa 3 
2 in 
3 =3 34-3 
4 41 
Ans. 5 ao 7 Ans. Reject x = 1 (No root.) 


11.2. ISOLATING THE RADICAL IN SOLVING RADICAL EQUATIONS 


Solve and check: 


a) 3Vx—-6=9 b) 5Vx = Vx -12 c) V3y #4=2=3 
Solutions: (Isolate the radical term first.) 
As  3Vx-6=9 Sz 5Ve = Ve -12 Ay V3y +4-2=3 
D; 3Vx = 15 Dy 4Vx = -12 Sq V3y +4 =5 
Sq Ve=5 Sq Vx=-3 3y +4 =25 
x= 25 x=9 y=7 
Check: 3Vx —-6=9 Check: 5Vx = Ve —12 Check: V3y +4 —2 =3 
3V25 -6 29 5V9 2 V9-12 V25-223 
9=9 154-9 3=3 
Ans. x = 25 Ans. Rejectx = 9. (No root.) Ans. y=7 


11.3. TRANSFORMING RADICAL EQUATIONS 


Solve for the letter indicated: 


a) Solve for x: b) Solve for y: c) Solve for A: d) Solve for x: 
. A ofa 
ae: Ay) = & r= - xt4=-yt2 
a) By squaring, b) By squaring, c) By squaring, d) By squaring, 
x A 
-=¥ °-5=H P= xt+4=y+4y+4 
2 Tt 
245 
Ans. x =2y¥ Ans. y = * Ans. A=T?r Ans. x =y? + 4y 
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Supplementary Problems 


12.1. State the square roots of: 


a) 100 b) 100y* c) 4c7a" 


Ans. a) +10 b) +10y c) +£2cd 


12.2. Find each principal square root: 


a) V 400 b) V0.04 c) V1600h? d) 


Ans. a) 20 b) 0.2 c) 40h d) 


12.3. Find each negative square root: 
il 
a) — 49 by —Vao* gQ=aVvrr 


1 
Ans. 4) _ b) —ab? c) —rr!? 


12.4. Find the value of: 


4 1 
a) V81— V25_ Ans. 4 o fie fh Ans. 


1 9 
b) 2V9 + 3V4 i> 8. Jee 
16 16 

1 


[CHAP. 12 
(1.1) 
nt , 25° x46 
81 36s? y® 
d) +— e) ae f) ois 
~9 “6s ae Ta 
(1.2) 
i. 2 16r° 648 
16 2p 14 
P 
2: e) 4r 8m 
4 S p 
(1.3) 
121 225x!° 
a 25w!? n= 6 
11 15x 
5 wo — yi8 
(1.4) 


1 2) 4V2—xV4 0 Ans. 2x 


5 hy) Vied + 16V2 20x 


1y/a6 4 8 3 16 16 20 
36—-3V81 0 ay rea | Games eee — — + — 
O2 3 ue fa \ | 5 IVP Ve x 
12.5. Express each of the following rational numbers as the ratio of two integers: (2.2) 
2 V 25 17 16 — V 16 50 
a)5 b) —13 ~c) 0.07 d) —I1 e) dD g h) j|— 
3 3 V144 V25 32 
5 =13 7 —35 5 17 12 5 
CG Oe agg, 93 Do 9s oa 
12.6. From the graph of x = Vy, find the square root of each number to the nearest tenth: (3.1) 


a ViT ob) V3 ©) V37 d) V45 


0: V4a so) 58g) VOL 


Ans. a) 4.1 b) 4.8 c) 6.1 d) 6.7 e) 6.9 fp) 76 g) 7.8 
12.7. Find the approximate value of each square root, to the nearest hundredth using a calculator: (4.1) 
a) V7 d) V46 g) V275 j) V528 m) V'780 
b) V70 e) Vo4 h) V329 k) V576 n) V'892 
c) V700 fp) V138 i) V486 l) V747 0) V917 


CHAP. 


12.8. 


12.9. 


12.10. 


12.11. 


12.12. 


12.13. 
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Ans. a) 2.65 d) 6.78 g) 16.58 J) 22.98 m) 27.93 
b) 8.37 e) 9.70 h) 18.14 k) 24.00 n) 29.87 
c) 26.46 f) 11.75 i) 22.05 2) 27.33 0) 30.28 
Find the value of each to the nearest tenth, using a calculator: (4.2) 
V3 1/140 \/93 V3 aS Vo 
a) 2V3 c) 7 V 140 e) 100 — 10V83 g) 
3 
+ V2 _V> 
b) 10V50 d) =V 280 jo po 
5 3 
Ans. a) 3.5 b) 70.7 c) 5.9 d) 6.7 e) 8.9 fp 0.9 g) 0.6 h) 2.9 
Find the approximate value of each, using a calculator and rule 1: (4.3) 
a) V3000 c) V19,000 e) V5000 + V500 to nearest tenth 
b) V30,000 d) V190,000 f) V8300 — V'830 to nearest tenth 
Ans. a) 54.77 c) 137.8 e) 70.71 + 22.36 = 93.07 or 93.1 
b) 173.2 d) 435.9 f) 91.10 — 28.81 = 62.29 or 62.3 


Find the approximate value of each, using a calculator and rule 2: 


(4.4) 


a) V0.03 d) V3.85 g) V55 + V0.55 to nearest hundredth 
b) V 0.0003 e) V 0.0385 h) V427 — V 4.27 to nearest hundredth 
c) V0.30 fp) V0.3 i) V0.02 + V0.0002 to nearest hundredth 
Ans. a) 0.1732 b) 0.01732 ©) 0.5477 d) 1.962 2) 0.1962 
f) 0.5477 (= V0.30) 2) 8.16 h) 18.59 i) 0.16 
Simplify: (5.2) 
a) V63 d) #V32 g) V17,500 j) 4V392 
b) V96 e) £V300 h) V4500 ky =V250 
c) V 448 f) 7V320 i) V21,600 1) =V999 
Ans. a) 3V7 b) 4V6 0 8V7— a 2V2 a 2V3 NPVs 9) 50V7 
hy) 30V5 i 60V6 =) 6V2. Kb 2V100«6-n 5VI11 
Using V2 = 1.414 or V5 = 2.236, evaluate to the nearest tenth: (5.3) 
a) 2V18 Ans. 2V2=2.8  c) 10V20 Ans. 20V5 =44.7 &) £V'8000 Ans. 10V5 = 22.4 
b) *V45 V5=22 d) 5V08 35V2=495 fp tV16200 45V2 = 63.6 
Simplify: (5.4) 
a) V49ne Ans. Tm e VIPs — Ans. rsV7— it) V40008b Ans, 2004D° 
b) V100a2b? l0abf) Vas??? atVu =) V252 5xVx 
0) V64Pp?@? 8rpq_ sg) V81x4 9x2 k) Vouw?2 3u2w°V un 
d) V4p2q 2pVq hy) V144y6 12y3 l) V27b° 3n2V 31x 
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12.14. Simplify: (6.1) 
a) {6+ Ans. + c) 7 Ans. 2 e) 7 Ans. a g) ye Ans. 2 
9 3 17 36 Lt (25 1 
b) {75 +  @ /6400 so CD Th io =) Zine 4 
12.15. Simplify: (6.2) 
1 3 vy 
a) a ca Ans. 3 2/9 e) 10 = Ans. Vx g) y Ans. : 
16 25 25 900 30 
13 32 150 5 45 
b9[-  3Vi3 % (2V2 pia Ve My Ie ayV5 
x 
12.16. Simplify (6.3) 
1 | / 1 1 1. 
a) 7 Ans. ; c) , Ans. © e) jt Ans. rad g) — Ans. ¥ 25g 
3 3 7 35 1 1 x x 
b) [> = )5 j— _ => Ve ty JS ~V2 
at ni  °4/20 2 Pie poe se io” 
12.17. Using V2 = 1.414 or V3 = 1.732, evaluate each to the nearest hundredth: (6.4) 
a) ff of &) 16 [F a) [er 
13 
by fb rime f) 45 iF Wy lig 
Ans. a) 1/9 = 0.71 c) avy = 0.42 e) 6V2 = 8.48 g) /3 = 1.44 
b) 4V3 =0.58 d) V3 =1.73 f 10V3 = 17.32 h) 1V2 = 1.65 
12.18. Combine: (7.1) 
a) 5V34+ V3 d) 5V5—2V5 + Vi0 g) 12Vb-2Va + 6Vb 
b) 7V11 — 10V 11 ay aVis +2xV 15 Ay 5bV eo Sb et EVE 
co) 3V2 +.4V3 -2V2 f) 11Va + Va —3Va 
Ans. a) 6V3 d) 3V5 + Vi10 g) 1sVb -—2Va 
b) 3 é) 3x AY RbVeHeV hb 
c) V2 +4V3 fp 9Va 
12.19. Simplify and combine: 7 (7.2) 
a) V2 + V32 e) 2V27 —4V12 i) 8V3 — 6+ 
b) 2V5 + 3V20 fp V700 —2V63 j) 10V18 + 
oc) 2V'28 -3V7 2) -3V90 — 5V40 i) 61s — Voo 
dy xV34+xV27 hy Voy + 2V25y 1) Fle 
Ans. a) V2 +4V2 =5V2 e) 6V3 — 8V3 = -2V3 i) 8V3 —2V3 =6V3 


b) 2V5 +6V5 =8V5 
©) 4V7 -3V7 = V7 
d) xV3 + 3xV3 =4xV3 


fp 10V7 — 6V7 =4V7 


2 -9V10 —10V10 = — 19V10 
h) 3Vy + 10Vy = 13Vy 


j) 30V2 + 10V2 = 40V2 

bk V15—2V15 = —-V15 

nya 24g 2a 
2 4 4 
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12.20. Multiply: 


a) 42-53 


b) TV7-10V10 
o) 4V3.3V2-6V5 


Ans. a) 20V6 
b) 70 V 70 


©) 72V30 


12.21. Multiply: 
a) 2Va-4Vb 
b) eV5-dV7 
c) Vix -sVy 
Ane ay BV ob 
b) edV35 
c) rsVixy 


12.22. Multiply: 


a) 5V10-V10 
by Win AV. 


2; 3 

2 |—-3 je 

vafiafi 
Ans. a) 5-10 =50 
b) +-12 =6 


c) 6 
12.23. Multiply: 


a) V5 + V2) 
by V52Vs — 3V'20) 


Ans. a) 5V2 +2 


b) 10 — 30 = —20 


12.24. Multiply: 


a) (6 + V3)\6 — V3) 
b) (V5 — 2)(V5 + 2) 
c) (V7 + VaynV7 = V2) 
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d V2V3V12 
e) 3V6-5V24 
f 10 §-7V75 


d) 6V2 
e) 15 V 144 = 180 
f) 70V 25 = 350 


d) VpqVpVq 
e&) VanV25m 
p V3nV 2703 
d) Veg ~ Pq 
e) Vi00n = 10m 
fp) Vint = 9n? 


d) (V14y 
2) BV6y 
fp EVE)? 
d) 14 

e) 9-6 =54 


f) 7-8 =2 


g) V21V3 
hn) V10V20 
i) V8V'12V10 


g) V3 =3V7 
ny V200 = 10V2 
) Vo60 = 8V15 


g) VsaV3a 

ny) V6V40b 

i) V8nsV2K2 

g Vise =aVis 
ny) V200 = 26V5 

) View = 4nkVh 


g) Vix-WIx 
h) xV5 V5 
i) (72a? 
g&) 7x 

h) 5xy 


i) 49(2a) = 98a 


c) 3V3(V27 + 7V3) 


d) Vx(V 16x — Vox) 


c) 27 + 63 =90 


d) 4x —3x =x 


ad B+ V2 
e (Vi -3) 
p (V3 + V5P 
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(8.1) 


j) £V3-6V18 
kb 2V7-15V14 
1) 2V24.4V3 


)3V54 = 9V6 
k) 10Vo8 = 70V2 
) 6V72 = 36V2 


(8.1) 
by 3xV x. 5xVx 
) Vy. yVy? 
dA 
b 18seVi2 = 158 
p yVy = y'Vy 
(8.2) 
jp 5V2b-4V 2b 
b) (2xV2xP 


p (/ sy 


j) 20(2b) = 40b 
k) 4x°(2x) = 8x 


(3) 
De = =S5c 
(8.3) 


e) VorVex + V24x) 
f) Va(V2x + V18y) 
e) 6Vx + 12Vx = 18V'x 
pf 4Vx + 12Vy 


wm 


(8.4) 


g) (2 — Voy3 — V6) 
hy) (V7 + 3\(V7 + 2) 
) (4V2 —V53V2 + 2V5) 
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282 
Ans, a) 36 —3 =33 ad) 9 +6V2+2=114+6V2 6 =5V6 $6 = 12 = 5V6 
b) 5-4-1 4 11 —6Vi1 +9 =20 —6Vi1 Wh) 74+5V7 +6 =13 +5V7 
c)7-2=5 f3+2V15+5=8 +2VI5 ) 24 +5V10 -10 = 14 -5V10 
(9.1) 


12.25. Divide: 


15 V60 V 120 Vo04 se V 50 
)} ———- Ans. 3V4 =6 d) Ans; <= V6 g) Ans. 5V5 
© 5V15 V5 2 eve 
24V2 i 3V24 3xV5 Pe 
b) == g/—=2 er 3V12=6V3 A Vi = 
’ 3Va0 6° 9 Wy one NERS 
0) 6V3. aft . 2 Ve We=ta i) aVab ae 
3V27 8 2Va abVb b 


12.26. Divide: (9.2) 


a) ¥200-+ V50 Ans. V40 + V10 =3V10 i) 20+ V0 ip 


ns. 
V5 2V5 2 2 
py 2*200 — 2 V2 3V100 — 4V16 = 14 ey 24 2 34 a7 - V3 = V3 
3V2 Ve 
pease Fg ay GO pas 
Vin _ Ve 7 
12.27. Rationalize each denominator: (10.1) 
2 2V5 ip 16 —2V2 
a) —-= Ans. ~~ 2 Ans. 2V6 i) ——=— __ Ans. 4V2 ae | 
V5 5 V6 V8 
pala ere! 6 4.8. sVy 
V2 V3 Vy ) 
A V2 Reo Weer 9% a 
V50 V2 10 5 
V5 3 3V3 —6 3x 
d) —= — je e=9Ve. ps 3Vx 
Vi5 3 V3 Vx 
12.28. Evaluate to the nearest tenth, after rationalizing the denominator: (10.2) 
2 40 
os Ans. WV2=14 ie Ans, 10V2 =14.1 
Vo ns. Vg ns. 
12 30 
—— 2V6 = 4.9 js 2V5 =45 
V6 V45 
v5 V5 
a 2V10 = 63 go 2 3V3 =5.2 
V15 


c) Vs 


CHAP. 


12.29. 


12.30. 


12.31. 
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2) ios Ans. 4V3—1=59 i) V20 + V5 Ans, 2V2=21 
V3 Vi0 
pies MOS ay 
V5 5 
Solve: (11.1) 
a) V3x =6 Ans. x =12 2) Ve+3=4 Ans. c= 13 
b) 3Vx =15 x =25 hy Va -5 =3 g=4 
co) 8 =2Vy y=16 i) V3h =5 h=# 
d) 5Va =2 a= p Vi0o—x=2 x=6 
e) Vb =5 b = 100 k V2r-5=3 r=7 
piVe=B8 c= 144 ) V54— 35 =6 ,=6 
Solve: (11.2) 
a) Va -3=7 d 8Vr—5=Vr+9 g) Vax—-7+8=11 
b) 8+ 3Vb = 20 e) 20 -3Vi = Vt—-4 h) 22 =17 + Va0 — 3y 
0. 7- V2b =3 fp 5x -3=7 ) 30 — V20 — 2y =26 
Ans. a) a =25 b)b=16 c) b=8 djr=4 e) t = 36 Pix 5 g)x=8 
hyy =5 iy =2 
Solve and show, by checking, that each value for the unknown is extraneous: (11.2) 
a) Va = -2 c) 54+ Ve=4 2 2V14+5=Vi g) Vy +5=-4 
b) — Vb =3 d) 6 — Vr =10 fp 10 —V3v=12 h) 3- V12-x=8 
12.32. Solve for the letter indicated: (11.3) 


a) a= V2b forb 


b) g= 3Vh for h 


c) g = V3h forh 


Ans. ayb= 


bbh= 


S el »l% 


_8& 
A= 
c)h 3 


d) t = 9s? 


12.33. Graph y = 3 —using a graphing calculator. 
1 


pe 24 A 
8) re 
_ [av 
h) R= nH for V 


g) A= 40R°-H 


h) V="tRH 


Quadratic Equations 


1. UNDERSTANDING QUADRATIC EQUATIONS IN ONE UNKNOWN 


A quadratic equation in one unknown is an equation in which the highest power of the unknown is 


the second. 
Thus, 2x* + 3x — 5 = Ois a quadratic equation in x. 


Standard Quadratic Equation Form: ax? + bx + c =0 


The standard form of a quadratic equation in one unknown is ax? + bx + c = 0, where a, b, andc 
represent known numbers and x represents the unknown number. The number a cannot equal zero. Thus, 3x~ 
— 5x + 6 = O is in standard form. Here, a = 3, b = —5, andc = 6. 


To Transform a Quadratic Equation into Standard Form ax’ + bx + c =0 
(1) Remove parentheses. Thus, x(x + 1) — 5 =0 becomes x7 + x — 5 = 0. 
(2) Clear of fractions. Thus, x — 4 + ° = 0 becomes x — 4x + 3 = 0. 
(3) Remove radical signs. Thus, Vx? — 3x = 2 becomes x* — 3x — 4 = 0. 


(4) Collect like terms. Thus, x? + 7x = 2x + 6 becomes x? + 5x — 6 =0. 


1.1. EXPRESSING QUADRATIC EQUATIONS IN STANDARD FORM 
Express each quadratic equation in standard form ax* + bx + c = 0, so that ahas a positive 


value: 
a) x@ +1) =6 b) = +x=4 c) 2 = 25 — 5x —15 d) x= Vx +3 
Solutions: 
a) Remove (_): b) Clear fractions: 
oy x — 6 3 +x =4x 
Ans. x7 +x —6=0 Ans. x» —4x +3 =0 
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c) Collect like terms: d) Remove radical signs: 
x =10-5x Squaring: 4x7 = x + 3 
Ans 2) Se 10 = 0 Ans. A 2-3 =0 


1.2. VALUES OF a, b, AND c IN STANDARD QUADRATIC EQUATION FORM 
Express each quadratic equation in standard form, so that a has a positive value. Then state the values 
of a, b, and c. 


Standard Form a b c 
a) x ~— 9x =10 Ans. x —9%% —10=0 1 —9 —10 
b) Sa = 125 5x° — 125 =0 5 0 —125 
C) 2a? = Bx 2¢ —-82 =0 2 —8 0 
d) 2° + 9x =2x -3 27 +7x +3 =0 2 +7 43 
e) xx + 3)= 10 x +3x—10=0 1 +3 —10 
J) 3G? + 2) = Te 3) 5x? 74-11 =0 5 —4 —11 

x —5x —-7=0 1 —5 —7 


7 
24-3 =~ 


x 
x —4x —5 =0 1 4 —5 
i) Ve 1S seo 


2. SOLVING QUADRATIC EQUATIONS BY FACTORING 
Rule 1. Every quadratic equation has two roots. 


Thus, x7 =9 has two roots, 3 and —3; that is, x = + 3. 


Rule 2. If the product of two factors is zero, then one or the other of the factors or both must equal zero. 
Thus: In 5(x — 3) =0, the factor x —3 = 0. 
In (x — 2)x — 3) = 0, either x — 2 =0 orx — 3 =0, or both equal zero. 
In (x — 3)(x — 3) = 0, both factors x —3 = 0. 
In (x — 3) —5) = 0, either x — 3 =0, y — 5 = 0 or both equal zero. 


To Solve a Quadratic Equation by Factoring 
Solve: x — 4) =5 


Procedure: Solution: 
1. Express in form 1. Ss x? — 4x =5 
ax + bx +c =0: r—-4e—-5=0 
2. Factor ax + bx + c: 2: («x -5)\@+1)=0 
3. Let each factor equal zero: 3. x—-5=0 x+1=0 
4. Solve each resulting equation: 4. x=5 t= =] 
5. Check each root in original 5. Check in x(x — 4) =5S: 
Samatene If x =5,5(1) 25 Ifx = —1,(-1)(-5) 25 
5=5 5=5 


Ans. x =S5or-l 
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2.1. SOLVING QUADRATIC EQUATIONS BY F ACTORING 


16 

Solve: a) x7 —x =6 b)x+ 7 =8 
Procedure: Solutions: 
1. Express as ax? + bx +c = 0: 1-2-6 =0 1. x + 16 = 8x 

x — 8x + 16=0 
2. Factor ax? + bx + c: 2. x — 3a + 2)=0 2. (x —4)(x — 4) =0 
3. Let each factor equal zero: 3.x —3 =Ox+2=0 3.x -4=0x—-4=0 
4. Solve: 4.4453:  * > 2 4.x=4 x=4 
5. Check (in original equation): 5. (Check to be done by the student.) 
Ans. x =30r —2 Ans. x = 4 (equal roots) 


2.2. SOLVING QUADRATIC EQUATIONS IN STANDARD FORM 
Solve by factoring: 


a) x2 + 9x + 20 =0 b) a2 — 49 =0 c) 3r2— 21r =0 

a) (x + 4ya~ + 5)=0 b) (a + 7)\(a — 7) =0 c) 3r(r — 7) =0 
xrA=0 30 ary? =0.-a-7 = 0 3r = 0 r-7 =0 
KS a x= —5 a=] a t7 r=0) rat] 

Ans. x = —4or—5 Ans. a= —7Tor +7 Ans. r =Oor +7 


2.3. More DIFFICULT SOLUTIONS BY FACTORING 
Solve by factoring: 


=) 12 

Qt Se b) (vy — 8)Qy — 3) = 34 Aes 

a) Clear of fractions: b) Remove (_ ): c) Remove radical sign: 

2x7 + 5x = 12 2y° — 19y + 24 = 34 Sq x —12x+36=x 

2° + 5x —-12=0 2y —19y — 10 =0 xr — 13x +36 =0 
(2x — 3)(x + 4) = 0 (2y + 1) — 10) = 0 (x — 9a —4) =0 
2x -3=0 xt+4=0 2y+1=0 y—10=0 x-9=0 x—-4=0 
x= + x=-4 y=—y y=10 x=9 x=4 

Ans. x =4or —4 Ans. y = — For 10 Ans. x = 9 (Show that 4 is 


extraneous.) 


2.4. NUMBER PROBLEMS INVOLVING QUADRATIC EQUATIONS 


a) Find a number whose square is 2 less b) Find two consecutive integers such that the 
than 3 times the number. sum of their squares is 25. 
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Solutions: 

a) Letn = number. b) Letnandn + 1 ~consecutive integers. 
Wn =3n-2 n+ (n+ 1)? = 25 
n—3n+2=0 n? +n? + 2n+1=25 
(n — 2)(n —1)=0 2n* + 2n - 24 =0 
n=2orl n+n-12=0 
Ans. 2or 1 (n + 4\(n — 3) =0 

n= —4 n=3 


n+1=-3 n+1=4 
Ans. Either —4 and —3 or 3 and 4 


2.5. AREA PROBLEMS INVOLVING QUADRATIC EQUATIONS 
The length of a rectangle lot is 3 yd more than its width. Find its dimensions if the area 
a) Equals 40 yds b) Increases 70 yd* when the width is doubled 


Solutions: 


In (a) and (b), let w = width in yards and w + 3 = length in yards. 


a) Area of lot = 40 yd? b) New area = old area + 70 yd? 
w(w + 3) = 40 2ww + 3) = ww + 3) + 70 
w* + 3w - 40 =0 2w + 6w = w? + 3w + 70 
(w — 5)w + 8) =0 w + 3w —-70=0 
w=5 w=-8 Reject since width (w — 7)(w + 10) =0 
1=8 cannot be negative w=7 w=—l0 Reject. 
Ans. 8 yd and 5 yd 1=10 Ans. 10yd and 7 yd 


3. SOLVING INCOMPLETE QUADRATIC EQUATIONS 


An incomplete quadratic equation in one unknown lacks either (1) the term containing the first power 
of the unknown as x* — 4 = 0 or (2) the constant term as x7 — 4x = 0. 


RULE: If an incomplete quadratic equation lacks the constant term, then one of the roots is zero. 


Thus, if x? — 4x =0,x =Oorx =4. 


To Solve an Incomplete Quadratic Equation Lacking the First Power of Unknown 


Solve: 207? — 8)=11-—x+ 


Procedure: Solution: 
1. Express in form ax? = k, where k is a constant: 1.Tr 2x7-16=11-7+ 
, 3x? = 27 
2. Divide both sides by a, obtaining x7 = —: 2. Dividing by 3, 
7 x? = 9 (See note below.) 
3. Take the square root of both sides, obtaining 3. Taking a square root of both sides, 
x= + Viva: x= +3 
4. Check each root in the original equation: 4. (Check is left to the student.) 


NOTE: x? = 9 may be solved by factoring as follows: x7 — 9 = 0, (x + 3)(x — 3) =0,x = +3. 
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To Solve an Incomplete Quadratic Equation Lacking Constant Term 


Solve: 32° = 18x 


Procedure: Solution: 

1. Express in form ax* + bx =0: t, 3? = 18% =0 

2. Factor ax? + bx: 2. 3x(x — 6) =0 

3. Let each factor equal zero: 3. 3x =0 x—-6=0 

4. Solve each resulting equation: 4.x =0 x=6 

5. Check each root in the original equation: 5. Check in 3x* = 18x: 

If x =0, Ifx = 6, 
3(0°) 2180) 3(6”) 2 186) 
0=0 108 = 108 


3.1. | SOLVING INCOMPLETE QUADRATIC EQUATIONS LACKING FIRST POWER OF UNKNOWN 


Solve. (Leave irrational answers in radical form.) 


2 _ 2 __ 2 8x 16 
a) 4x" — 49 =0 b) 2y = 125 — 3 C)) Ox — 2, = 5 Dog. 
Solutions: 
a) Dy 4° = 49 b) Ds; 5y* = 125 c) Do 9x? =7 d) Dg 8x? = 400 
49 Cj 
Sqrt x? =—— Sqrt y = 25 Sq rt a Sqrt x7 =50 
\/9 

Ans. reat y=+#5 ret x=+5V2 


3.2. SOLVING INCOMPLETE QUADRATIC EQUATIONS LACKING CONSTANT TERM 


Solve: 

x? x 
3x? = 21 eee 
es armen 

b) Sy — 6) — 8y = 2y d) 3()? + 8) = 24 — 15y 

Solutions: 

a) 3x —21x=0 b) 5y? —30y — 8y = 2y 
3x(x — 7) = 0 5y* — 40y = 0 
3x =Ox -—7 =0 Sy(y — 8) =0 

y=0 y= 

Ans. x =Oor7 Ans. y =Oor8 

c) 15x° = 5x d) 3y +24=24- 15y 
15x° — 5x =0 3y + 15y =0 
5x3x — 1) =0 3y(y + 5) =0 
5x=0 3x—-1=0 3y =0 yt+t5=0 
x=0 x=F y=0 v5 


Ans. x =Oory Ans. y=Oor-—5 
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3.3. SOLVING INCOMPLETE QUADRATICS FOR AN INDICATED LETTER 


Solve for letter indicated: 


a) Solve for x: 
9x? — 64y? = 0 


b) Solve for y: 
Ay? — 95x? = 5x? 


c) Solve for a: 
3a? = b? — a? 


d) Solve for a: 
a(a — 4) = b? — 4a 


3.4. 


Solutions: 
a) Do 9x = 64y" c)D, 40 =b 
64y" a b* 

Sqrt x? 9 Sqrt @=7 

Ans. x= sy Ans. a=+ 3 

b) Dy = 45? = 100x? d) a —4a=b? — 4a 
Sqrt y*? = 25x? Sqrt @a@=b 

Ans. y= 25x Ans. a=+tb 


SOLVING FORMULAS FOR AN INDICATED LETTER 
Solve for positive value of letter indicated: 


a) Solve for r: b) Solve for r: 


c) Solve for a: 


d) Solve for s: 
Ss 


tw =A Tr’h =V athe 44 
Tr? A tr*h VV 
a) Dr nt b) Dr th = ah 
A V 
2_4 Diy 
Sq rt r pa Sq rt r ii 
— fA < 
Ans. r= it Ans. r ah 
s- 
o) Sp cry ee d) Ma 4| | = 4A 
Sq rt a=c’— pb? Sq rt s?=4A 


Ans. a=Vce -b* Ans. 


4. SOLVING A QUADRATIC EQUATION BY COMPLETING THE SQUARE 


RULE. 


The square of a binomial is a perfect trinomial square. 
Thus, x° + 6x + 9 is the perfect trinomial square of x + 3. 


If x° is the first term of a perfect trinomial square and the term in x is also given, the last term may 


be found by squaring one-half the coefficient of x. 


Thus, if x° + 6x is given, 9 is needed to complete the perfect trinomial square x” + 6x + 9. 


This last term, 9, is found by squaring + of 6, or 3. 
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4.1. 


4.2. 
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To Solve a Quadratic Equation by Completing the Square 


Procedure: 


1. 


2. 


Express the equation in the form of 
a + px =@q: 

Square one-half the coefficient of 
x and add this to both sides: 


. Replace the perfect trinomial square 


by its binomial squared: 


. Take a square root of both sides. Set 


the binomial equal to plus or minus 
the square root of the number on the 
other side: 


. Solve the two resulting equations: 


. Check both roots in the original 


equation: 


Solve x° + 6x — 7 = 0 by completing the 


square. 
Solution: 
1. Change x? + 6x —7 =0 
e+ 6x =7 
2. The square of +(6) = 3” = 9. Add 9 to get 
- Pee a7 re 
5, @ + 3 = 16 
4. Sqrt: 
x+3=+4 
5, x+3=4 x+3=-4 
x=1 RST 


6. (Check is left to the student.) 


Ans. 


COMPLETING THE PERFECT TRINOMIAL SQUARE 


x =lor—7 


Complete each perfect trinomial square and state its binomial squared: 


a) x2 + 14x +? 


b) x* — 20x +? 


c) xr 4+5x +? 
dy tit? 
SOLVING Qu 


Solve by completing the 


Ans. 


x2 — 20x + 100 = (« — 10). 


square: 


Procedure: 


1. 


2. 


Express as x2 + pr=q: 1. x4 


Add the square of half 2. 


the coefficient of x to Ay x 4 
both sides: 

. Replace the perfect 3% x4 
trinomial square by its 
binomial squared: 

. Take a square root of 4. 
both sides: 

. Solve each resulting 5. ox + 
equation: 

. Check both roots: 6. 


Ans. 


x = 


The square of ; (55) =)? =7.- 


25 


ADRATIC EQUATIONS BY COMPLETING THE SQUARE 


a) x? + 14e — 32 =0 


+ 14x — 32 =0 
a + 14 = 22 


Square of 414) = 77 = 49 


F 14x + 49 = 32 + 49 


Sqrt x+7=+9 


7=9 x+7=-9 
x=2 x= —16 


(Check is left to the student.) 


2 or —16 


The square of 3(14) = 7? = 49. Add 49 to get 
x24 14x +49 =(x + 79. 
The square of >(—20) =(—10)? = 100. Add 100 to get 


Add 2 to get x° + 5x +P a(x + 22 
14 25 _ 4 4 4 4 2.9 
The square of 3(3) = G)? =9. Add to gety’ + 3y + 5 = Gt 3)7. 


b) x(x + 18) = 19 


Ans. 


x(x + 18) = 19 
x + 18x =19 
Square of 418) = 9* = 81 
x + 18x + 81 =19 + 81 
x + 18x + 81 = 100 

(x + 9 = 100 
Sqrt x«+9=+10 


x+9=10 x+9=—10 


x=1 


x= —-19 


x =lor —19 
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4.3. | EQUATIONS REQUIRING FRACTIONS TO COMPLETE THE SQUARE 


Solve by completing the square: 


a) xx —5) = —4 b) 5t? —4t = 33 
Solutions: 
4t 33 
a) £55 = —4 b) aera 
1 _ 5 25 1 4\_ 27 4 
Square of 5( 9 =( ;) ~ 4 Sava of 5( £\=( ;] ~ 55 
25 25 4t 4 33 4 
A 2 So 4 A Pr += + 
25/4 xX x 4 4 4/25 5 25 5 25 
_5)_9 _ 2 _ 169 
ae 8 ae rs 25 
5 3 2 13 
SSeS ee ee 
Sq rt a a Sq rt t 5S 
5 _ 3 5 ae, ; 2_ 13 2. 
a ie i eee 5 5 ' 5. 
= =] t=3 [== = 
x x 5 
11 
Ans. x =4orl Ans. t=30r~ 
4.4. SOLVING THE QUADRATIC EQUATION IN STANDARD FORM 
. —b + Vb? — 4ac ; ; 
If ax“ + bx + c = 0, thenx = a7 . Prove this by completing the square. 
Solution: 
ax? + bx +c=0 
Vb? —4ac 
=F = + = + 
Tr ax + bx c Sqrt <x 5G aa 
2 , bx c b V b* — 4ac 
Da = = x= = 
a 2a 2a 


By combining fractions, 


—b + Vb? — 4ac 


A 2. 2 x2 + + — x= Ans. 
Cee a 4a 4a a 2a 


5. SOLVING A QUADRATIC EQUATION BY QUADRATIC FORMULA 


—b + Vb? — 4ac 


2a 


Quadratic formula: If ax? + bx + c = 0, thenx = 
(See proof of this in Example 4.4 of the previous unit.) 


To Solve a Quadratic Equation by the Quadratic Formula 


Solve x* — 4x = —3 by quadratic formula. 
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5.2. 
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Procedure: Solution: 
1. Express in form of ax? + bx + c = 0: 1. x? — 4x = -3 
vr —-4x +3=0 
2. State the values of a, b, and c: 2. a=1,b=—-4,c =3 
‘ : —b + Vb? —4ac 
3. Substitute the values of a, b, and c in 3. x= 
2a 
the formula: Wea Aes 
= —C4) + V(—-4Y — 403) 
2(1) 
+4+ V16— 12 
4. Solve for x: 4. x= 5 
+44 V4 
a 
423 
3s 
442 4-2 
ar 
x=3 x=1 
5. Check each root in the original equation: 5. (Check left to student.) 


Ans. x =3o0rl 


FinpING b* — 4ac IN THE QUADRATIC FORMULA 
For each equation, state the values of a, b, and c. Then find the value of b* — 4ac. 


a) 3x7 + 4x —-5 =0 b) x7 — 2x - 10 =0 c) 3x — 5x = 10 
Solutions: 
a) a b* — 4ac b) a= b* — 4ac 
b=4 4 42 —4y-5) b=-2 (—2)? — 4(1)(— 10) 
c= -—5]16 + 60 c=-10 | 4+40 
Ans. 76 Ans. 44 
c) Tr oe Se 10 =0 
a=3 b? — 4ac 


==) (ar —4GK-10) 
c= 10] 25 + 120 


Ans. 145 


EXPRESSING ROOTS IN SIMPLIFIED RADICAL FORM 
Express the roots of each equation in simplified radical form, using the value of b? — 4ac 
obtained in 5.1: 


a) 3x7 + 4x —-5 =0 b) x? —2x —10=0 c) 3x? — 5x = 10 
Solutions: 

) _ —b + Vb? — 4ac 

a x— 
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5.3. 


a=3 4+ V76 
b=4 |b y=" 
6 
e= 55 
—b + Vb? —4ac 
b) x= 
2a 
i 2+ V4 
b=-2 x = —._ 
2 
c=—10 
—b + Vb? — 4ac 
c) x= 
2a 
oor 5 + V 145 
b=-5 a 
6 
c= —10 


EVALUATING Roots IN RADICAL FORM 
Solve for x, to the nearest tenth, using the simplified radical form obtained in 5.2. (Find the 
square root to two decimal places using a calculator. 


a) 3° + 4x -5 =0 b) x? —2x -—10 =0 c) 3x7 — 5x = 10 
Solutions: 
_ 4+ V76 b 2+ V44 Ss V145 
a) xX = ) x= 2 a al 
= —4 + 8.71 ~ —4 — 8.71 _ 2 + 6.63 = 2 — 6.63 _ 5 + 12.04 _ 5 — 12.04 
x 6 x 6 x 5) x 5) x 6 x a 
- 4.71 2 —12.71 = 8.63 = —4.63 = 17.04 = —7.04 
6 6 2 2 6 6 
Ans. x =0.80rx = —2.1 Ans. x = 4.3 or x = —2.3 Ans. x =2.80rx = —1.2 


6. SOLVING QUADRATIC EQUATIONS GRAPHICALLY 


To Solve a Quadratic Equation Graphically 
Solve graphically: x* —5x +4 =0. 


Procedure: Solution: 
1. Express in form of ax? + bx + c = 0: LHe 4 =O 
2. Graph the curve y = ax? + bx +c. 2. See Fig. 13-1. 


(Curve is called a parabola.) 


(NOTE: You may use a graphing calculator GRAPH of 
to graph the curve.) you — se +4 
(parabola) 
3. Find where y = 0 intersects y = 
Ge the te 
The values of x at the points of intersection 
are the roots of ax* + bx +c = 0. 


(NOTE: Think of ax* + bx + c =0as the result Fig. 13-1 
of combining y = ax? + bx + ¢ with 
y = 0.) 3.x =landx =4 Ans. 


The following is the graphic solution of a quadratic equation in greater detail. 
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To Solve a Quadratic Equation Graphically 


Solve graphically: x* — 2x =3 


Procedure: Solution: 
1. Express in form ax? + bx + c = 0. 1 Tr + —2x—-3=0 
2. Graph parabola y = ax + bx + c. 2. Graph *—2—-3=y 
a) Obtain a table of values, using a x ¢ 2-3 y 
suitable sequence of values for x: 4 16—-—8—3=5 
(This may be done by finding the 3 9-6—-3=0 
value of —z— and choosing values ae ee ye er Sora ae seen” ae 
2a b 
of x greater or smaller than — =—.) a eee LH 23> ~—4 
2a" 2a 2 
b) Join plotted points: (Note that 001\0-3=-3 
x= —~Z7 = Lis the folding line —| 1+2-3=0 
or axis of symmetry of the parabola.) —2 4+4-3=5 
See Fig. 13-2. 
HH Ht 
epee eae 
me eee See Fe Mita 
foo 
Fig. 13-2 
3. Find roots where parabola crosses x axis. 3. x= —lor3 Aas. 


6.1. OBTAINING TABLES OF VALUES FOR A PARABOLA 
Obtain a table of values for each, using the indicated sequence of values for x: 


a) y=x-4 b) y=x —3x é) FSR — 3x 4 


for x = —3 to +3 forx = —1to4 forx = —1to5 
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Solutions: 
a) x°-4=y b) x? — 3x =y Cc) -3r-4ey 
x * |e? =—3e-4ey 
3 5 ]25-15-4= 6 
2 4 116—-12—-4= 0 
1 3|}9- 9-4=~—4 
2| 4-6-4=-6 
x=1;> 
=] 1-4=-3 0 0+0= 0 1 1-3-4=-6 
2 |4-4= 0 -1| 1+3= 4 0| 0+0-4=-4 
—3 !'9-4= 5 =1 1+3-4= 0 


(The arrow in each table indicates x = Da? 


6.2. | GRAPHING PARABOLAS y = ax? + bx + ¢ 


Graph each, using the table of values obtained in 6.1: 
a)y=x’—-4 b) y=x" — 3x 
Solutions: 


See Fig. 13-3a See Fig. 13-3b 


the axis of symmetry of the parabola.) 


ej yx —3x 4 


See Fig. 13-3c 


Fig. 13-3 


6.3. FINDING Roots GRAPHICALLY 


Find the roots of each, using the parabolas obtained in example 6.2: 
a) 0=x -4 b) 0 =x? —3x 


Solutions: 


c) 0 =x? —3x -—4 


(In each case, find the values of x at the points where the parabola crosses the x axis.) 


Ans. a) x = —2or2 b) x =0Oor3 


c)x=-—lor4 
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Supplementary Problems 


13.1. Express in standard quadratic equation form ax* + bx + c = 0 so that a has a positive value: (1.1) 
6 11 
a) 30° — 5) = 4x cae 8) V2x + 3x =x 
x 
b) 2x(x + 4) = 42 ef 32 = a = 7] h)x+1=V3x+7 
7 
c) ——-5 =2x fixQe— 7) =3x7 -—8 
x 
Ans. a) 3x? —4x —15 =0 d) 2° — 11x + 12=0 g) 7 +3x =0 
b) 2x7 +8x —42 =0 e) 0 =x? — 10x + 9 h) x7 -x —6=0 
ch 0 =i + Se =7 pvr + h=—s8 


13.2. Express in standard quadratic equation form, so that a has a positive value. Then state the values of a, 


b, and c. (1.2) 
Standard Form a b c 
a) x7 =5x —4 Ans. a) x? —5x+4=0 1 =5 +4 
b) 20 + 6x = 2x? b) 0 =2x — 6x — 20 2 —6 —20 
c) 3x = —5x c) 3x + 5x =0 3 +5 0 
d) 18 = 2x d) 0 =2x — 18 2 0 —18 
e) 8 — 2x) =6 e) 0 =2x7 — & + 6 2 —8 +6 
fp) W(x? — 9) = x(x —S) —) 6 15% —63 =0 6 +5 —63 
1 2 
ee eee g) 0=4r -—x—-10 4 =i —10 
x 
h) Vx? — 5x = 3x h) 0 =8x + 5x 8 =I 0 
13.3. Solve by factoring: (2.1, 2.2) 
a) x —5x+6=0 e) 4° =1 i) pBp + 20) =7 
b) y +y-—20=0 fp % =3b jf) 5=rr +3) 
20 
c) Ww — 64=0 ey) cc +66 = =8 t+ 8=—— 
7 
d) 4a” = 28a h) d@ =5d + 24 jp = =o —%& 
x 
Ans. a) (x — 2)(x — 3) =0 e) (2x + 1)2e — 1) =0 i) 3p — 1p +7) =0 
x =2o0r3 x= — Jor; p= j0or—7 
b) (y +5)(y — 4) = 0 fp 3b8b — 1) =0 J) 0=( —- DOr +5) 
y=—Sor4 b =Oort r=1or—3 
c) (w — 8)\w + 8) =0 g) (c +4)(c +2) =0 k) (t — 2)t +10) =0 
w =8or-8 c = —4o0r —2 t =2or —10 
d) 4a(a — 7) = 0 h) (d —8)\(d +3) =0 DD) Qx -—T@—1) =0 


a =Oor7 d = 8 or —3 x =tforl 
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13.4. Solve by factoring: (2.3) 
ee me 8 “af 
a) - a c) (vy — 2)B3y — 1) = 100 ey)xt1=V5x+1 
21 Vy 
b) 3 x7 d) (vy + 3)y — 3) =2y— 1 f) Vx-~2=x-—8 
Ans. a) (x — 4)(3x + 10) =0 c) (vy — 7)3y + 14) = 0 e) x(x — 3) =0 
x =4or —-% y =7or-*¥ x =0Oor3 
b) 0 = x(x — 10) d) (y — 4)(y + 2) =0 f) 0 =( — 9)x — 4) 
x =0or 10 y =4o0r -2 x =9 (4 is an extraneous 
root.) 
13.5. Find a number such that: (2.4) 


13.6. 


13.8. 


a) Its square is 12 more than the number 

b) Its square decreased by 3 times the number is 18 

c) The product of the number and 4 less than the number is 32 

d) The square of 1 more than the number is 4 more than 4 times the number 


Ans. a) rw =n+t12 b) n° — 3n = 18 c) n(n — 4) = 32 d) (n+1)? =4n +4 
4 or —3 6 or —3 8 or —4 3 or —1 
Find two consecutive integers such that: (2.4) 


a) The sum of their squares is 13 

b) Their product is 30 

c) The square of the first added to twice the second is 5 
d) The product of the first and twice the second is 40 


Ans. apr +(n+1yY = 13 c) n? +2(n +1) =5 
Either 2, 3 or —3, —2 Either 1, 2 or —3, —2 
b) n(n + 1) = 30 d) n(2n + 2) = 40 
Either 5, 6 or —6, —5 Either 4, 5 or —5, —4 
The length of a rectangle lot is 2km more than its width. Find the length and the width: (2.5) 


a) If the area is 80 km 

b) If the area is 48 km” when each dimension is made 2 km longer 

c) If the area is 30 km? when the width is doubled 

d) If the area is increased 70 km” when the width is tripled 

e) If the area is decreased 7 km” when the length is made 5 km shorter and the width doubled 


Reject all negative roots. 


Ans. a) w(w +2) =80 c) 2w(w + 2) = 30 e) ww + 2) — 7 = 2w(w — 3) 
10 and 8 km 5 and 3cm 9 and 7km 
b) (w +2)(w + 4) =48 d) www + 2) +70 = 3w(w + 2) 
6 and 4km 7 and 5km 
Solve: (Leave irrational answers in radical form.) (3.1) 
De 2 _ 2x 6 2 2 
a) 2x =8 c) 3a -—4=5 2) a g) p =4(—p — 10)— 8 
2D 9 
b) 4 =100/ d) b(b + 2) =2b + 10 he =e h) Xr — 6) = 3(7 — 2r) 


Ans. a)x = +2 da=tV3 e) x 3 gs)p—+4 
by y= +4 d) b= +V10 fx=47 hyr=+V21 
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13.10. 


13.11. 


13.12. 


13.13. 


13.14. 
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Solve: (3.2) 
; 5 x x 
a) 2x" = 8x c) 3a” — 4a = 5a 2) 4075 g) (r+ 3)\v — 3) = 36r — 3) 
2 y 2 ye +5 
b) 8x" = 2x d) 2b- + 12b=b 7) ood =5 h) (s + 4ys + 7) = 214 — 3s) 
Ans. a) x =Oor4 c) a =0or3 e) x=Oor8 g) r=Oorl5 
b) x =Oor; d) b=Oor —12 J y =0or5 h) s =Oor —-17 
Solve for the letter indicated: (3.3) 
a) 2° =50a’ forx c) b’y = 49 for y e) aw’ =aw for w 
b) 3x° = 6bx — forx d) 4y° =25c for y f) 6v =h’ — 3v" forv 
7 5 
Ans. a) x= +5a b) x = 0 or 2b oy=ty d y= 
e)w =Oora fa | 
Solve for the positive value of the letter indicated: (3.4) 
a) S= 16? fort c) S=4nr? forr e) aa + b*=c? forb 
2 
b) K =4+mv? forv d) Fa. fory f) A=(R? — r?)for R 
2 r 
Vs 2K 1 /S F > 
Ans. ai~ a, b) v= | or-4 dj)v= — e) b= Ca 
m 2 1 m 
A+ar 
DR 
Complete each perfect binomial square and state its binomial squared: (4.1) 
aya’ + 12a+? c) e+ 7x +? e) w> + 20w + ? 
b) c? — 18c +? ay iy? pr =30r 2 
Ans. a) a> +12a +36 c) xP + 7x +2 e) w2 +20w + 100 
(a + 6Y (x +3? (w + 10) 
b) 2 ~— 18c + 81 d y ~ lly +™ f) r ~ 30r + 225 
(e=9y gees (r — 15) 
Solve by completing the square: (Use the answers in 13.12 to help you.) (4.2, 4.3) 
a) a + 12a = 45 cx +1x =8 e) w + 20w = —19 
b) c’ — 18 = —65 ad) y —1ly = —28 fp) r —30r = 99 
Ans. a)a=3or—15 c) x =lor—8 e)w = —lor —19 
[from (a + 6)? = 81] [from (x + 4? = 44 [from (w + 10)? = + 9] 
b) c =5or 13 d) y=4or7 Af r= —3 or 33 
[from (c — 9Y = 16] [from (y — 4)? = 2] [from (r — 15)? = 324] 
For each equation, state the values of a, b, and c. Then find the value of b? — 4ac. (5.1) 
a) 2x? + 5x+1=0 d) 2x? -—5x=4 g) x =10-6x 
by x te = 5 e) 5x = 10x —4 h) 9% =2-x 
c) 3x -2 =4x f) 6x” = 10x — 3 
Ans. a)a=2,b=5,c =1 d)a=2,b=—5,c=—4 gra 1,8:-=6,¢= —10 
b — 4ac = 17 lb’ — 4ac = 57 b> — dac = 76 
b)a=1,b=7,c =5 e) a=5,b=—10,c =4 h)a=9,b =1,c= —2 
b — 4ac = 29 b’ — 4ac = 20 b* — 4ac = 73 
c)a =3,b= —-4,c = —2 f) a=6,b = —10,c =3 


b — 4ac = 40 b —4ac = 28 
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13.15. Express the roots of each equation in simplified radical form, using the value of b? — 4ac found in 


Problem 13.14: (5.2) 
a) 2x? + 5x +1=0 c) 3x -2=4x e) 5x° =10x —4 g) * =10—- 6x 
b) x7 + 7x = —-5 d) 2x7 —5x =4 f) 6x = 10x — 3 h) Or =2-x 
A pe ee _ 4+ Va40 _ 10+ V 20 6H Vv 76 
ns. a) xX 4 c).% aa e)x 4190. g) x ge 
—-7 + V29 5 + V57 10 + V 28 —] 2 V73 
a= ac a nc a 


13.16. Solve for x, correct to the nearest tenth, using the simplified radical form found in Problem 13.15 and 


a calculator. (5.3) 
a) 2x7 +5x+1=0 c) 3x7 -2 =4x e) 5x7 = 10x —4 g) x7 =10 — 6x 
b) P+ 7x = —5 d) 2x? —5x =4 f) 6° = 10% — 3 h) 9x7 =2 —-x 
Ans. a) x = —2.3 or —0.2 c) x = 1.7 or —0.4 e)x = 14 or 0.6 g) x =14or 74 
b) x = —6.2 or —0.8 d) x =3.1 or — 0.6 f) x = 1.3 or 0.4 h) x =0.4 or —0.5 
13.17. Solve, correct to the nearest tenth: (5.3) 
5 
a) 2y? = -3y+1 c) 2w* =3w +5 2 ae 
2 
b) xa~ — 4) = -2 d) 6+ 1 =5v Dy =4e71 
Ans. a) y =0.3 or —1.8 c) w=2.5or —1 e) x =0.9 or — 5.9 
b) x =3.4 or 0.6 d) v = 0.5 or 0.3 f) x = 7.7 or 0.3 
13.18. Solve graphically: (See sketches in Fig. 13.4(a) to (c).) (6.1 to 6.3.) 


a) Graph y = x* — 9 from x = —4 tox =4 and solve x° — 9 = 0 graphically. 
b) Graph y =x? + 3x — 4 from x = —5 tox = 2 and solve x* + 3x = 4 graphically. 
c) Graph y = x* — 6x + 9 from x = 1 to x = 5 and solve x? = 6x — 9 graphically. 


d) Graph y = x* + 8x + 16 from x = —6 tox = —2 and solve x° + 8x = —16 graphically. 


e) Graph y = x° — 2x + 4 from x = —1 to x = 3 and show that x* — 2x + 4 = 0 has no real 
roots. 


Ans. a) x =3o0r —3 b) x =—4orl 
c) x = 3, equal roots since the parabola touches x axis at one point. 
d) x = —4, equal roots since the parabola touches x axis at one point. 


e) Roots are not real (imaginary) since the parabola does not meet x axis. 


13.19. Solve graphically: (See sketches in Fig. 13-4(a) to (c).) (6.1 to 6.3) 
a) x*7-1=0 c) r — 4x =0 e) xr —2x =8 
b) 4x7 -9=0 d) 2x? + 7x =0 f) 4x7 =12x —9 
Ans. a)x=—lorl c) x =Oor4 e) x =4or—2 


b) x =1ror —ly d) x =Oor —35 Pests ls 
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Sketches of graphs needed in Problems 13.18 and 13.19, showing relationship of parabola and x axis: 


13.18a, b; 13.19ato e 13.18c, d; 13.19f 13.18e 


Two imaginary roots. 


Two unequal roots. Two equal roots. 
x’ x x x ——$—$—— ns T 
(Two real values.) (One real value.) (No real values.) 
(a) (h) {c) 
Fig. 13-4 
13.20. Graph the following curves (6.1 to 6.3) 
ayy =x° 


b) y= Ve 
For x greater than or equal to zero, using a graphing calculator, where do these curves intersect? 


Ans. At (0, 0) and (1, 1). 


The Pythagorean 
Theorem and 
Similar Triangles 


1. LAW OF PYTHAGORAS 


The square of the hypotenuse: 
In right triangle ABC, if C is a right angle, 


C=a?2+ b? 


Fig. 14-1 


NOTE: Ina triangle, the small letter for a side should agree with the capital letter for the vertex of the 
angle opposite that side. Thus, side a is opposite angle A, etc. 


Pythagorean Theorem: In a right triangle, the square of the hypotenuse equals the sum of the 
squares of the two legs. 


Pythagoras, a famous Greek mathematician and philosopher, lived about 500 B.c. 
The square of either arm: 
By transposition, a? = c — P andb* =c?-—& 
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1.1. 


THE PYTHAGOREAN THEOREM AND SIMILAR TRIANGLES [CHAP. 14 


Transformed Pythagorean Theorem: In a right triangle, the square of either leg equals the 


difference of the squares of the hypotenuse and the other leg. 


To test for a right triangle, use the following rule: 


Test Rule for a Right Triangle: If c* = a* + b’ applies to the three sides of a triangle, then 
the triangle is a right triangle; but if c? #@ + b°, then the triangle is not a right triangle. 


Distance between Two Points on a Graph 


If d is the distance between P1(11, y1), and P2(x2, y2), 


a? = (x2 — x1)? + G2 — yo? 
Thus, the distance equals 5 from point (2, 5) to point (6, 8), as follows: 
(x,y) 


P2 | (6,8) ~x2=6, y2 =8 

Pi | 2,5) 3m = 2, yi =5 
& = 2 — a1)? + G2 — 91)? 
& =(6—- 2° + (8 — 5) 
P=4 +3? =25 
d=5 


| , ' 
oe ee Oe re 


Fig. 14-2 
In the following exercises, express each irrational answer in simplest radical form, unless otherwise 
indicated. 


FINDING THE HYPOTENUSE OF A RIGHT TRIANGLE: c? = a? + b? 


me: 


b 
Fig. 14-3 
Find hypotenuse c in the right triangle shown in Fig. 14-3 when: 
a) a=12,b=9 b) a =3,b =7 c) a=3,b =6 d) a =3,b =3V3 
Solutions: 
ace=at+h b) C =a +b? ce=at+bh de =a +b 
c?=12 +9? e=ee7P C=P +6 Cc =F + BV3P 
c? = 144 + 81 ce? =9+ 49 ce? =9 + 36 Ce? =9+27 
c? = 225 c? = 58 C= 45 c = 36 
c = V225 c= V58 Ans. c= V45 c = V36 
c=15. Ans. c=3V5 Ans. c=6 Ans. 


NOTE: Since the hypotenuse is to be considered as positive only, reject the negative answer obtainable in 


each case. Thus, if c* = 225, c may equal 15 or —15. Reject (since it represents a length), the 
negative (—15). 
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1.2. Finpinc 4 LEG oF A RIGHT TRIANGLE: a? = C — b* oR b? = — a? 


4. 


b 
Fig. 14-4 
In the right triangle shown in Fig. 14-4, find each missing leg when: 
a) b=5,c = 13 b) a=24,c =25 c) b=6,c =8 d) a =4V3,c =8 
Solutions: 
a) @ =c*? — b* bP =-a c) @ =c? —b? d) b? =c?-—a@ 
ae =13— b? = 257 — 24? P=8-6 b? = 8 — (1V3P 
a’ = 169 — 25 b* = 625 — 576 a’ = 64 — 36 b* = 64 — 48 
a’ = 144 b* = 49 a’ =28 b* = 16 
a= V144 b = V49 a= V28 =V16 
a=12 Ans. b=7 Ans. a=2V7 Ans. b=4 Ans. 


1.3. RATIOS IN A RIGHT TRIANGLE 
In a right triangle whose hypotenuse is 20, the ratio of the two legs is 3:4. Find each leg. 


Solution: 


Let 3x and 4x represent the two legs of the right triangle. See Fig. 14-5. 


(3x)? + (4x)? = 207 ix =4, a - 
9x? + 16x? = 400 3x = 12 
25x” = 400 4x = 16 
x7 = 16 ax 
x=4 Ans. Legs are 12 and 16. Fig. 14-5 


1.4. APPLYING LAW OF PYTHAGORAS TO A RECTANGLE 
In a rectangle, find 
a) The diagonal if its sides are 9 and 40 
b) One side if the diagonal is 30 and the other side is 24 


Solution: 


The diagonal of the rectangle is the hypotenuse of a right triangle. See Fig. 14-6. 


a) @ = 97 + 407, d? = 1681, d=A4l Ans. 41 
b) h2 = 302-242, hr? = 324, h=18 18 ea 
Fig. 14-6 
1.5. TESTING FOR RIGHT TRIANGLES BY USING THE TEST RULE 
Using the three sides given, which triangles are right triangles? B 
AT: 8, 15,17; ATE: 6,9,11; A TH: 15, 2, 25. é 
a 
A 3 Cc 
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Solutions: See Fig. 14-7. 
Rule. Ifc* =a? +b’, A ABC is aright triangle; but ifc? #a + b’, A ABCis not. 


AI: 82+ 152 217 AT: 62+ 92 2112 A TM: (142 + 2? 2 (24 
64 + 225 2 289 36 + 812121 2+4+42 6+ 
289 = 289 117 #121 66 = 6 

A Tis a right triangle. /\ Tis not a right triangle. A IIL is a right triangle. 


1.6. FINDING DISTANCE BETWEEN TWO POINTS ON A GRAPH 
Find the distance between each of the following pairs of points: 


a) From (3, 4) to (6, 8) b) From (3, 4) to (6, 10) c) From (—3, 2) to (9, —3) 
Solutions: 
a) b) Cc) 

(x, y) @ y) (x, y) 
P» (6, 8) Dx =6, y= 8 Po (6, 10) Dx = 6, y= 10 P2 (9, = 3) Dx = 9, y= =3 
P, 1B.) 7m =3,y1 =4 Pi |B,)7m =3,y1 =4 Py | (73,2) 2x1 = —3,y1 =2 
& =( — x) +02 -y1) d= (x —x11) +02 —y)” d= (2-1) +62 —y1) 
d =(6 —3)° +(8 —4)’ d = (6 — 3y + (10 —4)’ Yd eek es) ay foe tea 8 
& =3? +4? = 25 ad =3 +6 =45 d’ = 12? +(—5yP = 169 
d=5 Ans. d=3V5 Ans. d=13 Ans. 


NOTE: Since the distance is considered to be positive only, the negative answer obtainable in each case is 
rejected. 


1.7. UsinG LAW OF PYTHAGORAS TO DERIVE FORMULAS 


a) Derive a formula for the diagonal d b) Derive a formula for the altitude h of 
of a square in terms of any side s. any equilateral triangle in terms of 
any side s. 
Ke 
s 
Fig. 14-8 
Fig. 14-9 
Solution: See Fig. 14-8. Solution: See Fig. 14-9. The altitude h 
of the equilateral triangle bisects 
the base s. 
s \2 
C=s +s? h? =s? —(— 
2 
2 2 
Ss 3s 
& = 2s? P= —-— = — 
4 4 
S 
d=sV2_ Ans. h= ave Ans. 


1.8. | APPLYING LAW OF PYTHAGORAS TO AN INSCRIBED SQUARE 
The largest possible square is to be cut from a circular piece of cardboard having a diameter of 
10cm. Find the side of the square to the nearest centimeter. 
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Solution: See Fig. 14-10. The diameter of the circle will be the diagonal of the square. 
Hence, s* + s? = 100, 2s* = 100. 


s? =50,s =5V2 =7.07 Ans. 7cm 


di 


a ees 


Fig. 14-10 


1.9. APPLYING PYTHAGOREAN THEOREM TO AN ISOSCELES TRIANGLE 


Find the altitude of the isosceles triangle shown if: a) a =25 and b = 30, b) a=12andb=8. 


Fig. 14-11 


Solution: See Fig. 14-11. The altitude h of the isosceles triangle bisects the base b. 


b\2 
Hence, h? = a? — (>) . 

2 
a) h = 25 — 15°, = 400, h = 20 Ans. 20 
b) WP = 12 — 4, W? = 128, h = 8V2 8V2 


2. PROPORTIONS: EQUAL RATIOS 


Understanding Proportions 
A proportion is an equality of two ratios. 
Thus, 2:5 = 4:10 or } = 7 is a proportion. 
The fourth term of a proportion is the fourth proportional to the other three taken in order. 
Thus, in 2:3 = 4: x, x is the fourth proportional to 2, 3, and 4. 
The means of a proportion are its middle terms, that is, its second and third terms. 
The extremes of a proportion are its outside terms, that is, its first and fourth terms. 
Thus, in a:b = c:d, the means are b and c, and the extremes are a and d. 


Proportion rule: If a:b =c:d, ad = be. 


a_c by {2\— py [& = 
Proof: i 7 then bd (;) bd (5} Hence, ad = be. 
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2.2. 


2.3. 
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Stating the Proportion Rule in Two Forms 


Fraction Form Colon Form 


In any proportion, the cross products are 


[CHAP. 14 


In any proportion, the product of the means 


equal. equals the product of the extremes. 
5X4 =20 5 X4=20 
vo ™ 
Thus, in [>> Thus, in 2:5 = 4:10 
KR” 
2x10 = 20 2 X 10 = 20 
FINDING UNKNOWNS IN PROPORTIONS BY USING EQUAL CROSS-PRODUCTS 
Solve for x: 
x _3 _2 x _3 32x b_e 
) 305 NSS m= 3. 5 On 2 @) x 
Solutions: 
a) 5x=60 b) 2x = 15 c) 5x = 6x —9 d) x = 64 e) bx =ac 
Ans. x = 12 x =7r 9=x C= 2:8 x - 
FINDING UNKNOWNS IN PROPORTIONS BY USING MEANS AND EXTREMES 
Solve for x: 
Product Product Product of Means = 
Proportions of Means of Extremes Product of Extremes Ans 
a) x:4 = 6:8 4(6) = 24 8x &x = 24 x=3 
b) 3:5 = x:12 5x 3(12) = 36 5x = 36 x=T75 
c) 3x = x:27 xx Hx 3(27) = 81 x =81 x= +9 
d) x5 =2x:x +3 5(2x) = 10x x(x +3) =x? +3x x7 + 3x = 10x x =0,7 
e) x —2:4=T:x +2 4(7) = 28 (x —2)(x +2) =x —4 x —4=28 x= +4V2 


SOLVING FRACTION PROBLEMS INVOLVING PROPORTIONS 


The numerator of a fraction is 5 less than the denominator. If the numerator is doubled and the 
denominator is increased by 7, the value of the resulting fraction is ;. Find the original fraction. 


Let x = denominator of the original fraction and x — 5 = numerator of the original fraction. 


2(x — 5 2 6 
at ete) =. Cross-multiply: 6x — 30 = 2x + 14 Original fraction = —— 


Then a? 3 ll 


4x = 44,x=11 


Ans. 
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35 SIMILAR TRIANGLES 


Similar Polygons Have the Same Shape 
Thus, if AI and Al’ are similar, then they have the same shape although they need not have the 


same size. 
“AT ~ AI” is read as “triangle I is similar to triangle I prime.” In the diagram in Fig.14-12, 


NOTE: 
note how the sides and angles having the same relative position are designated by using the 
same letters and primes. Corresponding sides or angles are those having the same relative 


position. 


Fig. 14-12 


Two Basic Properties of Similar Triangles 


Rule 1: If two triangles are similar 
a) Their corresponding angles are congruent. 


Thus, if AI ~ AT’ in Fig. 14-13, 


then ZC’= ZC 
ZA'=ZA 
ZB =ZB 

and m ZC =90° 
m ZA = 19° 
m Z B= 50° 


b) The ratios of their corresponding sides are equal. 
Thus, if AI ~ Al’ in Fig. 14-14, 


then c = 15 since > = > 5 
5 3 9 < DX | 

_ . b_9 c 4 
and b = 12 since | => 
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Three Basic Methods of Determining Similar Triangles 


Rule 2: Two triangles are similar 


a) If two angles of one are b) If the three ratios of the c) If two ratios of corres- 
congruent to two angles of corresponding sides are equal. ponding sides are equal 
the other. and the angles between 


the sides are congruent. 


2 12 
os (s\ A ie 4 aN ae 
: G 30 K 


Fig. 14-15 Fig. 14-16 Fig. 14-17 


Thus, in Fig. 14-15 AI ~ Al’ Thus, in Fig. 14-16 All~ All’ ‘Thus, in Fig. 14-17 AT ~ ATI’ 
since since since 


ZC=ZC and ZA=ZA’ gait 2=Sand ZK= 2K’ 


Rule 3: A triangle is similar to any one of its scale triangles. 


Thus, if AI and AY’ are drawn to scale to represent /\ ABC, then they are similar to 
/\ ABC and also to each other; that is, in Figs. 14-18 and 14-19, 


A AABC ~ Al ~ AT 
100 mi | Seale: [| {]"["TSeble} 251 perlunit. "} 
|_, 50 mi per unit | 
G 200 mi a 
Fig. 14-18 


Fig. 14-19 


NOTE. Use rule 2c to show that the triangles are similar. For example, AI ~ A\ABC since 


100 __ 200 


5 


and the right angles which are between these sides are congruent. For this reason, a scale 
triangle may be constructed by using only two sides and the included angle. 


3.1. Rule la. Corresponding Angles of Similar Triangles Are Congruent 
In Fig. 14-20, if AI’ ~ AI, find ZC’ 


a) lfm ZA = 60°,m ZB = 45° 
b) ifm ZA + mZB = 110° 
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A‘ B 
A B 
Fig. 14-20 
Solutions: 
Using rule 1, if AI’ ~ AI, then ZC’ = ZC. 
a) Since the sum of the angles of a triangle equals 180°, 
mZC = 180° — 60° — 45° = 75°. Hence, mZC’ = 75°. 


b) Since the sum of the angles of a triangle equals 180°, 
mZC = 180° — 110° = 70°. Hence, mZC’ = 70°. 


3.2. RuLe1b. RATIOS OF CORRESPONDING SIDES OF SIMILAR TRIANGLES ARE EQUAL 
If All’ ~ All in Fig. 14-21, find x and y by using the data indicated. 


Solutions: C 

———_—_$_—— c' 

Since All’ ~ ATI, 

32 = 
x 15 _— 15 26 x - 
32-20 26 =.20 
15 15 A B A B 
= —~(32 = —(26 20 15 
x 70° 70° ) 
Fig. 14-21 
x =24 y = 195 
Ans. 24, 19> 
3.3. RULE 2. DETERMINING SIMILAR TRIANGLES 
a) See Fig. 14-22. b) See Fig. 14-23. c) See Fig. 14-24. 
85° 13 B 
J Za) 
12 
15 27 65 25 
60 
A Cc 
Fig. 14-22 Fig. 14-23 Fig. 14-24 

Which rule is needed in each case to show that both triangles are similar? 

Solutions: 

a) By rule 2c, AI’ ~ Al b) By rule 2b, All’ ~ All c) By rule 2a, ATI ~ AABC 
since each has an 85° since | = > = |. Thus, since there are two pairs 
angle and there are two there are three equal ratios of congruent angles. Each 
equal ratios for the sides of the corresponding triangle has 7B and a 70° 
of these congruent angles; sides. angle. 


: 27 15 
that is, “> = 5. 
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3.4. FINDING HEIGHTS BY USING GROUND SHADOWS 


A tree casts a 15-ft shadow at a time when a nearby upright pole of 6 ft casts a shadow of 2 ft. Find 
the height / of the tree if both tree and pole make right angles with the ground. 


See Fig. 14-25. At the same time in localities near each other, the rays of the sun strike the ground 
at equal angles; hence 2B = ZB’. Since the tree and pole make right angles with the ground, ZC = 


gee" 
: . 7 h_ 15 15 
Since there are two pairs of congruent angles, AI’ ~ AI. Hence, 6 2? h “7 (6) 45. 
Ans. 45 ft 
Fig. 14-25 
3.5. | USING A SCALE TRIANGLE TO FIND PARTS OF A TRIANGLE 
If Al’ is a scale triangle of AI in Fig. 14-26a and b, 
a) Find a and c when b = 45, b) Show that ABC is a right triangle. 
B 
¢ a B' 
17 £ : 
A’ i 
A b= 45 G = 
(a) (b) 
Fig. 14-26 
a) Using rule 3, AI ~ AI’; hence: 
@ ae d pee 
e° 15 a 17 15 
a =3(8) = 24 c=307)=51 Ans. 24,51 


b) Since 8* + 15? = 177, Al’ is a right triangle. 
Since AI ~ AI’, Al is a right triangle. 


3.6. | USING A SCALE TRIANGLE TO FIND A DISTANCE 
An aviator traveled east a distance of 150 mi from A to C. She then traveled north for 50 mi to B. 
Using a scale of 50 mi per unit, find her distance from A, to the nearest mile. 
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on 
| Scale: 50 mi’ per unit 
= 


B 
{ c } 
ao ee 
i b=3 ees 
A ap ) | 7 | ‘ 
150 mi 7 oe ee: Se | 

{a) (b) 

Fig. 14-27 


See Fig. 14-27a and b. By rule 3, a triangle is similar to any one of its scale triangles. 
Let x = length of AB in miles. 
In AI, the scale triangle of AT’, c? = 3? + 1? = 10. Hence, c = V10. 


50 

Since AI’ ~ AT, cree 
Cc 1 

x = 50c 


x = 50V 10 = 50(3.162) = 158.1 Ans. 158 mi 


3.7. APPLYING A SCALE TO A SQUARE 
A baseball diamond is a square 90 ft on each side. Using a scale of 90 ft per unit, find the distance 


from home plate to second base, to the nearest foot. 


2nd Base poo pecans scaszay| 
90 ft 90 ft DX 
90 ft Diate Feaszs peastes 
(a) (b} 
Fig. 14-28 


See Fig. 14-28a and b. Using a scale of 90 ft per unit, each side of the new square will be | unit. 
Let x = distance from home plate to second base in feet. 
In AI, the scale triangle of AI’, c2 = 1? + 1? = 2. Hence, c = V2. 


90 

Since AT’ ~ AT, 7a 
c 1 

x = 90c 


x =90V2 =90(1.414) = 127.26 Ans. 127ft 


Supplementary Problems 


14.1. Ina right triangle whose legs are a and b, find the hypotenuse c when: (1.1) 


a)a=15,b=20 Ans. 25 Cc) a=5,b=4 Ans. V41_ e) a=7,b=7. Ans. 7V2 
b) a = 15, b = 36 39 dja =5,b =5V3 10 fla=8b=4 4V/5 
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14.2. 


14.3. 


14.4. 


14.5. 


14.6. 


14.7. 


14.8. 


14.9, 


14.10. 
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In the right triangle shown in Fig. 14-29, find each missing leg when: (1.2) 
c 
a 
b 
Fig. 14-29 

a) a=12,c =20 c) b=15,c = 17 2 a= S5V2,6e=10 
Dba he=Hs d @=2,¢=4 pe V2=7V2 
Ans. a) b =16 b)a=2V7 = ce) a =8 d) b=2V3 eb =5V2— fp b= V3 
Find the legs of a right triangle whose hypotenuse is c if these legs have a ratio of: (1.3) 
a) 3:4andc = 15, b) 5:12 andc = 26, c) 8:15 and c = 170, d) 1:2 andc = 10. 
Ans. a) 9,12 b) 10,24 ©) 80, 150 ad) 2V5,4V5 
In a rectangle, find the diagonal if its sides are: (1.4) 
a) 30 and 40 b) 9 and 40 c) 5 and 10 d) 2 and 6. 
Ans. a) 50 b) 41 c) 5V5 d) 2V'10 
In a rectangle, find one side if the diagonal is 15 and the other side is: (1.4) 
a9 b) 5 c) 10 d) 12. 
Ans. a) 12 b) 10V2 c) 5V5 d) 9 
Using the three sides given, which triangles are right triangles? (1.5) 
a) 33,55, 44 cya I ey e) 5in, 1 ft, 1 ft lin g) 11 mi, 60 mi, 61 mi 
b) 120, 130, 50 d) 25,7, 24 Sf) lyd, l yd 1 ft, 1 yd 2 ft h) 5m,5m,7m 


Ans. Only (A) is not a right triangle since 5’ + 5° #77. In all the other cases, the square of the largest side 
equals the sum of the squares of the other two. 


Find the distance between each of the following pairs of points: (1.6) 
a) (4, 1) and (7, 5) c) (1, 7) and (10, 7) e) (2, 3) and (—10, —2) 
b) (3, 3) and (3, 5) d) (—3, —6) and (3, 2) Sf) (2, 2) and (5, 5) 

Ans. a) 5 b) 2 ©) 9 d) 10 e) 13 Have 

Find the lengths of the sides of triangle DEF if its vertices are D(2, 5), E(6, 5), and F(2, 8). Show that 
ADEF is a right triangle. (1.5, 1.6) 


Ans. DE =4, DF =3,andEF = 5. Since 3° + 4 =57, ADEF is a right triangle. 


Derive a formula for the side s of a square in terms of its diagonal d. (1.7) 


d d 
Ans. s = Vrs = V2 
Using formula d = sV2, express in radical form the diagonal of a square whose side is: (1.7) 
a) 5 b) 7.2 c) V3 d) 90ft e) 3.47 yd 


Ans. a) 5V2 7a) c) Vo d) 90V2 ft e) 3.47V2yd 


CHAP. 


14.11. 


14.12. 


14.13. 


14.14. 


14.15. 


14.16. 


14.17. 


14.18. 
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Using h = 5¥3, express in radical form the altitude of an equilateral triangle whose side is: (1.7) 


a) 6 b) 20 c) ll d) 90in e) 4.6 yd. 
Ans. a) 3V3 b) 10V3 c) EV3 d) 45V3 in e) 2.3V3 yd 
The largest possible square is to be cut from a circular piece of wood. Find the side of the square, to 
the nearest inch, if the diameter of the circle is (1.8) 
a) 30in b) 14in c) 17in. 
Ans. a) 21in b) 10in c) 12in 
Find the altitude of an isosceles triangle if one of its two congruent sides is 10 and its base is (1.9) 
a) 12 b) 16 c) 18 d) 10 
Ans. a) 8 b) 6 c) VI9 d) 5V3 
Solve for x: (2.1) 
+5 eg 42-6 ax 3 
a D5 12 or aa x47 5 
7 3 x 15 a ax 
D2 YS D3 ye Mb 
Ans. a) 21 b) 45 c) +6 d) +53, e) 8 fp #4 g) 3 h) 4 nh 
Solve for x: (2.2) 
a) x:6 = 8:3 d) x:2 = 10:x g) ab=cx 
b) 5:4 = 20x e) (x + 4):(33 = 3):(x — 4) h) x:2y = 18y:x 
c) 9x = «4 f) x + 8):(x +2 = 2x + 5): + 1) 
b 
Ans. a) 16 b) 16 c) +6 d) +2V5 e) +5 fy 2 9) * h) +6y 


a) The denominator of a fraction is 1 more than twice the numerator. If 2 is added to both the numer- 
ator and denominator, the value of the fraction is = Find the original fraction. (2.3) 

b) A certain fraction is equivalent to =. If the numerator of this fraction is decreased by 2 and its 
denominator is increased by 1, the resulting fraction is equivalent to +. Find the original 


fraction. (2.3) 
t) oo. eee 14 e-2 1 
Ans. a) 3 Solve: Gio +D+2 5/ b) 35 Solve: x tl 3 
In Fig. 14-30, if Al~ AY, findmZB. © (3.1) 
fox 
a) Ifm ZA’ = 120° and m ZC’ = 25°, 
b) Ifm ZA’ + m ZC’ = 127°. iad 
Ans. a) 35° b) 53° A B A z 
Fig. 14-30 
In Fig. 14-31, if AI ~ AT’, using the data shown, (3.2) 
24 C 
a) Finda if c = 24. Ans. =a = 16 : 
b a c' 
. ae 5b 2, ~ 3 4 
b) Find b if a = 20. 3 ge =) , : ; on, 
es c¢_ 63 
c) Find cif b = 63. a 126 Fig. 14-31 
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14.19. Which rule is needed in each case to show both triangles are similar? (3.3) 
a) Show AI ~ AABC. b) Show AII ~ APQR. c) Show AIll ~ AFGH. 
(See Fig. 14-32a.) (See Fig. 14-32.) (See Fig. 14-32c.) 
c 


A B 
(a) 
Fig. 14-32 
Ans. a) Rule 2a. b) Rule 2c, since } = ;and each triangle contains ZR. cc) Rule 2b, since |; = 5 = %. 
14.20. A 7-ft upright pole near a vertical tree casts a 6-ft shadow. At that time, (3.4) 
a) Find the height of the tree if its shadow is 36 ft. Ans. 42 ft 
b) Find the shadow of the tree if its height is 77 ft. 66 ft 
B 
c 
a 
B' 
A 7 Cc 25 : 
A 34 Cc 
Fig. 14-33 
14.21. If Al’ is a scale triangle of AI in Fig. 14-33, (3.5) 


a) Finda and b whenc = 125, 
b) Show that A is a right triangle. 


Ans. a) 35, 120 
b) A\lis aright triangle since 7? + 247 = 25 and AI ~ AI’. 


14.22. Two planes leave an airport at the same time, one going due east at 250 mi/h and the other due north 
at 150 mi/h. Using a scale of 200 mi per unit, find the distance between them at the end of 4h, to the 
nearest mile. Ans. 1166 mi (3.6) 


14.23. A square lot 50 ft on each side has a diagonal path. Using a square drawn to a scale of 50 ft per unit, 
find the length of the path to the nearest foot. Ans. 71 ft (3.7) 


Introduction to 
Trigonometry 


1. UNDERSTANDING TRIGONOMETRIC RATIOS 


Trigonometry means “measurement of triangles.” Consider its parts: tri means 3, gon means “angle,” 
and metry means “measure.” Thus, in trigonometry we study the measurement of triangles. 


2. TRIGONOMETRIC FUNCTIONS OF AN ACUTE ANGLE 


In dealing with any right triangle, it will be convenient (see Fig. 15-1) to denote the vertices as A, B, C 
such that Cis the vertex of the right triangle; to denote the angles of the triangle as A, B, C such that m4.C 
= 90°; and the sides opposite the angles as a, b, c, respectively. With respect to angle A, a will be called the 
opposite side and b will be called the adjacent side; with respect to angle B, a will be called the adjacent 
side and b the opposite side. Side c will always be called the hypotenuse. 


B 

Cc a 

A ; C 
Fig. 15-1 


Fig. 15-2 


Tf now the right triangle is placed in a coordinate system (Fig. 15-2) so that angle A is in standard posi- 
tion, point B on the terminal side of angle A has coordinates (b, a) and distance c = a* + b?. Then the 
trigonometric functions of angle A may be defined in terms of the sides of the right triangle, as 


_, 4a length of opposite side b __ length of adjacent side 
onal ‘¢ __ length of hypotenuse nota ‘q___ length of opposite side 
bb length of adjacent side Cc length of hypotenuse 
cos A = c.length of hypotenuse sec A = b length of adjacent side 
eee a length of opposite side eee: length of hypotenuse 
an» __ length of adjacent side sea length of opposite side 
315 
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3. TRIGONOMETRIC FUNCTIONS OF COMPLEMENTARY ANGLES 


The acute angles A and B of the right triangle ABC are complementary, that is, m x A +m xX B= 
90°. From Fig. 15-1 we have: 


a 

sinB =—=cosA cotB=—=tanA 
(6 b 
a Cc 

cosB =—=sinA secB = —=csc A 
Cc a 

a a 

tan B =—=cotA csc B =— =secA 

a b 


These relations associate the functions in pairs—sine and cosine, tangent and cotangent, secant 
and cosecant—each function of a pair being called the cofunction of the other. Thus, any function of 
an acute angle is equal to the corresponding cofunction of the complementary angle. 


4. TRIGONOMETRIC FUNCTIONS OF 30°, 45°, 60° 
The results in Table 15.1 are obtained in Problems 15.8 to 15.9. 


Table 15.1 
Angle @ sin cos @ tan 6 cot @ sec 0 csc @ 
30° i bay. | VS 8 V3 2 
40° LV/2 Lv/2 1 1 4/2 V2 
1 
60° 74 : = eva. ||| & ee 
2 2 V3 3 


Problems 15.10 to 15.16 illustrate a number of simple applications of the trigonometric functions. For 
this purpose, Table 15.2 will be used. You may also use a calculator to find these values. 


Table 15.2 
Angle @ sin @ cos @ tan @ cot @ | sec @ csc 8 
15° 0.26 0.97 0.27 3.7 1.0 3.9 
20° 0.34 0.94 0.36 2.7 di, 2.9 
30° 0.50 0.87 0.58 1.7 1.2 2.0 
40° 0.64 0.77 0.84 12 1.3 1.6 
45° 0.71 0.71 1.0 1.0 1.4 1.4 
50° 0.77 0.64 1.0 0.84 1.6 13 
60° 0.87 0.50 1.7 0.58 2.0 V2, 
70° 0.94 0.34 201 0.36 2.9 1.1 


15° 0.97 0.26 33 0.27 3.9 1.0 
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Supplementary Problems 


NOTE. We will write AB (or c) to denote the length of AB, and AB to denote “the segment AB” and AB. 
denote “the line AB.” 


15.1. Find the values of the trigonometric functions of the acute angles of the right triangle ABC given b = 
24 and c = 25. 


Since a* = c? — b? = (25 — (24 = 49, a = 7. See Fig. 15-3. Then 


; opposite side 7 adjacent side 24 
sinA = = cos A = oo 
hypotenuse 25 opposite side 7 
adjacent side 24 hypotenuse 25 
cos A = = secA =— —_ = 
hypotenuse 25 adjacent side 24 
opposite side 7 hypotenuse 25 
tanA = —— = csc A = er ee 
adjacent side 24 opposite side 7 
and sinB = + cotB= 3 
cos B= sec B = 
tanB=# csc B= 3 
B 
cm 6 a=7 
b=24 
Fig. 15-3 


15.2. Find the values of the trigonometric functions of the acute angles of the right triangle ABC, given a = 
2.6 =2°V5. 


Since b? = c? — a* = (2V5)? — 27 =20 — 4 = 16, b = 4. See Fig. 15-4. Then 


a V5 
sinA V5. 5 cos B cotA =+=2=tanB 
4 2V5 INS V5 
cos A —— =sinB secA = —— = —=cscB 
2V5 5 ae 2 
2 V5 
tanA =?=5=cotB csc A <a V5 = sec B 
B 
Be a=2 
A 54 G 
Fig. 15-4 


15.3. Find the values of the trigonometric functions of the acute angle A, given sin A, = 3. 


Construct the right triangle ABC having a = 3,c = 7, and b = V7* — 3? = 2V 10 units. 
See Fig. 15-5. Then 
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. 3 2V10 
sin A => cota = 3 
aca Ae 7 _ 7V10 
cos A = —>— sec A = — = = 
7 2V 10 20 
3 3V 10 7 
tanA = eS = A 
an 2/10 20 csc 
B 
ee a=3 
A b=2¥10 Cc 
Fig. 15-5 


15.4. Find the values of the trigonometric functions of the acute angle B, given tan B = 1.5. 


Refer to Fig. 15-6. Construct the right triangle ABC having b = 15 anda = 10 units. (Note that 1.5 = + 
and a right triangle with b = 3, a = 2 will serve equally well.) 


Then c = Va? + b? = V10? + 15? = 5V13 and 


sin B = Bg VE cot B = + 
5 V13 13 ° 
10 2V13 5 V13 V 13 
cos B = = sec B = a 
5 V 13 13 10 2 
5 V13 V 13 
tanB=% = csc B = a 
15 3 
B 
& 
ep a=10 
2 b=15 e 
Fig. 15-6 


15.5. IfA is acute and sin A = 2x/3, determine the values of the remaining functions. 


Construct the right triangle ABC having a = 2x < 3 andc = 3, as in Fig. 15-7. 


Then b = Vc? — a? = V9 — 4x and 


: 2% V9 — 4x? 2x V9 — 4x? 
mA a? a tan A = ————. —= 
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¢ b=19—4x2 
Fig. 15-7 
15.6. IfA is acute and tanA =x = x/1, determine the values of the remaining functions. 
Construct the right triangle ABC having a = x and b = 1, as in Fig. 15-8. Then c = Vx? + 1 and 


1 1 Vie +1 
sinA = — cosA = ———=, tanA =x, cotA =— secA = VX + 1, csc A = ———_. 
Var 1 Vere * * 


A = Cc 
Fig. 15-8 
15.7. IfA is an acute angle: 
(a) Why is sinA <1? (d) Why is sinA < tan A? 
(b) When is sin A = cos A? (e) When is sinA <cos A? 
(c) Why is sin A < csc A? (f) When is tan A > 1? 


In any right triangle ABC: 
(a) Side a < side c; therefore, sin A = a/c <1. 
(b) Sin A =cos A when a/c = b/c; thena =b, A=B, andA = 45°. 
(c) SinA <1 (above) and csc A = I/sinA > 1. 
(d) Sin A = a/c, tanA = a/b, and b < c; therefore a/c < a/b or sin A < tan A. 
(e) SinA <cos A whena <b; then A < BorA <90° —A, andA < 45° 
(f) tanA = a/b > 1 whena > b; then A > B and A > 45°. 


15.8. Find the value of the trigonometric functions of 45°. 


In any isosceles right triangle ABC, A = B = 45° anda = b. See Fig. 15-9. Let a = b = 1; then 
e=V1+1=V2and 


1 1 
mies Se gy Ye cot 45° = 1 
1 1 
cos 45° = a ave sec 45° = V2. 


1 
tan 45° => = 1 esc 45° = V2 
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45° 
© 
na a=1 
45° 
A 
b=1 . 
Fig. 15-9 


15.9. Find the values of the trigonometric functions of 30° and 60°. 


In any equilateral triangle ABD (see Fig. 15-10), each angle is 60°. The bisector of any angle, as 
B, is the perpendicular bisector of the opposite side. Let the sides of the equilateral triangle be of 
length 2 units. Then in the right triangle ABC, AB = 2, AC = 1, and BC = V2? — 12 = V3. 


sin 30° = + = cos 60° cot 30° = V3 = tan60° 
V3 2 2V3 
cos 30° = “a = sin 60° sec 30° = a4 a = csc 60° 


V3 
tan 30° = 1\V3 = cot 60° csc 30° = 2 = sec 60° 


Fig. 15-10 


15.10. When the sun is 20° above the horizon, how long is the shadow cast by a building 150 ft high? 


In Fig. 15-11 A = 20° and CB = 150. Then cot A = AC/CB and AC = CB cot A = 150 cot 20° 
= 150(2.7) = 405 ft. 


15.11. A tree 100 ft tall casts a shadow 120 ft long. Find the measure of the angle of elevation of the sun. 


In Fig. 15-12, CB = 100 and AC = 120. Then tan A = CB/AC = “2 = 0.83 and m x. = 40°. 


120 
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15.12. A ladder leans against the side of a building with its foot 12 m from the building. How far from the 
ground is the top of the ladder and how long is the ladder if it makes an angle of 70° with the ground? 


From Fig. 15-13, tam A = CB/AC; then CB = AC tan A = 12 tan 70° = 12(2, 7) = 32.4. The top 
of the ladder is 32 m above the ground. 
Sec A = AB/AC; then AB = AC sec A = 12 sec 70° = 12(2,9) = 34.8. The ladder is 35 m long. 
15.13. From the top of a lighthouse, 120 ft above the sea, the angle of depression of a boat is 15°. How far is 
the boat from the lighthouse? 


In Fig. 15-14, the right triangle ABC has A measuring 15° and CB = 120°; then cot A = AC/CB 
and AC = CB cot A = 120 cot 15° = 120(3.7) = 444 ft. 


120' 


Fig. 15-14 Fig. 15-15 


15.14. Find the length of the chord of a circle of radius 20 cm subtended by a central angle of 150°. 


In Fig. 15-15, OC bisects < AOB. Then BC = AC and OAC is a right triangle. In A OAC, 


AC — 
sin Z COA = OA and AC = OAsin ZCOA = 20 sin 75° = 20(0.97) = 19.4 


Then BA = 38.8 and the length of the chord is 39 cm. 
15.15. Find the height of a tree if the angle of elevation of its top changes from 20° to 40° as the observer 
advances 75 ft toward its base. See Fig. 15-16. 
In the right triangle ABC, cot A = AC/CB; then AC = CB cot A or DC + 75 = CB cot 20°. 
In the right triangle DBC, cot D = DC/CB; then DC = CB cot 40°. 


Then: DC = CB cot 20° — 75 = CB cot 40°, CB(cot 20° — cot 40°) = 75. 
75 
CB(2.7 — 1.2) =75 and CB = 15 = 50 ft. 
B 
—_) F 
A 75" D G 
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15.16. 


15.17. 


15.18. 


15.19. 


15.20. 


15.21. 


15.22. 


15.23. 


15.24. 
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Find the values of the trigonometric functions of the acute angles of the right triangle ABC, given: 


(@) a=3,0 =1 ) a= 2.655 GG) b=Vi,c=4 
Ans. (a) A: 3/V10, 1/10, 3, 4 V10, V10/3: Bz 1/10, 3/V/10, 4, 3, V103, V/10 
(b) A: ®, V21/5, 2/V'21, V21/2, 5/V21, = B: V20/5, 2, V21/2, 2/ V21, ©, 5/V21 


> 3p 294 


(c) A: % V4, 3/V7, V713, V7, ¢: B: V74, 3, V713, 31VT, % AV 
Which is the greater and why? 
(a) sin 55° or cos 55”? (c) tan 15° or cot 15°? 


(b) sin 40° or cos 40°? (d) sec 55° or csc 55”? 
Hint: Consider a right triangle having as acute angle the given angle. 
Ans. (@) sin55° — (b) cos 40° (c) cot 15° (d) sec 55° 


Find the value of each of the following: 


; ; tan60° — tan30° 
(a) sin 30° + tan 45 (€) 1 + tan 60° tan 30° 


(b) cot 45° + cos 60° 
csc 30° + csc 60° + csc 90° 


(c) sin 30° cos 60° + cos 30° sin 60° 1) sec 0° + sec 30° + sec 60° 
(d) cos 30° cos 60° — sin 30° sin 60° 
Ans. (a) 3 (b) + (c) 1 (d) 0 (e) WV3 (f) 1 


A man drives 500 ft along a road which is inclined 20° to the horizontal. How high above his starting 
point is he? 


Ans. 170 ft 


A tree broken over by the wind forms a right triangle with the ground. If the broken part makes an 
angle of 50° with the ground and if the top of the tree is now 20 ft from its base, how tall was the 
tree? 


Ans. 56ft 


Two straight roads intersect to form an angle of 75°. Find the shortest distance from one road to a gas 
station on the other road 1000 m from the junction. 


Ans. 970m 


Two buildings with flat roofs are 60 ft apart. From the roof of the shorter building, 40 ft in height, the 
angle of elevation to the edge of the roof of the taller building is 40°. How high is the taller building? 


Ans. 90 ft 


A ladder, with its foot in the street, makes an angle of 30° with the street when its top rests on a 
building on one side of the street and makes an angle of 40° with the street when its top rests on a 
building on the other side of the street. If the ladder is 50 ft long, how wide is the street? 


Ans. 82ft 
Find the perimeter of an isosceles triangle whose base is 40 cm and whose base angle is 70°. 


Ans. 156cm 


CHAPTER 16 


Introduction to 
Geometry 


1. SOLVING PROBLEMS GRAPHICALLY 


Problems may be solved graphically. For this purpose, obtain a table of values directly from the 
problem relationships rather than from equations. 


1.1. SOLVING A WoRK PROBLEM GRAPHICALLY 
Solve graphically: Abe can dig a certain ditch in 6h, while Naomi requires 3 h. If both start 
together from opposite ends, how long would they take to complete the digging of the ditch? 


Solution: 
Table of Values for Abe Table of Values for Naomi 
Hours Position Hours Position 
Worked | Along Ditch Worked | Along Ditch 
0 O 0 1 
3 li 1: L 
2 vA 2 
6 1 3 0) 


Position 
Along 
Ditch 


Hours Worked 


Fig. 16-1 
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In the table and on the graph in Fig. 16-1, O represents the beginning of the ditch where Abe 
started digging, while | represents the end of the ditch where Naomi began. 

The common solution shows that they required 2h. At that time Abe had completed ~ of the job, 
while Naomi finished the remaining + of the work. Ans. 2h 


1.2. SOLVING A MOTION PROBLEM GRAPHICALLY 


Solve graphically: At 12 noon, Mr. Pabst left New York. After traveling at 30 mi/h for 2h, he rested 
for 1 h and then continued at 35 mi/h. Mrs. Mayer wishes to overtake him. If Mrs. Mayer starts at 3 
p.M. from the same place and travels along the same road at 50 mi/h, when will they meet? 


Solution: See Fig. 16-2. 


Table of Values Table of Values 
for Mr. Pabst for Mrs. Mayer 
Distance Distance . 
Time from (mi) Time from (mi) z 
(Start) (Start) E 
12 noon 0 3PM. 0) © 
1 PM. 30 30mi/h 4PM. 50 50mi/h g 
2 PM. 60 5 P.M. 100 2 
(Lhof rest) OEM si 
7 PM. 200 
3 P.M. 60 { 
4 PM. 95 a Time (p.m.) 
5 PM. 130 35 mi/h Fig. 16-2 
6 PM. 165 
7 PM. 200 


The common solution shows that Mrs. Mayer will overtake Mr. Pabst at 7 p.M. when they are 200 mi 
from New York. Ans. 7PM. 


2. UNDERSTANDING THE SLOPE OF A LINE 


jaa ae = tani 


Xo —x, Ax 


THINK! Slope of Line = 


The following are three slope rules for the slope of a line through two points: 


(1) By definition: 
If line passes through Pi(%1, y1) and P2(x2, y2) (as in Fig. 16-3): 


Slope of P;P2 = acme se 
XQ 7 Xy 


Rule 1. 
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NOTE: Now y2 — y, is the difference of the y values. In the diagram, the length of P2A equals y2 
—y,. Similarly, x2 — x; is the corresponding difference of the x values. The length of P;A 
equals x2 — x1. 


Delta Form of Slope Definition 
Ay means y2 ~ y1 


A 
Slope of P; P2 = 7 Ax means x, — x}. 


Delta (A), the fourth letter of the Greek alphabet, corresponds to d, the fourth letter of the 
English alphabet. Read Ay as “delta y’ and Ax as “delta x.” If you think of delta y as “y differ- 
ence,” you will see why Ay is used to replace y2 — y. 

(2) Slope of a line is m if its equation is in form y = mx + b. 


Rule 2. = i ion is vy = mx + 
Thus, the slope of y = 3x + 2 equals 3. 
(3) Slope of a line = tangent of its inclination. 


The inclination of a line is the angle it makes with the positive direction of the x axis. 
If iis the inclination of P;P2: 


Rule 3. Slope of P;P2 = tani 


a ,_ Ay 
Note in Fig. 16-4 that tan i = Tee 


2.1. APPLYING RULE 1: SLOPE OF LINE = 22 ca 
My — x, Ax 
Graph and find the slope of the line through 
a) (0, 0) and (2, 4) b) (—2, —1) and (4, 3) 
Procedure: Solutions: See Fig. 16-5a and b. 
1. Plot the points 1. 1. 
and draw the 
line which pas- 
ses through 
them. 


Fig. 16-5 (a) Fig. 16-5 (b) 
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2. Find Ay and Ax, 2. P2(2, 4) 2x2 =2, yo =4 2, P24, 3) 9x2 =4, 2 =3 
the corresponding 
differences of y Pi(0, 0) x1 =0, yi = 0 P(—2, ~1) 9x1 = —2, yw = 71 
and x: Ax = 2, Ay =4 Ax = 6, Ay=4 
3. Find slope of line fy 4. _Ay_4_2 
Ay 3. Slope of Pi P2 Ay 2 2 3. Slope of P 1P2 i 
eee 2 
Ax Ans. 2 Ans. 3 


2.2. APPLYING RULE 2: mm = SLOPE OF LINE y =mx + b 
Find the slope of the line whose equation is 


a) 2y=6x — 8 b) 3y — 4x = 15 

Procedure: Solutions: 
1. Transform equation 1. D2 2y = 6x — 8 1. Tr 3y —4x =15 

into the form, y=3x—-4 D3 3y =4x + 15 

y = mx +t Db: y=ut5 
2. Find slope of line = m, 2. Slope = 3. 2. Slope = }. 

the coefficient of x: 

Ans. 3 Ans. + 


2.3. APPLYING RULE 3: SLOPE OF LINE OF ITS INCLINATION 
Graph each line and find its inclination, to the nearest degree: 


a) y= 2x +3 by == 1 
Procedure: Solutions: See Fig. 16-6(a) and (b). 
1. Graph line: 1. Ie oy —1 | 0 
x 0 2 


Fig. 16-6 (a) Fig. 16-6 (b) 
2. Find slope of line, 2. Slope = 2 2. Slope => 
using m = slope of 
y=mx tb: 
3. Find inclination i, 3. tani = 2.0000 3. tani = + =0.5000 
using tan i = slope To nearest degree, i = 63°. To nearest degree, i = 27°. 
of line: Ans. 63° Ans. 27° 


3. UNDERSTANDING CONGRUENT TRIANGLES 
Congruent triangles have exactly the same size and shape. If triangles are congruent, 


(1) Their corresponding sides are congruent. 
(2) Their corresponding angles are congruent. 


CHAP. 16] INTRODUCTION TO GEOMETRY 327 


Fig. 16-7 


Thus, in Fig. 16-7 congruent triangles I and I’ have congruent corresponding sides and angles—that is, 
three pairs of congruent sides and three pairs of congruent angles. 

Read AI = AI’ as “triangle I is congruent to triangle I prime.” 

Congruent triangles are exact duplicates of each other and may be made to fit together or coincide with 
one another. The aim of mass production is to produce exact duplicates or congruent objects. 

Thus, if AI’ above is cut out and placed on AI, each side or angle of AI’ may be made to fit the corre- 
sponding part of AI. 

The following three tests are used to determine when two triangles are congruent to each other. 


Rule 1: [SSS = SSS] 
Two triangles are congruent if three sides of one triangle are congruent, respectively, to three 
sides of the other. 
Thus, All = All’ (Fig. 16-8) since 


(1) DE = D’E’( = 4in) D p’ 
(2) DF = D’F’( = Sin) 
(3) EF = EF’( = 6in) 4in Sin 4in Sin 
E Gin f E Bin Ke 
Fig. 16-8 


Rule 2: [ASA = ASA] 
Two triangles are congruent if two angles and the included side of one triangle are congruent, 
respectively, to two angles and the included side of the other. 

Thus, All = All’ (Fig. 16-9) since 


(1) ZH=ZH' (= 85) 
(2) ZIJ=ZLZS (= 25°) 


(3) EF = EF’ (= 6in) = 


10in J 


Fig. 16-9 


Rule 3: [SAS = SAS] 
Two triangles are congruent if two sides and the included angle of one triangle are congruent, 
respectively, to two sides and the included angle of the other. 
Thus, AIV = AIV’ (Fig. 16-10) since 


(1) KL = KL’(= 9in) 
@) ZLE207 (55 
(3) LM = L’M’(= 12in) 
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9in 
L 12in M' 
L 12 in M 


Fig. 16-10 


Duplicating Lines, Angles, and Triangles 
1. To duplicate or copy a given line: 


A line segment A‘B’ may be constructed congruent to a given line segment AB, as follows: 
Using A’on a working line as a center, draw an arc of a circle whose radius equals AB. 


Thus, in Fig. 16-11, A’‘B’= AB, by construction. 


Given Line 
A B 
Duplicate of AB 
A B 
Fig. 16-11 
2. To duplicate or copy a given angle: 


An angle A’ may be constructed congruent to a given angle A, as follows: 

(/) Using A as center and with a convenient radius, draw arc a, intersecting AP in B and AQ inC. 
(2) Using A’as center and with same radius, draw arc a’, intersecting AP’ in B* 

(3) Using B’as center and with BC as a radius, draw arc b’, intersecting arc a’in C’ 

(4) Draw A’C’ 


70 
OL 
b 
7% 
7 Na 
/ \ 
7 \ 
A rs P’ 


Fig. 16-12 


Thus, in Fig. 16-12, Z A’= ZA, by construction. 
To duplicate an angle of a given number of degrees, use your protractor. Thus, to duplicate an 
angle of 30° at A on BC, set the protractor as shown in Fig 16-13. 
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3. 


3.1. 


To duplicate or copy a given triangle: 

Using each of the three rules for showing that triangles are congruent, a given ABC may be 
duplicated. See Figs. 16-14a and b, 16-15a and b, and 16-16a and b. 

Using Rule 1, Al = AABC, by SSS = SSS 


all 
Cc As shown, construct: rs 
(1) A‘B’= AB fo XN 
(2) B’C’= BC rs I Se 
(3) AC’=AC Z —____—___— ,, 
A B A ie 


Fig. 16-14 (a) Using Rule 2, All = AABC, by ASA =ASA Fig. 16-14 (b) 
c As shown, construct: Co 
(1) A‘B’= AB ~ oo a 
Q) ZR =7B 4 BNL 
(3) ZA'=ZA a a 
A B A 4 jB 
Fig. 16-15 (a) Using Rule 3, AIII = AABC, by SAS = SAS Fig. 16-15 () 
C As shown, construct: ~ ci 
() A'B = AB a 
Cy) ZL 227A * Te 
7 ay rae “tem ~ 
(3) A’C’=AC y \ ul ~S 
B Join B’ and C’. _|_ 2 
A ( ) A | (8 
Fig. 16-16 (a) Fig. 16-16 (b) 


CONSTRUCTING CONGRUENT TRIANGLES 
If each of the following triangles are duplicated, why would new triangles be congruent in each case? 


a) An equilateral triangle b) A right triangle having a c) An isosceles triangle 
which has a side of | in leg of 1; in and a 36° angle having two equal sides of 
adjacent to that leg 2 in and an included 


angle of 120° 


lin lin 


ra 
: 15in 
lin 


Fig. 16-17 Fig. 16-18 Fig. 16-19 


Solutions: 

a) A duplicate equilateral triangle would be congruent to (AI by SSS = SSS. See Fig. 16-17. 
b) A duplicate right triangle would be congruent to AII by ASA = ASA. See Fig. 16-18. 

c) A duplicate isosceles triangle would be congruent to AIII by SAS = SAS. See Fig. 16-19. 


330 INTRODUCTION TO GEOMETRY (CHAP. 16 


3.2. DETERMINING LENGTHS AND ANGLES INDIRECTLY 
Using the data indicated in Fig. 16-20, find AD and DB. 


Fig. 16-20 


Since AB is a side of both AI and Al, these triangles are congruent by ASA = ASA. Hence, 
since the corresponding parts of congruent triangles are equal, 
AD =AC = 15in and BD = BC = 21in 
Ans. 15in, 21in 


4. UNDERSTANDING SYMMETRY 
Point Symmetry: Center of Symmetry 


1) A point is the center of symmetry of two points if it is midway between the two. 
Thus, on the number scale in Fig. 16-21, the origin is a center of symmetry with respect to the 
points representing opposites, such as +1 and —1, +2 and —2, and so on. 


Fig. 16-21 


2) A point is the center of symmetry of a figure if any line joining two points of the figure and 
going through the point is bisected by the point. 
Thus, the center of an ellipse is its center of symmetry. And O is the center of AC, BD, and so 
on. See Fig. 16-22. 


Line Symmetry: Axis of Symmetry 


1) A line is the axis of symmetry of two points if it is the perpendicular bisector of the line joining 
the two points. See Fig. 16-23. 
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C 
Fig. 16-23 


Thus, BC is the axis of symmetry of points A and A’. 
2) A line is an axis of symmetry of a figure if any line perpendicular to it is bisected by the figure. 
Thus, FE is the axis of symmetry of the curve (parabola) shown in Fig. 16-24, FE is 
perpendicular to and bisects AA’, BB’, etc. FE is the “folding line” of the parabola. 


Fig. 16-24 


5. TRANSFORMATIONS 


INTRODUCTION TO TRANSFORMATIONS 

If you look back at the previous chapters on geometry, you will notice that while we have concentrated 
on different topics from chapter to chapter, all the material had one very important thing in common: The 
positions of all the geometric figures were fixed. In other words, when we considered a triangle such as 
ABC in Fig. 16-25, we did not move it. In this section, we consider objects in geometry as they change 
position. These objects (such as triangles, lines, points, and circles) will move as a result of transformations 
of the plane. 


C 
Fig. 16-25 


DEFINITION: By a transformation of the plane, we mean a rule that assigns to each point in the plane a 
different point or the point itself. 
Note that each point in the plane is assigned to exactly one point. Points that are assigned to themselves 
are called fixed points. If point P is assigned to point Q, then we say the image of P is Q, and the image of Q 
is P. 


5.1. | REFLECTIONS 

Imagine that a mirror is placed along line m in Fig. 16-26. What would be the image of point Sin the 
mirror? How would you describe S’, the image of S? If we actually placed a mirror along m, we would see 
that the image of S lies on /, on the other side of m, and that the distance from S to O is equal to the distance 
from O to S’ (see Fig. 16-27). We say that S’ is the image of S under a reflection in line m. Notice that, under 
this reflection, O is the image of O. 
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Fig. 16-26 Fig. 16-27 


DEFINITION: A reflection in line m is a transformation of the plane having the property that the 
image of any point S not on m is S’, where m is the perpendicular bisector of SS’; 
the image of any point O on m is O itself. 


We write R,,(.S) = S’ to mean S’ is the image of S under the reflection in line m. 
EXAMPLE 1: Image of a Point Find the image of (a), A, (b) B, (0) C, (d) AC, and (e) ADAC 
under the reflection in line t indicated in Fig. 16-28. 


t 
Cc 


D 


Fig. 16-28 
SOLUTIONS 
(a) B, because ¢ is the perpendicular bisector of AB 
(b) A 
(c) C, because C is on t 
(d) BC (Why?) 
(e) DBC, because D and C are fixed and R({B) = A 
EXAMPLE 2: Image of a Triangle What is the image of ABC in Fig. 16-28 under a reflection 
in line t? 
SOLUTION 
We saw that R(A) = B, R(B) = A, and R(C) = C; thus, AABC is its own image. 
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5.2. LINE SYMMETRY 

Notice that the images of angles are angles and the images of segments are segments under a reflection 
in a line. When a figure is its own image under a reflection in a line (like ABC in Fig. 16-28), we say the 
figure has line symmetry. 


DEFINITION: A figure F exhibits line symmetry if there exists a line / such that the image of F under a 
reflection in line /is F itself. In this case, /is called a line of symmetry or an axis of 
symmetry. 


Notice that when a figure exhibits line symmetry, not all its points are necessarily fixed. In Fig. 16-28, 
only points C and D are fixed in triangle ABC. 


EXAMPLE 3: Finding the Axis of Symmetry In Fig. 16-29, find all axes of symmetry for regular 
hexagon ABCDEF. 


Fig. 16-29 


SOLUTION 
Here AD, FC, BE, and the indicated line / are all axes of symmetry. Find two others. 


EXAMPLE 4: Discovering Line Symmetry Which of the objects in Fig. 16-30 exhibit line 
symmetry? 


(a) (b) (c) (a) 


Fig. 16-30 


SOLUTION 
All except Fig. 16-30c. 


5.3. PoInT SYMMETRY 
Not only can we transform the plane by reflections in a line, but also we can reflect in a point P. In Fig. 
16-31, for example, we can reflect Q in the point P by finding the point Q’ such that QP = PQ’. 
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DEFINITION: A reflection in the point P is a transformation of the plane such that the image of 
any point Q except P is Q’, where OP = PQ’, and Q, P, and Q’ are collinear, and 
the image of P is P (that is, P is fixed). If figure F is its own image under such a 
transformation, then we say F exhibits point symmetry. 


A B 
F C 
——e—_}_e—___e 
Q P Q' 
E D 
Fig. 16-31 Fig. 16-32 


Figure 16-32 shows a regular hexagon ABCDEF, with AO = OD. Notice that A is the image of D 
under the reflection in O. We use the notation R,(A) = D and R,(D) = A to indicate that A and D are 
each other’s images under a reflection in point O. 


EXAMPLE 5: Finding Images under a Reflection in a Point Referring to Fig. 16-32, find (a) 
R,(B), (b) Ro(C), (c) RAD), (d) Ro AAOB), and (e) R,(ABCDEF). 

SOLUTIONS 

(a) E (b) F (ec) AD (da) DOE (e) Hexagon ABCDEF (Thus, ABCDEF exhibits 
point symmetry.) 

EXAMPLE 6: Finding Point Symmetry Which of the following exhibit point symmetry? 

(a) Squares (b) Rhombuses (c) Scalene triangles (d) A regular octagon 
SOLUTIONS 


All except (c). 

Since points can change position in transformational geometry, analytic geometry is a particu- 
larly useful tool for these transformations. Recall that in analytic geometry, we deal extensively with 
the positions of points; being able to locate points and determine distances is of great help in explor- 
ing the properties of transformations. 


EXAMPLE 7: Images Under Reflections (Fig. 16-33) 
¥ 


e A(i, 1) 
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(a) What is the image of point A under a reflection in the x axis? The y axis? 

(b) What is the image of B under a reflection in the y axis? 

(c) What is the image of O under a reflection in point O? 

(d) What is the image of B under a reflection in the line y = x? 

(e) What is the image of A under a reflection in the line x = —1? 

(f) What is the image of AOB under a reflection in the y axis? Under a reflection in O? 


SOLUTIONS 


(a) Point A’ in Fig. 16-34 is the image of A under a reflection in the x axis; the coordinates of A’ are 
(1, —1). Point A” is the image of A under a reflection in the y axis: A” = (—1, 1). 


(b) Point B’ in Fig. 16-35 is the image of B under a reflection in the y axis. Its coordinates are 
(—I, 0). 


(c) Point O is a fixed point. The point in which we reflect is always fixed. 
(d) R\(B) = B(O, 1) in Fig. 16-36. Notice that line / is the perpendicular bisector of BB’. 
(e) Rn(A) = A(—3, 1) in Fig. 16-37. Note that m is the perpendicular bisector of AA” 


(f) The image of /\AOB under a reflection in the y axis is A ‘BO in Fig 16-38a, where A’ = 
(—1, 1), B’= (1, 0), and O = (0, 0). The image under a reflection in the origin is — A ”B”O in 
Fig. 16-38b, where A” = (—1, 1), B’ = (—1, 0), and O = (0, 0). 


A" A(i, 1) 


BC, 0) 


Fig. 16-34 Fig. 16-35 


A(—3, 1) 


2 units 


Fig. 16-36 Fig. 16-37 
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Fig. 16-38 


5.4. PATTERNS IN REFLECTIONS 
We can observe several patterns in the results of the last solved problem: 


1. The distance from A’ to B’in Fig. 16-38a equals the distance from A to B. In other words, distance 
is preserved under a reflection. Observe that measures of angles are also preserved. In other words, 
m[X357] BAO = m[X.357]B‘A0 in Fig. 16-38a, and that property appears to hold for other reflec- 
tions. As you will see, other properties are preserved as well. 

2. Under a reflection in the x axis, the point (a, b) moves to (a, —b); under a reflection in the y axis, 
(a, b) moves to (—a, b); and under a reflection in the origin, (a, b) moves to (—a, —b). These 
patterns hold only for these reflections. 


EXAMPLE 8: More Images Under Reflections In Fig. 16-39, find 
(a) The reflection of C in the y axis 

(b) The reflection of B in the origin 

(c) The reflection of /\CAB in the x axis 


SOLUTIONS 
(a) (—2, 3) 
y C(2, 3) 

(b) (-3, -1) 
(c) ACA where C’ = (2, —3), A’=(1, —1), 

and B’= (3, —1) AC, 1) BG, 1) 

x 
Fig. 16-39 


5.5. TRANSLATIONS 

Let us transform AABC in Fig. 16-40a by adding 1 to each x coordinate and 2 to each y coordinate. The 
result is shown in Fig. 16-40b. Notice that /\ABC does not change shape, but it does move in the plane, in 
the direction of ray OD, where D = (1, 2). The x coordinate of D is the “amount” by which the x coordinates 
of the triangle are shifted, and the y coordinate of D is the “amount” by which the y coordinates are shifted. 
We call this kind of transformation a translation. 
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y 
y A?) CG,3) 
B(1, 1) Gans 


A(1, 0) 


(2) 


Fig. 16-40 
DEFINITION: A translation is a transformation of the plane such that the image of every point 
(a, b) is the point (a + h, b + k), where hand k are given. 


A translation has the effect of moving every point the same distance in the same direction. We 
use the notation Tin, x)(a, b) to mean the image of (a, b) under a translation of h units in the x direc- 
tion and k units in the y direction. 

As in a reflection, distance and angle measure are preserved in a translation. 


EXAMPLE 9: Finding the Image of a Point Find J—1, (1, 4) and T,-1, (1, 2). 
SOLUTION 


T-1,y0, 4) = +(-1), 4 + 1) = (0,5) 
Toa, vy(7l, 2) = (1 + (HD, 2 + 2) = (2, 3) 


Notice in Fig. 16-41 that (1, 4) and (—1, 2) are translated the same number of units in the same direc- 
tion by the same translation T. 


Fig. 16-41 


EXAMPLE 10: Finding the Image of a Triangle —_ Find the image of (ABC under the translation 
T1, 2», where A = (0, 0), B = (1, 1), and C = (1, 0). 


SOLUTION 
Ta, 2(0, 0) = C1, 2) Ta, (1, 1) = @, 3) and Ta, 2(1, 0) = (2, 2) 


Hence, the image of AABC is AA BC’ in Fig. 16-42. All points are translated along ray AA ’ = OA % 
where A (1, 2) has the coordinates of the translation. 
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Fig. 16-42 


EXAMPLE 11: Finding the Image from Another Image Under a certain translation, 7(5, 2) = 
(7, 1). Find 7(—3, 6) under the same translation. 


SOLUTION 

We have Ti, (5, 2) = (7, 1). Thus 5 + h =7, or h = 2; and2 +k =1,ork = ~1. 
Then 7,2, -1(—3, 6) = (2 + (—3), —1 + 6) =(—1, 5). 

EXAMPLE 12: Finding Various Images under Translation 

(a) Find T,-,, o)(6, 2). 

(b) Find h and k if Ty, 1, 7) = ©, 0). 


(c) Find the image of square ABCD under the translation T(1, 1), where A = (0, 0), B = (1, 0), C = 
(0, 1), and D = (1, 1). 


(d) Find Ty, 9 (1, 6) if Ta, w(4, 1) = (0, 7). 
(e) Find all fixed points under T(-,, 4). 


SOLUTIONS 


(a) T(6, 2) = (6 + (1), 2 + 0) = 65, 2) 


(b) h=0-1=-1;k=0-7=7-7 
(c) AB’CD~ where A’= (1, 1), B’= (2, 1), C’= (I, 2), and D’ = (2, 2) 
@h=0—-4= —4andk = —-7 -1 = -8,s0 T(1, © = (-3, —2) 


(e) Only To, 0) has fixed points. Any other translation, including T,(—1, 4), has none. 


EXAMPLE 13: Finding Images of Figures Let A = (1, 1), B = (2, 2), and C = (3, 1). Find the 
image under Ti, —1) of (a) AB, (b) ABC, and (c) CBA. 


SOLUTIONS 


(a) AB’ where A’ = (3, 0) and B’ = (4, 1) 
(b) AAB’C’ with C’ = (5, 0) 
(c) CBA’ 
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16.3. 


16.6. 


Supplementary Problems 


Solve graphically. How long will it take Tom and George to mow a lawn together if Tom takes 12h to 
do the job alone while George requires a)6h, b)4h, c)3h? (1.1) 
Ans. a)4h, b)3h, c)22h 
Solve graphically. A motorist traveling at 60 mi/h seeks to overtake another who started 3 h earlier. 
Both are traveling along the same road. In how many hours will the slower motorist be overtaken if 
he is traveling at a) 40 mi/h, b) 30 mi/h, c) 20 mi/h? (1.2) 
Ans. a)6h, b)3h, oc) lh 
Solve graphically: Towns A and B are 170 mi apart. Mr. Cahill left town A and is traveling to town B 
at an average rate of 40 mi/h. Mr. Fanning left town B one hour later and is traveling to town A along 
the same road at an average rate of 25 mi/h. When and where will they meet? (1.2) 
ico | 170 or Panning $s 
140 
120 
Tt i Oy i Sa. 
From ‘60 a a =e 
TownA 60 —— 
(Town A)o 
Time wisveled 
Fig. 16-43 
Ans. They will meet, as shown graphically in Fig. 16-43, 120 mi from A, three hours after Mr. Cahill started. 
Find the slope of the line through: (2.1) 
a) (0, 0) and (6, 15) c) (3, —4) and (5, 6) e) (8, 10) and (0, —2) 
b) (2, 3) and (6, 15) d) (~2, —3) and (2, 1) SP) (HI, 2) and (5, 14) 
Fi 5-0 15 5 6=(-4) 0 =, —2-10 -12 3 
ec a a fan 3 2) D-8 <8 2 
5-3 12 1 —(—3) _ 4 14 —2 12 
b = =3 a ar i | ae = 
) 6-2 4 D >= (-2) 4 DS yp 6 
Find the slope of the line whose equation is: (2. 2) 
a) y=3x —4 d) 2y =6x — 10 Oe teeta 
b) y =5x e) 3y = 21 — 6x A) T+ 2x =8 
oc y=5 f) 4y — 3x = 16 ix—-H=12 
a) y=3x—-4 Ans. 3 d)y =3x —5 Ans. 3 g) y=2x—-6 Ans. 2 
b) y=5x +0 5 e)y= 72x +7 =2 h) y = —6x + 24 —6 
HovyHoets 0 fpy=aut4 : ) y= —18 : 
Find the inclination, to the nearest degree, of each line: (2.3) 
a)y=3x-1 Cc y=xt5 e) 5y =5x —-3 


by =e = 1 ayes iW mea 
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a) tani = 3 Ans. 72° c) tan i = 2.5 Ans. 68° e) tani =1 Ans. 45° 
b) tani = 0.3333 18° d) tani = 0.4 22° f) tani =0 0° 


16.7. If each of the following triangles are duplicated, why will the new triangles be congruent in each 
case? (3.1) 


a) A right triangle whose legs are 2 and 1} in 

b) An isosceles triangle having a base of 3 in and congruent base angles of 35° 
c) An isosceles triangle having congruent sides of 4 in and a vertical angle of 50° 
d) A right triangle having a leg of 3; in and a 55° angle opposite that leg 


e) A triangle having its sides in the ratio of 2:3:4 and 1 in for its smallest side 


Ans. a) SAS =SAS b) ASA=ASA c) SAS = SAS 
d) ASA 2ASA, using 35° angle e) SSS =SSS, using sides of 1, 13, and 2 in 
16.8. In each, determine why the triangles are congruent and find the measurements indicated with a 
question mark. (3.2) 
a) B 12 b) E 
85 
Cc ? 
13/ 1 
? 
5S 7 
A 18 D 
Fig. 16-44 
Ans. 
a) Al= AI’ by SAS = SAS b) All = All’ by ASA =ASA c) All = All’ by SSS = SSS 
mZD = 85°, CD = 12 EF = 13, EG = 20 mZO = 62°, mZONP = 32° 
16.9. State the point and line symmetry of each: (4.5) 
a) Circle b) Parallelogram c) Rhombus d) Isosceles triangle 


Diagram 


b) Parallelogram c) Rhombus 


Point of intersection 
of the diagonals 


Figure d) Isosceles triangle 


Center of 
Symmetry 


Point of intersection 
of the diagonals 


None Each diagonal 


Center of circle 


None 


Axis 
Symmetry 


Altitude from 
vertex 


Fig. 16-45 
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16.10. Find the image of AB in Fig. 16-46 under a reflection in the x axis; then in the y axis 


Fig. 16-46 


Ans. The segment connecting (0, —2) and (2, 0); the segment connecting (0, 2) and (—2, 0). 


16.11. Given the square that follows, find: 


D C 
Fig. 16-47 
a) Ry (AC) b) Ro (\AOB) 
Ans. a) AC b) ADOC 
16.12. Find: a) Tq, 3) (—3, 6) 
b) To, 4) (h, k) 


Ans. a) (-2,9) 
b) (h, 4 + k) 
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APPENDIX A 


Review of 
Arithmetic 


1. THE WHOLE NUMBERS 
A. Understanding Whole Numbers 


(1) Whole numbers are the numbers used in counting. 
Thus, 3, 35, and 357 are whole numbers, but —3 and 4/3 are not. 


(2 


wm 


Place value of each digit of a whole number. 


Depending on its place in the whole number, each digit of the number represents a 
number of units, tens, hundreds, thousands, and so on. 


Thus, in 35, 3 represents 3 tens, while in 357, 3 represents 3 hundreds. 
(3 


wm 


Reading whole numbers by using place value. 
In reading a whole number, give place value to its digits. Thus, read 4444 as “four thou- 
sand, four hundred, forty (four tens) four.” 


(4 


Ya 


Rounding a whole number: approximate value of a number. 

In rounding a whole number to the nearest ten, replace the number by the multiple of 10 
to which it is closest. 

Thus, 37 to the nearest ten becomes 40. Here, 37 is between 30 and 40. However, 37 is 
closer to 40. Similarly, round a number to the nearest hundred, nearest thousand, and so on. 


NOTE: When a whole number is exactly halfway between two possible answers, round it off to the 
larger. Thus, round 235 to the nearest ten as 240, not 230. Round 1500 to the nearest thousand as 
2000. 


(5) One way in which to provide an approximate value of a whole number is to round the whole 
number. Thus, 40 is an approximate value of 37. 


(6) Estimating answers by using approximate values of whole numbers. 


Estimate: a) 38 X 72 b) 4485/503 c) 7495-2043 
Procedure: 
1. Round each number to a 1. Round 38 to 1. Round 4485 to 1. Round 7495 to 
suitable multiple of 10, 100, etc.: 40, 72 to 70. 4500, 503 to 500. 7500, 2403 to 2000. 
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2. Perform the indicated 2. 40 X 70 = 2800 2. 4500/500 = 9 


operations on the resulting 
approximations 


Ans. 2800 


Ans. 9 


B. Terms Used in the Fundamental Operations 
Addition, subtraction, multiplication, and division are the four fundamental operations performed on 
numbers. The names used in each operation must be memorized. Note them in each of the following: 


(1) Addition: Add 77 and 20. 


[APPENDIX A 
2. 7500 
— 2000 
5500 
Ans. 5500 


Terms Used in Addition Addend 77 
Addends are the numbers that are added. Addend +20 
Sum is the answer obtained in addition. Sum 97 
(2) Subtraction: Subtract 20 from 77. 
Terms Used in Subtraction 
Minuend is the number from which we subtract. Minuend 77 
Subtrahend is the number being subtracted. Subtrahead 720 
Difference is the answer obtained in subtraction. Difference 57 
(3) Multiplication: Multiply 77 by 20. 
Terms Used in Multiplication 
Multiplicand is the number being multiplied. Multiplicand 77 
Multiplier is the number by which we multiply. Multiplier X20 
Product is the answer obtained in multiplication. Product 1540 
(Numbers being multiplied are also factors of their product.) 
(4) Division: Divide 77 by 20. 
Terms Used in Division 
Dividend is the number being divided. Dividend 77 
Divisor is the number by which we divide. Divisor 20 
Quotient is the answer obtained in division. Quotient = 3 


(Call the quotient a total quotient to distinguish it from 3, the partial quotient.) 


Remainder 


. H i = i i ale 
RULE: Final Quotient = Partial Quotient Divisor 


Thus, in 35; above, 3 is the partial quotient, and 17 is the remainder. 


Keep in mind, 3, = 3 + 3. 


C. Checking the Fundamental Operations 


(1) Add 25, 32, and 81. Check the addition. 25 
Add either down the column or up the column. Add down 32 Check up 
To check addition, add the column in the 8] 
reverse direction. 138 

(2) Subtract 32 from 85. Check the subtraction. 
To check subtraction, add the difference 85 Check: 53 
and subtrahend. The answer thus obtained —32 +32 
should be the minuend. 53 85 
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(3) Multiply 85 by 32. Check the multiplication. 85 Check: 32 
To check multiplication, multiply the numbers X32 X85 
after interchanging them. 170 160 

255 256 
2720 2720 

(4) Divide 85 by 32. Check the division. Check: 32 
To check division, multiply the 2 Partial quotient > X 2 
divisor by the partial quotient. To 32)85 64 
the result obtained, add the remainder. 64 421 
The final answer should be the dividend. a) ‘Rene 95 

Ans. 22 


2. FRACTIONS 
A. Understanding Fractions 
Proper and Improper Fractions 


(1) A proper fraction is a fraction whose value is less than 1. In a proper fraction, the numerator is less 
than the denominator. 
Thus, ; and 5 are proper fractions. Each has a value less than 1. 
(2) An improper fraction is a fraction whose value is equal to or greater than 1. In an improper frac- 
tion, the numerator is equal to or greater than the denominator. 
Thus, + and j are improper fractions; + is greater than 1, and 7 equals 1. 
(3) The terms of a fraction are its numerator and denominator. 
Thus, the terms of $ are 25 and 30. 
(4) Equivalent fractions are fractions having the same value. 
Thus, 3, i, 35, and jo are equivalent fractions: that is, 5 = 77 = = = im. 


B. Changing Forms of Mixed Numbers and Improper Fractions 


(1) A mixed number equals a whole number plus a fraction. Thus, 17; = 17 + 2. 
(2) Changing a mixed number to an improper fraction. 


Change to an improper fraction: a) 17> by 1015 
Procedure: Solutions: 
1. Multiply whole number by denominator: 1. 17 X¥5 =85 1. 101 X 9 = 909 
2. Add numerator to product: 2. +2. 2. = 
87 911 
: : . 87 911 
3. Form fraction by placing result over denominator: 3. Ans. 5 3. Ans. ae 


(3) To change an improper fraction to a mixed number, divide the numerator by the denominator. 
Thus, ~ = 87 + 5 = 17; 


C. Changing a Fraction to an Equivalent Fraction 


(1) Fundamental law of fractions: 

To change a fraction to an equivalent fraction, multiply or divide both the numerator and 
denominator by the same number, other than zero, of course. 

2 2x10 20 

a 510 40 

ee 


L J 


20. 20+10 2 
"50 50+10 5 
ed 


Thus, In turn 
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(2) To raise a fraction to higher terms, (3) To reduce a fraction to lower terms, divide its 
multiply its terms by the same whole terms by the same whole number. Thus, when 
number. Thus, when Fis changed to a = is changed to = it has been changed to lower 
it has been changed to higher terms. terms. 


(4) To reduce a fraction to lowest terms, divide both numerator and denominator by the highest 
common factor. 
Thus, = can be reduced to oa i or = but to reduce it to lowest terms, use = To obtain = 


divide terms by 10, the highest common factor of 20 and 50. 


(5) To change a fraction to a new specified fraction: 


ange to new fraction: a) 5 45 ) 5. 9 
Procedure: Solutions: 
1. Divide new denominator by old denominator, or 1. 45 ~5=9 1.45 +3 =15 
divide new numerator by old numerator: x3 x5 
2. Multiply the result by old numerator or old de- 2. 37 2. 75 
nominator: ; i 27 4 45, 
3. Form fraction needed: ns. 7 ms. 2. 
(6) To compare the size of fractions: 
C 2. d ae 
ompare 9 and 7 ,- 
Procedure: Solutions: 
Sa SS ? 7 ? 
1. Change to equivalent fractions having the same 1. Change: — = 6 and Tike r 
denominator. Use the lowest common denominator 9 3 3 
5 20 7 21 
ECD): Here, — = and = 
9 36 12 36 
; ; 20. 21 
2. Compare new fractions: 2. Since 36 is less than 36° 


7 
then = is less than —. 
9 12 


D. Multiplying and Dividing Mixed Numbers and Fractions 


Multiply and divide as indicated: a) 1-+ 1: b) 1 xX25+5 
Procedure: Solutions: 
1. Ch ixed bers to fractions: ip Bae 
. Change mixed numbers to fractions: "6° 9 7%7279 
| - DD Ba Boned 
2. Multiply by each inverted divisor: 2. 6 x 14 2. 7 x D x 8 
73 ¥ BD 
3. Divide a numerator anda denominator 3. — X = 3.0=— xX — X= 
b ; & 4 2 8&8 
y acommon factor of both: 2 2 1 4 I 
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4. Multiply the remaining factors in the 3. 3 5X3 15 ; 
numerator and denominator separately: X24 Ans. 4 4 4 r3; Ans. 
E. Adding and Subtracting Fractions 
(1) Combining fractions having the same denominator: 
a Stk 1532 
oer Mp'R 1D 7 7 4 
Procedure: Solutions: 
; S117 15-3 +2 
1. Keep the common denominator and add or 1. — Dp 7 
subtract the numerator as indicated: 9 3 14 
2. Reduce result to the lowest terms: 2. D4 Ans. 2. 7 2 Ans. 
(2) Combining fractions having different denominators: 
: 5 7 23 
Combine: Se ee 
ombine 6 1 36 
Procedure: Solutions: 
1. Change the fractions to equivalent fractions having the 1. LCD =36 
same denominator, using the LCD: 30 21 , 23 
360 = 36s 336 
2. Combine the resulting fractions: 2. aan + 23 
3. Reduce to lowest terms: 3. cca Ans. 
36 9 
F. Adding and Subtracting Mixed Numbers 
Add or subtract as indicated: a) 15, + 9F b) 15, — 9F 
Procedure: Solutions: 
7 7 7 7 
1. Add the fractions or subtract the fractions as 1. 15343 1. 155 > 5 
cna 1 2 i 2 
indicated: TO, 33 rae 
a x 
F 5 
2. Add the whole numbers or subtract the whole 2. 15 2. 15 | 
numbers as indicated: +9 _9 
3. Add both results: — + 74 = +42 
3 A 1; 3. a 08 
25% Ans. 6, Ans. 
Here are the complete a) 157-2 b) 157-7 
solutions of (a) and (b) +9533 95> F 
above! 24 + 15 Gee 
25, Ans. 6. Ans 
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NOTE: When the fraction of the minuend is smaller than the fraction of the subtrahend, borrow one unit 
from the minuend to increase the smaller fraction. 


Thus, 5> — 15 = 42 — 15 = 33 


3. DECIMALS 
A. Understanding Decimals 
(1) A decimal or decimal fraction is a fraction whose denominator is 10, 100, 1000, or some other 


power of 10. 
Thus, i may be written in decimal form as 0.03 


(2) Rounding off a decimal: approximate value of a decimal: 
In rounding a decimal to the nearest tenth, replace the decimal by the tenth to which it is 
closest. Thus, 0.37 to the nearest tenth becomes 0.4. Here, 0.37 is between 0.30 and 0.40. However, 


0.37 is closer to 0.40 or 0.4. 
Similarly, round a decimal to the nearest hundredth, nearest thousandth, and so on. 


NOTE. When a decimal is exactly halfway between two possible answers, round it off to the larger. 
Thus, round 0.25 to the nearest tenth as 0.3, not 0.2. 


(3) An approximate value of a decimal is a value obtained by rounding off the decimal. 
Thus, 0.4 is an approximate value of 0.37. 


(4) To estimate answers of exercises or problems involving decimals, use rounded values of these deci- 


mals. 
Thus, to estimate 0.38 X 0.72, round to 0.4 X 0.7 and use 0.28 as the estimated answer. 


B. Changing Forms of Fractions and Decimals 


(1) To change a common fraction to a decimal fraction, divide the numerator by the denominator. 
Carry the answer to the desired number of places if a remainder exists. 


3 _ 3.000 5 _ 5.0000 


Thus, i = 0.375, 16° «16 


= 0.3125. 


Equivalent Fractions and Decimals 


= 05 3 = 0.333 = 0,195 S02 7 = 014— 
7=025 +=0.663 0375 -=oA - =O10e 
-=075 +=0162 *=0.625 2 = 06 + = 0.084 
> =01 *=083' + =0:875 4_ 8 += 0.064 


(2) To change a decimal fraction to a common fraction, change the decimal to a common fraction 
and reduce to lowest terms. 
65 _ 13 


Thus: 0.65 = 100 = 20° 
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C. Adding and Subtracting Decimals 


a) Add 1.35 and 0.952 


Procedure: Solutions: 

1. Arrange the decimals vertically 1. 1.35 
with decimal points directly under +0.952 
each other: 

2. Add or subtract as in whole numbers, 2. 2.302 
placing the decimal point in the result 
directly under the other decimal points: 

Ans. 2.302 


D. Multiplying and Dividing Decimals 
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b) Subtract 0.952 from 1.35 


1. 1.350 
—0.952 

2. 0.398 

Ans. 0.398 


(1) Multiplying and dividing numbers by 10, 100, 1000, or some power of 10. 
To multiply a decimal by a power of 10, move the decimal point as many places to the right as 


there are zeros in the power. 


Thus, to multiply 5.75 by 1000, move decimal point three places to the right. 


Ans. 5750 


To divide a decimal by a power of 10, move the decimal point as many places to the left as there 


are zeros in the power. 


Thus, to divide 5.75 by 1000, move decimal point three places to the left. 


Ans. 0.00575 
(2) Multiplying decimals: 
Multiply: 


Procedure: 


1. Multiply as in whole numbers: 


2. Mark off decimal places in the 
product equal to the sum of the 
decimal places in the numbers 
multiplied: 


(3) Dividing decimals: 
Divide: 
Procedure: 


1. Move the decimal point of the 
divisor to the right to make the 
divisor a whole number: 

2. Move the decimal point of the 
dividend the same number of 
places to the right: 

3. Divide as in whole numbers and 
mark off decimal places in the 
quotient equal to new number of 
places in the dividend: 


a) 1.1 by 0.05 


1. 1.1 (one place) 
X0.05 (two places) 
2. 0.055 (three places) 


Ans. 0.055 


a) 0.824 by 0.04 


0.824 
0.04 


b) 3.71 X 0.014 


1. 3.71 (two places) 
0.014 (three places) 
1484 
371 


2. 0.05194 (five places) 
Ans. 0.05194 


b) 5.194 by 1.4 


Vertically arranged 


3.71 
14)5.194 
nian 
99 
98 
14 
Ls 
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NOTE. _ If a remainder exists, the quotient may be carried to additional decimal places by adding zeros to 
the dividend. 


1 — 1.0000000000000 
Thus, 7 7 


= 0.142857142857> 


4. REVIEWING PERCENTS AND PERCENTAGE 
A. Understanding Percents and Percentage 


Percent means hundredths. The percent symbol is %. 
Thus, 7% of a number means 0.07 or iw of the number. 


RULE: Percentage = Rate < Base 


The percentage is the answer obtained when a percent is taken of a number. 

The rate is the percent taken of a number. 

The base is the number of which a percent is being taken. 

Thus, since 2 percent of 400 = 8, 8 is the percentage, 2 percent is the rate, and 400 is the base. 


B. Interchanging Forms of Percents, Decimals, and Fractions 


(1) Interchanging forms of percents and fractions: 


To change a percent to a fraction: To change a fraction to a percent: 
1. Omit the percent sign 1. Add the percent sign 
2. Divide the number by 100. 2. Multiply the number by 100. 
3. Reduce to lowest terms. Thus, > = G X 100)% = 150% 


3 


Thus, 150% = {5 = > 
1 
Also, 23% =X #=4 Also, + = Gr X 100)% = 24% 


1 
20 


Equivalent Percents and Fractions 


5 =50% 4 =33 5% c= 12% —~=20% 7 = 145% 
4 =25% + =66 5% = = 37%  +=40% g= lie 
[=15%- 2=162% -=625%  7=60% = = 8% 
= 10% %=835% + = 875% + = 80% = 6% 
(2) Interchanging forms of percents and decimals: 
To change a percent to a decimal: To change a decimal to a percent: 

1. Omit the percent sign 1. Add the percent sign 

2. Move the decimal point two 2. Move the decimal point two places to the 
places to the left. right. 

Thus, 175% = 1.75 Thus, 1.75 = 175% 


Also, 12.5% = 0.125 Also, 0.125 = 12.5% 
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C. Percentage Problems 


Types and 
Their Rules 
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Three Types of Percentage Problems 


Problems and 
Their Solutions 
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Problems and 
Their Solutions 


(1) Finding percentage 
Rule: Rate X Base = 
Percentage 


a) Find 5 percent of 400. 
0.05 X 400 = 20 


d) Find 30 percent of 80. 
0.30 X 80 = 24 


(2) Finding base 


b) 5 percent of what 


e) 30 percent of what number 


Rule: Base = Rereenbige number is 20? is 24? 
oe 20 2000 24 240 
005 5 100 oo 3° 
(3) Finding rate c) 20 is what percent f) 24 is what percent of 80? 
ee ae Percentage £ 400? 24 3 _ 0.3 = 30% 
ule: Rate = hs oO ] 80 10 : fo 
2 1 _ 0.05 = 5% 


400 20 
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The Use of 
Calculators 


1. USING A CALCULATOR TO PERFORM THE FUNDAMENTAL OPERATIONS 
OF ARITHMETIC 


The calculator can be used to perform arithmetic calculations with extreme ease. We assume, for this text, 
that the student will use a basic calculator which accommodates the four basic operations, as well as signed 
numbers, squares, and square roots. Figure B-1 illustrates such a calculator. 


. 


ae 


+ 


aaa G 


(wre) [m—} [m+ 
Be & 
Be 
Be & 
ouch o JT | 


Fig. B-1 
B.1 SIMPLE CALCULATIONS 
Evaluate each using a calculator: 
(a) 430 + 920 (b) 671 X 284 (c) 5063 + 29 
353 


Copyright © 2004,1993,1960 by Barnett Rich and Philip A. Schmidt. Click here for terms of use. 


354 


B.2 


THE USE OF CALCULATORS [APPENDIX B 
Solutions: 
@Pes:[4] B] fb] FE] bP) 2) bE 
Answer on screen is 1350. 
®Pres:[6] [7] L] EF] 2] bl et Et 
Answer on screen is 190,564. 
om] bh] J & AE & E 


Answer on screen is 174.58621. 


DIVISIBILITY TESTS 


Use a calculator to determine whether: (a) 8754 is divisible by 8 (b) 1234789 is divisible by 7. 
Solutions 

@ Pess:[3] [7] [5] 4] EJ &) El 

Answer (a) on screen shows the division yields a remainder. 


(b) Press: |1 | [2| [3 | [4] [7| [8] [9 | re [7] [= 


Answer (b) on screen shows the division yields a remainder. 
omP] fb] fF] EF A & 


Answer (c) on screen proves the division does not leave a remainder. 


INTRODUCTION TO THE GRAPHING CALCULATOR 


In this text, a number of opportunities to utilize calculators have been provided to the reader. In many of 
these cases, a traditional hand-held calculator would be sufficient. However, hand-held algebraic-entry 
graphing calculators have become quite prevalent, and although some of the applications of such calcula- 
tors are well above the level of the mathematics in this book, it would be worthwhile to introduce these 
devices at this point. The goal here is to make you familiar with such calculators, and to make you at ease 
with them. In that way, when you engage in more advanced mathematics such as calculus, it will be easier 
for you to use graphing calculators. 

First, what does such a calculator look like? An example is indicated in Fig. B-2. This diagram illus- 
trates the keyboard of the Hewlett-Packard HP 38G calculator. 

While there are other such calculators available on the market, I have found that this particular one 
offers the easiest retrieval of answers and meshes particularly well with the needs of the mathematics 
student at both the precalculus level and more advanced levels. In this appendix, you are presented with a 
brief overview of the calculator and of its use in solving equations and graphing functions. 


You turn the calculator on by pressing the lon] key. Note that the lon]key is also the |CANCEL|key. 
Also, if you wish to lighten or darken your calculator’s screen, simply hold down the oNn]key while you 
press the [or[+]keys. (Note: Please refer to the Reference Manual provided with the HP 38G for a more 
detailed description of the many uses of the calculator). 

The HOME screen is the main area in which you will work. Press [HOME] to find this area. Note that 
the| HOME| screen is divided into two main parts: the large rectangular area is the space in which entries 
and answers are indicated; the smaller rectangular area is the editline. For example, if you press the 


keystrokes: 
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MATRIX 
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CLEAR NOTEPAD 
> @. 


PROGRAM 


Fig. B-2 (Reprinted with permission of 
the Hewlett-Packard Company.) 


[7] [s] [enter] 


you will find the following on the HOME screen: 


HOME 


75 


75 


75 will appear here before your press ENTER 


If you press the keystrokes: 
7} is} Le} [5] [enter] 
you will find the following on the HOME screen: 
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HOME 


75/5 


15 


Notice that the HP 36G uses algebraic-entry notation. Thus, to perform a calculation, you first press the 


operations required, and then press|ENTER J}. Again, if you wish to find 689 —231, press the keystrokes: 


ARmAOMaAa 


To find 5 squared (5°), press the keystrokes: 


[5] [x] 2 | ENTER 


Evaluate each of the following using the HP 36G or similar graphing calculator: 


. 483 + 286 

47 — 81 

. 843 * 35 

75/21 

. 45x92, or (45)? 

WS 

. The reciprocal of 21 

. The absolute value of —45 


CIDMWARWNHE 


The HP 38G can be used to solve simple equations and to graph elementary functions. Let’s look at 
some examples. Please refer to the HP 38G Reference Manual for more detailed instructions. 

Let us solve the equation X — 2 = 9. At any one of the equation lines (marked E1, E2, etc.), enter the 
equation X — 2 + 9. Note that “xX” is entered by pressing the [‘A...Z” key, and then pressing the b+ |key. 


Also note that the “=” sign is entered by pressing the key under the 
of the screen. After the equation appears correctly, press|ENTER]. A check mark should appear next to the 


sign on the lower, darkened area 


equation you have entered. This check mark indicates that when you attempt to solve, the equation checked 
is the one you will be solving. Next, press the NuMIkey, and then the key under the word “SOLVE” in the 
lower, darkened area of the screen. The number 11 should appear next to the symbol X. 

Now try to solve the equation 2X — 11 = 13 using the HP 38G and the following series of steps. Press 


LIB), use the arrow keys to scroll to Solve, press ENTER}, go to any of the “E” lines, and enter the equa- 
tion 2X — 11 = 13. Press ENTER]. Press the key under the CHK |box on the lower, darkened area of the 
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screen. Press the INuM|key, and then press the key under the word SOLVE in the lower, darkened area of 
the screen. You should see the answer 12 appear next to the symbol X. 
Next, solve each of the following using the HP 38G or similar graphing calculator: 


1. 2X —15 = 26 
. 3X =4X + 4 
3. SY =6Y + 12.5 


Let’s now investigate the graph of the equation Y = X — 4. Press the [LtB|key, and use the arrow keys 
to locate “FUNCTION.” Press |ENTER|, and at any one of the “F” lines, enter the equation X — 4. 
Make certain that you press ENTER . Note that you may enter the “X” by pressing the key under the 


symbol X in the lower, darkened area of the screen. Make certain that the equation you have entered is 


“checked,” and then press the PLOT|key. The graph of the line will appear on a set of coordinate axes. 
Consult the Reference Manual for more details concerning the use of the HP 38G for graphing purposes. 

Now try to graph the equation Y = 2X — 11 using the HP 38G and the following series of steps. Press 
use the arrow keys to scroll to Function, and press ENTER. Go to any of the “F’ lines, and enter 2X 
— 11. Press [ENTER]. Make certain that the expression is “checked” and that no other expressions are 
“checked.” All expressions checked will be plotted when you press Lor], Now press PLor]. The graph 
will appear on the coordinate axes on the calculator’s screen. 

Now graph each of the following using the HP 38G or similar calculator: 


Y=2x —-5 

Y = —SX = 13 

2Y = 3X — 7 (Hint: Divide both sides of the equation by 2.) 
X= Vy 


PS 


This pageirtertionally left blank. 


( (see Parentheses) 

: (colon), 176 

{ } (braces), 69 

[ ] (brackets), 69 

= (congruence symbol), 106 
# (does not equal), 21 

- (dot), 4 

— (fraction bar), 4, 69 

— (minus sign), 4, 43-44, 51 
+ (plus sign), 4, 43-44, 48 
A (delta), 153 

V (square root), 262 

Tt (pi), 111 

X (times), 4 


Abscissa, 138 
Absolute value, 44 
Acute angle, trigonometric functions of an, 315 
Acute triangle, 108 
Addends, 2, 344 
Addition: 
algebraic representation of, 5 
checking, 2, 344 
of decimals, 349 
of fractions, 347 
with different denominators, 251—252 
with same denominator, 250 
interchanging numbers in, 2, 5 
of mixed numbers, 347 
of monomials, 65 
and order of operations, 8 
of polynomials, 66 
of signed numbers, 48-49, 50 
simplifying, 2 
solving a pair of equations by, 163 
of square roots, 271 
subtraction as inverse of, 24, 126 
symbol for, 4 
terms used in, 344 
words denoting, 5 
Addition rule of equality, 25, 30 
Adjacent angles, 179-180 
Age problems, 175 


Angle(s): 
adjacent, 179-180 
base, 108 
complementary, 179-180, 316 
congruent, 107 
corresponding, 307 
duplicating/copying, 328 
pairs of, 179-180 
supplementary, 179-180 
trigonometric functions: 
of an acute, 315 
of complementary, 316 
Angle problems, 179-180 
Arcs, 108 
Area: 
of a circle, 115, 116 
of a parallelogram, 116 
of a polygon, 115 
of a rectangle, 116 
of a square, 12, 116 
of a trapezoid, 116 
of a triangle, 116 
(See also Surface area) 
Aristotle, 105 
Arms (of right triangle), 108 
Axis(-es), 138 
Axis of symmetry, 333 
of a figure, 331 
of two points, 330-331 


Base, 11 
dividing powers of the same, 74-75 
multiplying powers of the same, 71 
of a percentage, 350 

Base angles, 108 

Binomial(s) 
defined, 53 
product of two, with like terms, 219-220 
squaring, 223 

Boxes [see Rectangular solid(s)] 

Braces, 69 

Brackets, 69 
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Calculator(s): 
finding square root of a number using a, 266 
graphing, 354-357 
performing fundamental operations with a, 
352 
“Canceling”, 246 
Center of symmetry: 
of a figure, 330 
of two points, 330 
Change, measuring, 226 
Chord (of a circle), 108 
Circle(s): 
arc of, 108 
area of a, 115, 116 
chord of, 108 
circumference of, 107, 111 
diameter of, 108 
radius of, 107 
sector of, 107, 108 
Circular cone, 110 
Circular cylinder, 110-111 
Circumference, 107 
formula for, 111 
Coefficients, 10 
Coin or stamp problems, 185 
Colon, 176 
Common monomial factors, 214, 225 
Common solution (of two linear equations), 147 
Comparing signed numbers, 45-46 
Complementary angles, 179-180 
trigonometric functions of, 316 
Completing the square, solving quadratic equations 
by, 289-290 
Complex fractions: 
defined, 253 
simplifying, 254 
Conditional equalities, 21 
Cone(s), 109, 110 
circular, 110 
of revolution, 110 
volume of a, 121 
Congruent angles, 107 
Congruent segments, 106 
Congruent sides, 107 
Congruent triangle(s), 326-328 
properties of, 326-327 
rules for determination of, 327-328 
Consecutive-integer problems, 173 
Consistent equations, 147 
Constant(s): 
defined, 226 
and direct variation, 227 


Continued ratios, 176-177 
Coordinates of a point, 138 
Corresponding angles, 307 
Corresponding sides, 307 
Cosecant (csc), 315, 316 
Cosine (cos), 315, 316 
Cost and mixture problems, 187 
Cotangent (cot), 315, 316 
Counting numbers, 343 
Cross product, 219 
Csc (cosecant), 315, 316 
Cube(s), 109-110 

surface area of a, 116 

volume of a, 12, 121 
Cube root(s), 262—263 

as rational numbers, 264 
Cubic units, 110, 120 
Curved line(s), 106 
Cylinder(s): 

circular, 110-111 

of revolution, 116 

volume of a, 121 


Decagon, 107 
Decimal(s), 348-350 
adding and subtracting, 349 
approximate value of a, 348 
changing fractions to, 348 
changing percents to, 350 
defined, 348 
multiplying and dividing, 349-350 
as rational numbers, 264 
rounding, 348 
solving equations containing, 94 
Denominator(s): 
adding or subtracting fractions: 
with common, 250 
with different, 251-252 
lowest common, 93, 251-252, 346 
rationalizing the, 274-275 
solving equations with fractions: 
with different, 93 
with same, 92 
Dependent equations, 147-148 
Deriving formulas, 124 
Deriving linear equations from a table of values, 
150-151 
Descartes, René, 46 
Diameter, 108 
Difference, 1 
defined, 344 
of two squares, 218-219 


Direct variation, 226 
with constant ratio k, 227 
without constant, 227 
multiplication and division in, 228 
Distance between two points, 153, 302 
Distributive law, 72 
Dividend, 344 
Division: 
algebraic representation of, 6 
checking, 345 
with decimals, 349-350 
in direct variation, 228 
by a fraction, 28 
fraction as signifier of, 241 
with fractions, 249, 346-347 
in inverse variation, 231 
of line segment into parts, 106 
with mixed numbers, 346-347 
with monomials, 75 
multiplication as inverse of, 24, 126 
order of numbers in, 6 
and order of operations, 8 
of a polynomial: 
by a monomial, 76 
by a polynomial, 77 
with powers with the same base, 74—75 
with reciprocals, 244 
with signed numbers, 56-57 
with square roots, 273-274 
symbol for, 4 
terms used in, 344 
using, to solve equations, 26 
by zero, 4, 57, 242 
Division rule of equality, 25 
Divisor, 344 
Dodecagon, 107 


Elements (Euclid), 105 
Equality(-ies): 
conditional vs. unconditional, 21 
defined, 21 
left member of, 21 
maintaining, 25 
right member of, 21 
rules of, 25 
as scale in balance, 25 
Equation(s): 
checking, 21 
consistent, 147 
decimals in, 94 
defined, 21 
dependent, 147-148 
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fractions: 
with different denominators in, 93 
with same denominator in, 92 
inconsistent, 147 
parentheses in, 91 
radical, 276 
root of, 21 
rules of equality for solving, 25 
satisfying the, 21, 143 
simple, 23 
solution to, 21 
solving literal, 96 
solving pairs of, 163, 166 
translating verbal statements into, 22 
using division to solve, 26 
using inverse operations to solve, 23 
using multiplication to solve, 28 
using transposition to solve, 90 
[See also specific headings, e.g., Quadratic 
equation(s)] 
Equiangular polygons, 107 
Equilateral polygons, 107 
Equilateral triangle, 108 
Equivalent fractions, 243, 345-346 
Euclid, 105 
Exponents, 11 
Expression(s): 
cube root, 264 
defined, 10, 64 
factors of an, 213 
with signed numbers, 58 
square root, 264 
Extraneous roots, 276 
Extremes (of a proportion), 306 


Factor(s): 

common monomial, 214, 225 

defined, 3, 64 

of the difference of two squares, 
218-219 

of an expression, 213 

highest common monomial, 
214-215, 225 

monomial, 214 

of a number, 213 

of perfect-square trinomials, 223-224 

of a polynomial, 213-214, 225 

preferred order of, 3 

of a product, 213 

of a quadratic equation, 285 

repeated multiplication of, 11-12 

of terms, 10 
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Factor(s) (Cont.): 
of trinomials: 
of form ax’ + bx + c, 222 
of form x? + bx + c, 221 
zero in, 241-242 
Figure(s), 106 
axis of symmetry of a, 331 
center of symmetry of a, 330 
First-degree equations: 
in one unknown: 
defined, 86, 142, 143 
solving: 
by transposition, 90 
where solution is negative, 88 
in two unknowns, 142-143 
Formula(s): 
for area, 116 
defined, 111 
deriving, 124 
finding the value of an unknown in a, 128 
solving, for a letter, 126 
subject of a, 126 
transforming, 126 
for volume, 121 
Fraction(s), 345-348 
adding, 347 
adding or subtracting: 
with different denominators, 251—252 
with same denominator, 250 
changing, to equivalent fraction, 345-346 
changing decimals to, 348 
clearing of, 92, 93 
complex, 253-254 
with different denominators, in equations, 93 
dividing, 249 
dividing by a, 28 
dividing mixed numbers and, 346-347 
equivalent, 243, 345-346 
fundamental law of, 345 
improper, 345 
multiplying, 248 
multiplying mixed numbers and, 346-347 
proper, 345 
as rational numbers, 264 
rationalizing the denominator of a, 274-275 
as ratios, 241 
reducing, to lowest terms, 246 
with same denominator, in equations, 92 
simplifying the square root of a, 269 
square root of a, 217, 269 
squaring, 215 


subtracting, 347 

terms of a, 241, 345 

various meanings of the term “fraction”, 241 
Fraction bar, 4, 69 
Fundamental operations: 

checking, 344-345 

terms use in the, 344 

using a calculator to perform, 353 


Geometry, 105 
Graph(s), 46, 137-139 
distance between two points on a, 302 
finding the square root of a number using a, 
265-266 
forming a, by combining number scales, 138 
intercepts of a, 141-142 
of linear equations, 141-143 
maps a special kind of, 138-139 
quadrants of a, 138 
solving pairs of linear equations with, 
147-148 
solving problems using, 323 
solving quadratic equations with, 293-294 
Graphing calculators, 354-357 
Grouping symbols, 69-70 


HCF (see Highest common factor) 

Hexagon, 107 

Highest common factor (HCF), 214-215, 225 
Hypotenuse, 108 


Identities, 21 
Imaginary numbers, 263 
Improper fractions, 345 
Inclination of a line, 325 
Incomplete quadratic equations 

defined, 287 

solving: 

when no constant term, 288 
when no first power of unknown, 287 
Inconsistent equations, 147 
Index of a root, 262 
Inspection, solving for product of two binomials 
with like terms by, 220 

Integer(s): 

defined, 173 

as rational numbers, 264 
Intercepts of a graph, 141-142 
Interchanging numbers: 

in addition, 2, 5 

in multiplication, 3, 6 
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Inverse operations: Lowest common denominator (LCD), 93, 251-252, 
solving simple equations using, 23-24, 32-33 346 
for transforming formulas, 126 Lowest terms, reducing fractions to, 246 
Inverse variation, 226 
with constant product k, 230 Maps, 138-139 
without constant, 230 Mathematical modeling, 197-199 
multiplication and division in, 231 Means (of a proportion), 306 
“Inversely proportional”, 230-231 Midpoint of a segment, 152 
Investment or interest problems, 189 Minuend, 344 
Irrational numbers, 264—265 Minus sign, 4, 43-44, 51 
Isolated unknowns, 128 Mixed numbers, 220, 345 
Isosceles trapezoid, 108, 109 adding and subtracting, 347-348 
Isosceles triangle, 108 multiplying and dividing, 347-348 
angles of an, 180 Mixture problems, 187 
base angles of an, 108 Monomial(s): 
adding, 65 
LCD (see Lowest common denominator) defined, 53 
Left member, left-hand side (of equality), 21 dividing, 75 
Legs (of right triangle), 108 dividing a polynomial by a, 76 
Letter(s): multiplication of polynomial by, 72 
multiplication of a number by a, | multiplying, 71-72 
for representing numbers, | square of a, 216 
solving a formula for a, 126 square root of a, 217 
Like radicals, 271 subtracting, 67 
Like (similar) terms, 13-14, 64 Motion problems, 191 
Line(s): Multiplicand, 344 
characteristics of, 105—106 Multiplication: 
curved, 106 algebraic representation of, 6 
duplicating/copying, 328 checking, 3, 345 
inclination of a, 325 of decimals, 349 
reflections in, 331—332 in direct variation, 228 
slope of a, 324-325 division as inverse of, 24, 126 
straight, 106 of factors in terms, 10 
of symmetry, 332 of fractions, 248, 346-347 
Line segment(s): interchanging numbers in, 3, 6 
congruent, 106 in inverse variation, 231 
defined, 106 of mixed numbers, 347-348 
dividing, into parts, 106 of monomials, 71—72 
midpoint of a, 152 of a number by a letter, | 
Line symmetry, 332 and order of operations, 8 
Linear equation(s): of polynomial by monomial, 72 
common solution to two, 147 of polynomials, 73 
deriving, from a table of values, 150-151 of powers of the same base, 71 
graphical solution to pair of, 147 repeated, of factors, 11-12 
graphing, 141-143 of signed numbers, 53-54 
slope of line determined by, 325 simplifying, 3 
Literal addends, 2 of square roots, 272 
Literal coefficients, 10 symbols for, 4 
in like terms, 14 terms used in, 344 
Literal equations, solving, 96 using, to solve equations, 28 


Literal factors, 3 (See also Product) 
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Multiplication rule of equality, 25, 28 symbolizing of, 4 
Multiplier, 344 using a calculator to perform fundamental, 353 
(See also specific operations, e.g., Addition) 
National Council of Teachers of Mathematics Order: 
(NCTM), 197 of addends, 2 
Negative numbers, 43 of factors, 3 
square and cube roots of, 263 of operations, 8, 9 
as square roots, 262 Ordinate, 138 
N-gon, 107 Origin, 44, 137 
Number(s): 
factors of a, 213 Parabola, 294 
finding the product of the sum and difference of Parallelogram(s), 108 
two, 217-218 area of a, 116 
imaginary, 263 Parentheses, 4, 69 
interchanging, in addition, 2 evaluating expressions not containing, 8 
interchanging, in multiplication, 3 and order of operations, 9 
irrational, 264-265 solving equations by removing, 91 
letters for representing, | Pentagon, 107 
mixed, 220, 345 Percents, 349-350 
multiplication of a letter by a, 1 Perfect-square trinomial(s): 
nth root of a, 263 factoring, 223-224 
prime, 213 as square of binomial, 289 
rational, 264 Perimeter: 
reciprocal of a, 244 formula for, 111 
square of a, 215 of a polygon, 182 
square root of a, 216, 262 Perimeter problems, 182 
[See also Square root(s)] Pi, 111 
whole, 343-345 Place value, 343 
[See also Signed number(s)] Plane(s): 
Number problems, solving: characteristics of, 106 
with one unknown, 169-170 transformations of the, 331 
with two unknowns, 171 Plato, 105 
Number scale(s), 43 Plus sign, 43-44, 48 
defined, 137 Point(s): 
forming a graph by combining, 138 axis of symmetry of two, 330-331 
horizontal vs. vertical, 45 center of symmetry of two, 330 
origin on, 44 characteristics of, 105 
with signed numbers, 44—46 coordinates of a, 138 
uses of, 45-46 distance between two, 153, 302 
Numerator, zero as, 242 locating a, 138 
Numerical addends, 2 slope of a line through two, 324-325 
Numerical coefficients, 10 Point symmetry, 333-334 
Numerical factors, 3 Polygon(s): 
area of a, 115 
Obtuse triangle, 108 defined, 106 
Octagon, 107 equiangular, 107 
Operations: equilateral, 107 
expressing two or more, 6 names of, 107 
four basic, 1 perimeter of a, 111, 182 
inverse, 23-24, 32-33 regular, 107 


order of, 8, 9 similar, 307 


INDEX 


Polyhedrons, 109 
Polynomial(s): 
adding, 66 
arranging, 66 
in ascending order, 66 
common monomial factors of a, 214 
completely factoring, 225 
defined, 53 
in descending order, 66 
dividing: 
by a monomial, 76 
by a polynomial, 77 
factors of a, 213-214, 225 
highest common monomial factor of a, 214-215 
multiplication of monomial by, 72 
multiplying, 73 
subtracting, 68 
using grouping symbols to add or subtract, 69 
Positive number(s), 43 
square root of a, 216 
Power(s), 11 
dividing, with same base, 74-75 
multiplying, with same base, 71 
of signed numbers, 55 
simplifying the square root of a, 269 
Prime numbers, 213 
Principal square root, 216, 262 
Prism(s): 
defined, 109 
right, 109 
volume of a, 121 
Problem solving: 
age problems, 175 
angle problems, 179-180 
coin or stamp problems, 185 
consecutive-integer problems, 173 
cost and mixture problems, 187 
four steps of, 169 
graphical approach to, 323 
investment or interest problems, 189 
motion problems, 191 
number problems: 
having one unknown, 169-170 
having two unknowns, 171 
percentage problems, 351 
perimeter problems, 182 
ratio problems, 176-177 
Product, | 
cross, 219 
defined, 344 
factors of a, 213 
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simplifying the square root of a, 267—268 
of the sum and difference of two numbers, 
217-218 

of two binomials with like terms, 219-220 
of two reciprocals, 244 

Proper fractions, 345 

Proportion rule, 306-307 

Proportionals, 306 

Proportions, 306-307 

Pyramid(s), 109, 110 
regular, 110 
volume of a, 121 

Pythagoras, 105, 301 

Pythagorean Theorem, 301-302 


Quadrants of a graph, 138 
Quadratic equation(s): 
completing the square as method for solving, 
289-290 
factoring as method for solving, 285 
graphical solution to, 293-294 
incomplete, 287-288 
in one unknown, 284 
quadratic formula for solving, 
291-292 
roots of a, 285 
standard form of a, 284 
Quadratic formula, 291—292 
Quadrilateral(s), 107 
names of, 108-109 
Quotient, 1, 344 


Radical equations, solving, 276 
Radical signs, 262 
Radicals, 262 
like, 271 
unlike, 271 
Radius(-ii), 107 
Rate, percentage, 350 
Ratio method, 151 
Ratio problems, 176-177 
Rational numbers, 264 
Rationalizing the denominator, 
274-275 
Ratio(s), 176 
continued, 176-177 
and direct variation, 227 
fractions as, 241 
proportions as equal, 306 
and similar triangles, 307-308 
Rays, 106 
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Reciprocal(s) 
defined, 244 
rules of, 244 
Rectangle(s), 108, 109 
area of a, 116 
direct variation applied to a, 228 
inverse variation applied to a, 231 
Rectangular solid(s), 109-110 
surface area of a, 116 
volume of a, 121 
Reducing fractions to lowest terms, 246 
Reflection(s): 
in the line, 331-332 
in the point, 334 
properties of, 336 
Regular polygons, 107 
Regular pyramid, 110 
Rhombus, 108, 109 
Right member, right-hand side (of equality), 
21 
Right prism, 109 
Right triangle(s), 108 
angles of a, 180 
legs (arms) of, 108 
and Pythagorean Theorem, 301-302 
Root(s): 
of an equation, 21 
extraneous, 276 
index of a, 262 
of a quadratic equation, 285 
Rounding: 
of a decimal, 348 
of whole numbers, 343 
Rule(s) of equality, 25 
addition, 31 
division, 26 
multiplication, 28 
subtraction, 30 
Rule of transposition, 90 


“Satisfying the equation”, 21, 143 
Scale triangles, 308 
Scalene triangle, 108 
Secant (sec), 315, 316 
Sector (of a circle), 107, 108 
Segments [see Line segment(s)] 
Side(s): 
congruent, 107 
corresponding, 307 
Signed number(s): 
absolute value of a, 44 
adding, 48-49, 50 
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comparing, 45—46 
defined, 43 
dividing, 56-57 
evaluating expressions having, 58 
finding powers of, 55 
for indicating position, 45 
multiplying, 53-54 
opposite, 49 
subtracting, 51 
summary of rules for computations involving, 
58-59 
using number scales for, 44-46 
Similar (like) terms, 13-14 
Similar polygons, 307 
Similar triangles, 307-308 
Simultaneous equations, solving: 
by addition or subtraction, 163 
by substitution, 166 
Sine (sin), 315, 316 
Slope of a line, 324-325 
Solid(s): 
defined, 109 
names of, 109-111 
rectangular, 109-110 
surface area of a, 116 
volume of a, 120 
Solution (to an equation), 21 
common solution, 147 
Speed, rate of, 191 
Sphere(s), 109, 110 
surface area of a, 116 
volume of a, 121 
Square(s), 108, 109 
area of a, 12, 116 
of a binomial, 223 
factoring the difference of two, 
218-219 
of a monomial, 216 
of a number, 215 
Square root(s): 
adding and subtracting, 271 
dividing, 273-274 
finding: 
using a calculator, 266-267 
using a graph, 265-266 
of a fraction, 217, 269 
of a monomial, 217 
multiplying, 272 
negative, 262 
of a number, 216, 262 
of powers, 268 
principal, 216, 262 


of a product, simplifying, 267-268 
as rational numbers, 264 
Square unit, 115 
Standard form (of a quadratic equation), 284 
Straight lines, 106 
Substitution, 8 
solving a pair of equations by, 166 
Subtraction: 
addition as inverse of, 24, 126 
algebraic representation of, 5 
checking, 344 
with decimals, 349 
with fractions, 347-348 
of fractions: 
with different denominators, 
251-252 
with same denominator, 250 
with mixed numbers, 347-348 
with monomials, 67 
order of numbers in, 5 
and order of operations, 8 
with polynomials, 68 
with signed numbers, 51 
solving a pair of equations by, 163 
with square roots, 271 
symbol for, 4 
terms used in, 344 
words denoting, 5 
Subtraction rule of equality, 25, 30 
Subtrahend, 344 
Sum, 1, 344 
Supplementary angles, 179-180 
Surds, 265 
Surface area: 
of a cube, 116 
of a cylinder of revolution, 116 
of a rectangular solid, 116 
of a sphere, 116 
Symmetry, 330-331 
axis of, 330-331 
center of, 330 
line/line of, 332 
point, 333-334 


Table of values, deriving a linear equation from a, 


150-151 
Tangent (tan), 315, 316 
slope of line as, 325 
Term(s): 
defined, 64 
factors of, 10 
of a fraction, 241, 345 


INDEX 


like (similar), 13-14, 64 
reducing fractions to lowest, 246 
solving equations by transposing, 90 
unlike, 64 
Thales, 105 
Transformations: 
defined, 331 
reflections as, 331-332, 334, 336 
translations as, 336-337 
Transformed Pythagorean Theorem, 302 
Transforming formulas, 126 
Translations, 336-337 
Transposition, 90 
Trapezoid(s), 108, 109 
area of a, 116 
isosceles, 108, 109 
Triangle(s), 107 
acute, 108 
area of a, 116 
congruent, 326-328 
corresponding angles/sides of a, 307 
duplicating/copying, 329 
equilateral, 108 
isosceles, 108, 180 
obtuse, 108 
scale, 308 
scalene, 108 
similar, 307—308 
[See also Right triangle(s)] 
Trigonometric functions: 
of 30°, 45°, and 60°, 316 
of an acute angle, 315 
of complementary angles, 316 
Trigonometry, 315 
Trinomial(s): 
defined, 53 
factoring: 
in form of ax? + bx + c, 221 
in form of x2 + bx + c, 221 
perfect-square, 223-224, 289 


Unconditional equalities, 21 
Unisolated unknowns, 128 
Unit(s): 
cubic, 110, 120 
square, 115 
Unknown(s): 
with fractional coefficients, 244 
isolated, 128 
solving number problems: 
having one, 169-170 
having two, 171 


367 


368 


Unknown(s) (Cont. ): 
unisolated, 128 
(See also First-degree equations 
in one unknown; First-degree equations, 
in two unknowns) 
Unlike radicals, 271 
Unlike terms, 64 


Variable(s): 
defined, 226 
measuring change in a, 226 
Variation: 
direct, 226-228 
inverse, 226, 230-231 
Verbal statements, creating equations from, 22 
Volume: 
of a cone, 121 
of a cube, 12, 121 


INDEX 


of a cylinder, 121 

of a prism, 121 

of a pyramid, 121 

of a rectangular solid, 121 
of a sphere, 121 


Whole numbers, 343-345 


x axis, 138 
x intercept, 142 


y axis, 138 
y intercept, 142 


Zero: 
division by, 4, 57, 242 
in fractions, 241-242 
on number scale, 46 


